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[Npeancnosue

Ipeanaraemas BallleMy BHUMaHWIO KHUTA HAMUCAHA IO
MaTepuajaMm JeKIUU s MIAJIEKYPCHUKOB, KOTOPBIE HH-
TaJNCh aBTOPAMHU B pa3Hble T'Obl HA MEXaHUKO-MaTeMaTH-
yeckoM dakyabTere MIY. (MBI HageeMcA TPOJOIKUTE 3TY
CEPUIO: TOTOBATCA K MeYaTH KHUTH «S3BIKH W MCIUCACHU»
u «Beraucanmele GyHKIUN.)

OCHOBHBIE TIOHATHA TEOPUW MHOXKECTB (MOIIHOCTH, Op-
JMHAJBI, TPAHCHUHUTHAA WHIYKIWUA) BXOIAT B 9NUCIO BEIEH,
KOTOPBIE XOPOIIIO OBl 3HATH JFO60MY IPAMOTHOMY MaTEMaTH-
Ky (1ake ecim OH He ABIACTCH MATEMATHYECKAM JOTWKOM
win o6muM Tomoaorom). O6BIYHO PO HUX KOPOTKO MHIIYT
B TIEPBBIX TWIaBaX yIYeOHUKOB aHAAN3A, aAreOphl WM TOMOI0-
THH, CIEMa TePERTH K OCHOBHOW TeMe KHUTH. A Kajlb —
mpeaMeT AOCTATOYHO WHTEPECEH, BaXeH W TPOCT, YTOOHI
pacckazaTh 0 HEM He TOPOTSACH.

VMeHHO TaKOU MOMYJAPHBIA PACCKa3 MBI TBITAJINCH Ha-
MucaTh, UMes B BHY CAMBIX Pa3HBIX YHTATENEH: OT TOJ-
POTOBJEHHOTO MIKOJBHUKA (3aXOTEBIIETO MEPENTH OT MO6e]
Ha OJMMIHATaX K 4eMy-TO 60Jee OCMBICAEHHOMY) /0 MPO-
(hecCHOHANBHOTO MaTeMaTHKa (pEINBIIEro MPOYHTATh MO
JOpOre Ha OTABIX, 9TO e TakKoe TPaHC(HUHUTHAS WHIYK-
WA, KOTOPYIO BCer1a 3aMeHAT demmoi Hopua). /las 6omee
MO IPOBHOTO BHAKOMCTBA C TEOPHEN MHOKECTB YUTATENH MO-
KeT 06paTUTHCA K JPYTHM KHUTaM (HEKOTOpHIE W3 HUX Tie-
PEYNCIEHbl B CIIUCKE ANTEPaTypHl Ha c. 121).

ABTOpBI TIOMB3YIOTCA CAyIaeM MOGAATONAPUTH CBOETO
yuntens, Baagmmupa AHjgpeeBuda YCIEHCKOTO, JIEKIIWH,
TEKCTHI U BBICKA3BIBAHUA KOTOPOTO TOBJWAIN HAa HUX (M
Ha COjlepXKaHWe HTOW KHWUTHM), BEPOATHO, Maxke B GOJbIIEH
CTETEHN, 9€M aBTOPHI HTO OCO3HAIOT.

IIpu noaroToBKe TekcTa ncnoab3oBanbl 3anucu A. EBdu-
MbeBcKoro u A. PomareHko (KOTOPHIH Takke MTPOYET IPe/i-
BapUTEIbHBIN BapHAHT KHUTH W HAIIEJA TaM HEMAaJO OII-
6OK).
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Opurnnan-MakeT KHUTH TOATOTOBIEH €€ PETaKTOPOM,
B.B. llypanosrim; 6e3 ero HaCTOWYMBOCTH (BIUIOTH 10 TO-
TOBHOCTH Pa3/IelUTh OTBETCTBEHHOCTD 34 OIIMOKHN) OPUTH-
HaJ-MaKeT BPSA/ JU TOABMICA OBl K KaKOMY-IHO0 CPOKY.

ABTOpHI TIpU3HATEMBHBI Ecole Normale Supérieure de
Lyon (Ppanumus) 3a MoAIepKKY U TOCTENPUUMCTBO BO Bpe-
M#A HAMNUCAHUA 3TOW KHUTH.

Wz nanme KHUTH cTago BO3MOXHBIM Gmarojgapsa Poccmit-
cKkoMy (doHY (YHIaMEHTATbHBIX MCCJAEOBAHUH, a TaKXKe
N. B. Amenko, KoTOpHIN yTOBOPHUI aBTOPOB MOAATH TY/Ia 3a-
ABKY.

Haxoner, mMbl 6arofapuM COTPYIHUKOB, acIUPaHTOB
M CTYIeHTOB Kadeapbl MaTeMaTHIECKOW JOTHKH MeXMaTa
MI'Y, a TakxXe Bcex y9acCTHUKOB HAIMX JEKINU W CEMUHA-
POB M YMTaTeNEH MPeBAPUTENBHBIX BAPHAHTOB DTOH KHUTH.

IMpocum coobimaTh 0 Beex ommbKax W OlevaTKax aBTo-
paM (2MeKTpOHHBIE afpeca ver@mccme.ru, shen@mcceme. ru;
mouToBbIl ajgpec: Mockna, 121002, Boawmroit BrackeBckui
mep., 11, MocKoBCcKU# TeHTp HEMPEPHIBHOTO MaTeMaTHde-
CKOro 06pa3oBaHuA ).

H. K. Bepewazun, A. Illensy



1. MHoXecTBa ¥ MOLLHOCTM

1.1. MHoxecTBa

OcHOBHEBIE TOHATHA U O6OBHa‘IeHI/IH, CBA3aHHBIE C MHOXe-
CTBaMHW W onlepalluAMU Ha [ HUMHU:

o Mnoocecmea cOCTOAT U3 a4eMEHMOG. Januch £ € M
03HAYAET, YTO ¥ ABIAECTCA DJIEMEHTOM MHOXecTBa M .

e ToBopaT, 9TO MHOXeCTBO A ABadeTCA nodmHoice-
ecmeom MHOKecTBa B (sammck: A C B), ecam Bce
aJeMeHTH A ABasoTca saemenTamu B.

e MuoxecrBa A u B pasnwt (3amnce: A = B), ecau oHn

CO/IEPIKAT OJTHY ¥ Te Ke DIEMEHTHI (IPYTUMU CJIOBaMH,
ecitu AC Bu B C A).

e Ecam A — moamuoxecTBo B, He paBHoe BceMy B,
TO A Ha3BIBAIOT CO6CMEEHHBIM TIOIMHOXKECTBOM B (3a-
much: A C B).

=

e [lycmoe MHOXeCTBO & He COAEPXKUT HU OTHOTO Ble-
MeHTa U ABJIAEeTCA IMOJMHOXECTBOM JI0O0OT0 MHOXe-
CTBA.

e [lepeceuenue AN B aByx muoxects A m B cocrout
U3 DJIEMEHTOB, KOTOpLIE IIPUHAJIe)XAT 060UM MHOXKe-
crBaM A u B. 9To 3alUCHIBAIOT TakK:

AnB={z|z€ Anz € B}

(‘{I/ITaeTCHZ MHOXKECTBO TaKUX X, 9TO... )

o O6vedunenue AU B cOCTOUT M3 BIEMEHTOB, KOTOPHIE
TpUHAAIEKAT XOTA OB OJTHOMY W3 MHOXecTB A u B:

AUB={z|z € Awm z € B}.
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e Paznocmv A\ B cOCTOUT U3 3IEMEHTOB, KOTOPBIE TIPH-
HaarexaT A, HO He mpuHaIeKaT B!

A\B={z|ze€ Auz ¢ B}.

Ecan mHOXecTBO B ABIAeTCA HOIMHOXKECTBOM MHOXKeE-
ctBa A, pasHocTh A\ B HasbIBalOT Takxke donoaxeHu-

em B do A.

o Cummempuueckas pazvocmv A /A B cocTouT us ie-
MEHTOB, KOTOpble MpPUHANIEKAT POBHO OJHOMY W3
MHOXecTB A n B:

AAB=(A\B)U(B\A)=(AUB)\ (AN B).

e Hepes {a,b,c} o6ozHAUAETCA MHOKECTBO, KOTOPOE CO-
JEPKUT BIAEMEHTHI @, b, ¢ 1 He colepkuT Apyrux. Ecan
cpenn a, b, ¢ ecTh paBHBIE, OHO MOXKET COEPKATE OJHH
min Ba saeMeHTa. [Tofo6HOE 0GO3HAUEHNE WCTIONB3Y-
eTcd M B MeHee (POPMANbHBIX CATYalUAX: MHOXKECTBO
“WIEHOB TOCHEOBATENBHOCTH dg, 41, ... 0603HAYAETCA
{ap,a1,...} nau naxe {a;}. Bonee akkypaTHas 3anuch
JUIA TOTO XKe MHOXecTBa TakoBa: {a; |1 € N}, rge N —
MHOXECTBO HaTypadbhbix dncea {0,1,2,...}.

IMousaTHe MHOXeCTBa TMOABUIOCH B MaTeMATHKE CDABHMU-
TeABLHO HEJaBHO, B KoHIe 19-ro Beka, B CBA3M ¢ paGoTamu
KanTopa (cpaBHeHHe MOIIHOCTEN MHOXECTB), O KOTODBIX
nonAéT peun ganbine (paszgen 1.3 m caepytomme). Hekoro-
poe Bpems Ha3aj 5TOT A3bIK MbITAINCH BHEJPUTH B MIKOIb-
HOe TpeTnoiaBanne, 0OBACHAA YIEHUKAM, 9TO y ypaBHEHUA
2?41 = 0 ecTh MHOXECTBO PelIeHnil (BMpoYeM, MycToe), 9To
MHOXECTBO PEIIEHUH CUCTEMBI YPABHEHUN €CTh TIepeceveHne
MHOX€ECTB PellleHn Il KaX T0r0 U3 HUX (& [UIA (COBOKYTHOCTM)
ypaBHeHNH — oOBeJUHEHNE), YTO B MHOXecTBe {2,2,3} He
TPU DJIEMEHTa, a ABa, U OHO paBHO MHOXecTBY {2,3}, uTo
@, {o} u {8,{8}} — 5T0 TpU coBepIleHHO Pa3HBIX MHO-
®ecTBa U T. 1. Ho Bcé paBHO GOMBIIMHCTBO MIKOJHLHUKOB TaK
1 He TIOHAJO, TIOYeMy MHOXKECTBO PelleHMl ypaBHEHHA T2 =
= 4 MOXHO 3anucHIBaTh Kak {—2, 2}, a MHOXKeCTBO pelleHui
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ypaBHenusa r? = —4 Heabas 3anucHBaTL Kak {J} (a Hago mu-

cath @). OTMeTHM KCTATH €IIé J1Ba PACXOXKIEHUA: B IIKOJE
HATypaabHBIC 9MCTa HAYNHAIOTCA C eJUHUIIBI, 8 B HEKOTOPHIX
KHIDKKaX — C HyJ1A (MBI TOXe OyIeM HazbiBaTh HyJIb HATY-
paabHBM TucaoM). Kpowme Toro, mrorga BMecto C mauryT C,
ucronb3ya C A cOGCTBEHHBIX MOJIMHOXKECTB (BMECTO Ha-
Iero g)

MguI npeAnonaraeM, 9To MepPeYUCIeHABIE BHIIIC OCHOBHBIC
HOHATHA TEOPUH MHOXKECTB 6oJee MAM MeHee BaM 3HAKOMBI,
u 6yleM JOCTATOYHO CBOGOJHO MMM TIOAb30BaThcA. BoT He-
CKOJBKO 3aja4 18 CaMOKOHTPOJIA; HaJeeMCs, 9YTO GOMBITIH-
CTBO M3 HUX He MPEJCTABUT A Bac GOJBIIOTO TPYIA.

1. Crapenmmin MaTeMaTHK CpeJH NIaXMATHUCTOB W CTApeANTII
MAXMATHCT CPei MATEMATHKOB — 5TO OJWH WU TOT K€ TeN0BeK
nmn (BO3MOXKHO) pasHEIEe?

2. Jlyammii MaTeMaTUK Cpen MIAXMATUCTOB W JTYHNIAH THaX-

MATHCT CPeAW MaTEMATHKOB — 3TO OJWH WIU TOT XK€ 9eJOBEK
nmn (BO3MOXKHO) pasHEIe?
3. Kaxapil gecaThli MaTeMaTHK — IIAXMAaTHCT, a KaX IhIA

eCTON MAXMATHACT — MaTeMaTHK. Koro 60Jblie — MaTeMaTH-
KOB WM NIAXMATHUCTOB — W BO CKOJBKO paa?

4. CymectBytoT au Takne MuHOKecTBa A, Bu C, 910 AN B #
#@, ANC=2u(ANB)\C =27

5. Kakue us pasercts (a) (ANB)UC = (AUC)n(BUC);
(6) (AuB)NC = (ANCYU(BNC); (B) (AUB)\C = (A\C)UB;
(t) (AN B)\ O = (A\C)n B () A\ (BUC) = (A\ B)n
N(A\C); (e) A\(BNC)=(A\ B)U(A\C) BepHH s TO6HIX
muoxecTB A, B, C?

6. IIpoBeanTe MOAPOGHOE AOKA3ATEMHLCTBO BEPHBIX PABEHCTB
mpeABLAYIIEN 3ajaqu, UCXoAs u3 ompefenerunt. ([okaxem, 4To
MHOXECTBA B JEBOM W MPABOM 9aCTAX PaBHHL. [lycTh 7 — mo6Gon
BIeMeHT JIeBOI 9acTh paBeHcTBa. Torga ... IloaToMy & BXOAUT B
npasyio 4actb. O6parHo, mycTs ... ) IlpuBeguTe KOHTpIPUMEDHL
K HEBEPHBIM PABEHCTBAM.

7. lokaxuTe, 9TO0 CAMMeTPUIeCKASA PA3HOCTH ACCOTMATHBHA!
AA(BAC)=(AAB)AC pus mobeix A, B u C. (Ykaszanue:
CII0XKEHNE [0 MOAYJIO 2 acCOIMUATUBHO. )

8. Jlokaxure, uro (A1 N...NA) A(BiN...NB,) C (A1 A
A B)U...U(An A By) pms mo6bx MHOXKeCTB Ap,..., A, n
Bi,...,Bn.
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9. [lokaxmuTe, 9T0 €U KAKOE-TO PABEHCTBO (CO/EpXKALIIEE TIe-
PEMEHHBIE [I1 MHOXKECTB U onepanun N, U, \) HEBEPHO, TO MOXHO
HAUTH KOHTPOPUMED K HEMY, B KOTOPOM MHOXKECTBA IYCTHI WK
COCTOAT U3 OJHOT'O BIEMEHTA.

10. CKOIBKO PA3IUYHBIX BBIPAXKEHWUU AJIS MHOXKECTB MOXKHO
COCTABUTH U3 MepeMeHHBIX A 1 B ¢ HOMOIIBIO (MHOIOKPATHO HC-
[OIB3Y€EMBIX ) OLEPALNI [epecevdeHns, 00be JUHEHU U PA3HOCTH !
(/lBa BEIpAXEHWS CHUTAIOTCSA OMHAKOBEIMY, €CIIH OHU DABHEI IPH
MOCBIX 3HAYEHUAX IepeMeHHEIX.) ToT Xe BOIpOC s TPEX MHO-
KecTB 1 s n MHOXecTB. (OTBeT B 06IIeM ciyvae: 22n_1.)

11. ToT xke BompocC, €ciu UCHOMB3YIOTCSA TOABKO orepanuu U
u N. ([lasg 1ByX 1 TPEX HEPEMEHHBIX 3TO YUCIO HECIOXKHO T10/CHH-
TaTh, HO 001Ien POPMYJIBI Jis N MEPEMEHHBIX HE U3BECTHO. JTY
3ajla9y HA3BIBAIOT TAKXKe 3ajJavell 0 YUCIe MOHOTOHHBIX GyIeBBIX
(DYHKIHUI OT n apryMeHTOB.)

12. CKOMBKO CYIIECTBYET MOAMHOXKECTB Y nN-3JEMEHTHOIO
MHOXeCTBa?

13. [TycTh MHOXKECTBO A COAEPKUT N DIEMEHTOB, a €r'0 O/~
MHOXKeCcTBO B cogepxut k snemenToB. CKOJIBKO CYIIECTBYET MHO-
xectB C, ansa koropeix B C C C A?

14. MuoxectBo U comepxkut 2n s>aeMeHTOB. B HEM BHIgeNeHO
k TOAMHOXKECTB, MPUYEM HHM OJHO W3 HUX HE ABJAETCS ITOJAMHO-
KeCTBOM Apyroro. KakoBo MoxkeT 6BITh MAKCUMATLHOE 3HAYMEHHE
ancna k? (Ykasanme. MakcumyM gocTuraeTcs, Korga BCe IIOJ-
MHOXKECTBAa UMEIOT 10 N BIEMEHTOB. B camoM jene, peacTaBuM
cebe, 9TO MBI HAYMHAEM C IYCTOI'O MHOXECTBA U A06ABIAEM IO
OJIHOMY BJEMEHTY, TIoKa He noiy4aurcs mHoxecTBo U. B xoxe Ta-
KO0 TIPOIECCA MOXKET MOSABUTHLCS He 60Jiee OJHOIO BHIAEJEHHOIO
MHOXKECTBa; C APYTOH CTOPOHBI, MOXHO MOJCIATATH MaTeMATH-
HeCKOe OXKUJIAHWE YHCAA BHIIEIEHHBIX MHOXECTB 10 JUHEUHOCTH;
BEPOATHOCTH TIPOUTH Hepes AaHHOoe MHokecTBO Z C U muHnB-
MafbHA, KOTa Z COAEPKHUT N 3JEMEHTOB, OCKOIbKY BCE MHOXKE-
CTBa JAHHOI'O Pa3Mepa PaBHOBEPOSTHHL. )

1.2. Yucno snemenTOB

Yucao 1eMeHTOB B KOHETHOM MHOXKECTBe A HasbIBaioT
TaKXKe ero moujHocmyio u oboznadaor |A| (a Takxe FA).
(Bckope MBI 6yeM TOBOPHTH O MOIIHOCTAX M sl GeCKo-
HeyHBIX MHOXecTB.) Caenyromas gopMyia Mo3BodeT Hall-
TH MOIIHOCTH 06heJHHEHNA HECKONBKUX MHOKECTB, eC/IN W3-
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BeCTHBl MOIIHOCTH KaXXJOr'0 M3 HUX, a TaKXe MOIIHOCTHU
BCeX TepeceveHn .
Teopema 1 (Popmyna BKAIOHEHUA U UCKIIOHEHNR ).

|AU B| = |A] + |B| - AN BJ;

|[AUBUC| = |A|+ |B|+ |C| -
—|ANB|-|ANC|—|BNC|+
+|AnBNCl;

Boobime |[Aq U . ..U A,| pasHo

Z|A2|—Z|A20AJ|+ Z |AiﬁAjﬂAk|—...

1<J i<j<k

<l OTO yTBepXjeHHWEe HECJOXKHO [JOKa3aTh WHIAYKIUEH
IO N, HO MBI TIPUBEEM JIpYyToe JoKa3zaTeabcTBO. Pukcupyem
TMPOU3BOABHOE MHOXeCTBO U/, MOIMHOXKECTBAMEU KOTOPOTO
ABJIAIOTCA MHOXKecTBa A1, ..., Ay,.

Xapaxmepucmuueckoii ynryuet muoxectsa X C U Ha-
3BIBAIOT (PYHKIUIO Xx, KoTopasd paBHa | Ha siaeMeHTax X
n 0 Ha ocTaabHBIX diaemenTax U. Omepanum Hajg II0IMHO-
JKecTBaMHM MHOXKecTBa U/ COOTBETCTBYIOT OMEpaIUAM ¢ UX
XapaKTEePUCTUICCKAMI (PYHKIUAMA. B dacTHOCTH, mepece-
YeHUI0 MHOXKECTB COOTBETCTBYET MPOU3BeIeHAE XapaKTeph-
crudecknx GyHkumi: X anp(u) = X4 (u)Xp(u). Jonornennio
(mo U) cooTBeTcTBYeT pyHKIMA | — X, ecin X — XapakTe-
pucTudeckada (PYHKIUA UCXOTHOTO MHOXKECTBA.

Yucao 51eMeHTOB MHOXKECTBA MOXKHO 3allMCATh KaK CyM-
MYy 3HAYEeHWH ero XapaKTepUCTHIeCKON (PYHKITHN:

X1 =" Xx(u).

O6weauuenne A U . ..U Axy MoXHO 3anmucaTh Kak JIOMOJHE-
HHUe K TIePeceveHno JHOTOMHEHN MHOXKECTB A;; B TepMuUHaX
XapakKTePUCTUYIECKUX (DYHKIUHI UMeeM

XA,u..uA, = 1— (1 —XAI)...(I _XAn)-
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PackpbiB cko6Ku B TpaBOil YacTH, MBI TTOXYIUM

DOXai =D XaXa; + D XaXaXa, — -
7 1<j i<j<k

"n HpOCyMMI/IpOBaB JIeByIO " HpaBon qacCTh IO BCEM dJeMEH-

Tam U (06e oHu ecth pyHxkumn Ha U), noay«aum dpopMyry

BKJIOYCHUN U UCKJIIOYEHUN. >
15. [lokaxwuTe, aTo |A1 A ... A A,| paBrO

STIAl=2) AN Ajl+4 > JAin AN Al — ...

1<g 1<y<k

(x03buIMeHTH — MOCHIefOBATENBHEIE CTENEHN JBOUKH).
[MoacuéT KOMM4IeCTB BIEMEHTOB B KOHEYHBIX MHOXKECTBAX
OTHOCAT K KoMmbunamopure. HekoTopble HavYaIbHBIE CBeE-
HUA M3 KOMOWHATOPUKY MTPUBE/CHBI JaJbIlle B Ka9eCcTBE 3a-
na4. Cergac HAC B IEPBYIO OYepeb MHTEPECYET CJe YOI
TIPUHINTI:
eCJI MeXy JBYMA MHOXKeCTBaMH MOXHO YCTAHOBHTH B3a-
HMHO OJHO3HaYHOE COOTBETCTBHE, TO B HHX OJHHAKOBOE
9HCA0 3JEMEHTOB.

(BBaI/IMHaH O/THO3HAYHOCTH TpebyeT, YTOOBI KaXJa0My BJe-
MEHTY MepBOT0 MHOXKeCTBa COOTBETCTBOBAJ POBHO OTNH dJe-
MEHT BTOPOTO U HaO60pOT.)

BoT Heckonbko MpUMepOB MCTOJB3OBAHUA BTOTO TPWH-
[UIA.

16. Ha okpyxuocTi BeiGpansr 1000 6ebIX TOYMEK W OAHA 9Ep-
Has. Yero 6osblile — TPEYroJ-HUKOB C BEPIIMHAMA B GETHIX TOH-
Kax WM 9eTHPEXYTOJBHUKOB, ¥ KOTOPHIX OJHA BEPIINHA T€pPHAA,
a ocranbHble Tpu Genbie? (PeleHne: X MOPOBHY, HOCKOJBKY Ka-
JKJIOMY YETHIPEXYTOJBHUKY COOTBETCTBYET TPEYTONBHHK, 0Gpa-
B0BaHHHII TPEMS €r'0 GelBIMU BEPIIMHAMU. )

17. Kakux moamuoxecTB Gogbiie y 100-3/€eMEHTHOTO MHOXKE-
cTBa: MomHocTH 57 wim MoutHocTHr 437 (Ykasanue: 57443 = 100.)

18. /[lokaxwuTe, 9TO MOCIEAOBATEIBHOCTEN JIUHBI N, COCTa-
BJICHHBIX W3 HYJEU U €WHMUII, CTOJBKO XK€, CKOMBKO TI0 IMHOXECTB
y MHoX)ecTBa {1,2,...,n}. (YkasaHnue: KaxjoMy IIOAMHOXECTBY
X C {1,2,...,n} cooTBeTCTBYET (XapaKTEPUCTUIECKAs TOCTE-
IOBATENBLHOCTBY, HA I-M MECTe KOTOPOH CTOUT eAWHUIA, ECId W
TombKo ecint 1 € X.)
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19. /lokaxuTe, 9TO MOCAEAOBATENILHOCTEN HYJEH W €IWHMNIL
IJWHEL N, B KOTOPHIX 9HCIO eIWHAT paBHO k, paBHO wHCIy k-aie-
MEHTHHIX TTOAMHOXKECTB n-3JeMeHTHOI'O MHOXeCTBa.

OTO YNCIO HA3LIBAETCA HUCAOM codemanuti uz n no k
n obo3HavMaeTCA Cf; B PYCCKUX KHUMXKKaX; B MHOCTPAHHBIX
O6BITHO HUCIIOJAb3y€eTCA obozHavYEHNE (Z) .

20. Jokaxure, ato C¥ = Cn7F,

21. /lokaxwuTe, 9TO clyrcl+.. .40 =2"

22. [lycte U — HemycToe KOoHewHOe MHOXecTBO. /lokaxuTe,
9TO MOJAMHOXECTB MHOXecTBa U, nMenux 9€THYI0 MOIIHOCTD,
CTOJIBKO XK€, CKOIBKO UMEOIINX HEYETHY IO MOLIHOCTS. ( YKasaHue:
dukcupyem saemenT u € U 1 06beIUHAM B APl MTO[MHOXKECTBA,
OTIMYAIOIIMECS TONBKO B TOYKE U.)

23. lokaxwure, aro CY —Cp +C2 — ... +(=1)"Cr = 0. (Vxa-
3aHUe: KaK 3TO CBA3aHO C IPEeABIAYILIEN 3a1aven’?)

24. [lokaxure popmyay 6unoma Hewomona:

(a+b)" =Cha” +Cha” b+ ...+ Cla™ " + .. 4 Cob".

25. JlokaxwuTe, 9TO CIOCOGOB PACCTAHOBKU CKOGOK (yKashi-
BaOIUX HOPSALOK AENCTBUI) B HEACCOUMATHBHOM IIPOM3BE€HUN
W3 N BIEeMEHTOB CTOJNBKO JKe, CKOJBKO CIIOCO60B pa3zbuTh BHITYK-
bt (n 4+ 1)-yroJbHMK Ha TPeyroJbHUKM HelepeCeKaloUUMUC
Auaronaiasmu. ([las HpomsBefgeHus TPEX MHOXHUTENEH €CTh JBa
BapuanTa (ab)c u a(bc); ¢ APYrom CTOPOHHL, €CTh JBa CIOCO-
6a paspesaTh YETHIPEXYTOJHHUK Ha JBa TPEYTOJTLHWKA, TTPOBE-
IS AMaroHadb. [/ Ipon3BeieHUs 9eTHIPEX COMHOXKNUTENET W A
IATHYTOTEHUKA MMEETCS 110 5 BADUAHTOB. )

1.3. PaBHOMOLLHbIE MHOXeECTBa

JIBa MHOXeCTBa HA3bIBAIOT PA6HOMOUHBIMU , ECTA MEXKTY
HAME MOXHO YCTaHOBHTH B3aWMHO OJHO3HAYHOE COOTBET-
CTBUE, TP KOTOPOM KaXK IOMY BIEMEHTY OJHOTO MHOXKECTBA
COOTBETCTBYET POBHO OJ[MH 3JEMEHT [PYTOro.

JlIs1 KOHEYIHBIX MHOXKECTB DTO O3HAYAET, 9TO B HUX O[HU-
HAKOBOE YHCJO 3JIEMEHTOB, HO OTPEJEJeHUE MUMEET CMBICT
u s 6ecKOHEYHBIX MHOXecTB. Hampumep, orpesknu [0, 1]
u [0, 2] paBHOMOIIHBI, TOCKOILKY 0TOGpaXKeHNe & — 22 OCy-
MIECTBAAET UCKOMOE COOTBETCTBHE.
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26. [lokaxure, 4ro ao6ble ABa mHTepBata (a,b) u (c,d) Ha
IpAMOU PaBHOMOIITHBI.

27. /lokaxwnTe, 9TO MOOBIE ABE OKPYXkKHOCTH HAa ILIOCKOCTH
pasHOMOIIHEL. [lokaxmTe, 9To mMO6BIE ABAa KPyra Ha ILIOCKOCTH
PaBHOMONITHHI.

28. Jlokaxure, 9ro nomyuaTepsan [0,1) paBHOMOIIEH HOLYy-
unaTepsanry (0, 1].

Heckoabko Gogee ciokna Takad 3ajada: 10Ka3aTh, 9TO
unTepnan (0,1) n ay4 (0, +00) paBHOMOIIHBI. JTO AedaeTCsa
Tak. 3aMeTHM, 9YTO 0Tobpaxenue z — 1/x aBagerca Bzaum-
HO OJHO3HaYHBIM cooTBeTcTBHeM Mexay (0,1) m (1,+00),
az — (z— 1) — B3aNMHO OJHO3HAYHBIM COOTBETCTBUEM
mexay (1,400) u (0,+00), mOITOMY WX KOMIO3MIHUA & —
— (1/z) — 1 aBAAeTCA MCKOMBIM B3aMMHO OHOZHAYHEIM CO-
orBeTcTBHeM Mexay (0,1) u (0, 400).

Boob6ie, Kak TOBOPAT, OTHOIIEHNE PABHOMOIITHOCTH €CTh
OMHOWEHUE FKEUBAACHMHOCMU. ITO 03HATAET, ITO OHO pe-
Paercusno (Kaxgoe MHOXKECTBO PABHOMOIIHO caMoMy cebe),
cummempuuno (ecim A pasHoMoimHo B, To u B paBHOMOII-
Ho A) m mpansumueno (ecim A pasHomoiiHo B u B paBHO-
momgao C, To A paBHoMomiHO C'). CBOMCTBOM TpaH3UTHBHO-
CTH MBI TOJBKO YTO BOCHOAB30BAMNChH, B3AB ay4 (1,+00) B
KadecTBe MPOMEKYTOTHOTO MHOXKECTBA.

Emié HeckonbKo mpuMepos:

o MHOXKeCcTBO GECKOHEUHBIX MOCTIENOBATENHLHOCTER HY-
Jel U eMHUI] PABHOMOIIHO MHOXECTBY BCEX TIOIMHO-
KeCTB HaTypalbHoro pAfa. (B camom gene, comocta-
BUM C KayJOH TOCHEOBATENHHOCTHIO MHOXECTBO HO-
MEPOB MeCT, Ha KOTOPBIX CTOAT €WHUIBI: HATIPUMeED,
TOC/IeI0BATENBHOCTD M3 OJHUX HYJeH COOTBETCTBYET
MyCTOMY MHOXKECTBY, M3 OJHUX €[UHUIl — HaTypalb-
HOMY pAxy, a mocaegoBaTeabHocTs 10101010... —
MHOX€ECTBY YETHBIX YHCE.)

e Muo)kecTBO 66CKOHEYHBIX MOCAEJOBATEIBHOCTEN UG
0, 1, 2, 3 paBHOMOIIIHO MHOXeCTBY GeCKOHEYHBIX TIO-
caefoBarenbHocTen tugp 0 u 1. (B camom jene, MoX-
HO 3akoaupoBaTh nudps 0, 1, 2, 3 rpymmavm 00, 01,
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10, 11. O6paTHoe mpeoGpazoBaHue pazbuBaeT MOCTE-
MOBATEJbHOCTD HYJEW W €UHUI HA Maphl, TIOCJIE 9ero
KaXad mapa 3aMengeTca Ha nnppy ot 0 10 3.)

e Mmuo)ecTBO 6eCKOHEYHBIX MTOCAE[0BATENBHOCTEN TH(P
0, 1, 2 paBHOMOIITHO MHOXKeCTBY 6€CKOHEYTHBIX TTOCTET0-
BaTenabHocTel nudp 0 u 1. (MoxHO GBUIO 6B THITATHCA
paccyXaaTh TakK: 3TO MHOXKECTBO 3aKIIOYEHO MEXIY
JBYMS MHOXECTBAMUI OJHOW M TOW ke MOITHOCTH, U TTO-
TOMY PaBHOMOIITHO KaXk JOMY U3 HUX. JTOT X0/ MbICJIeN
TMpaBuieH, KaK MoKasbiBaeT Teopema KanTopa— Bepn-
mrenHa u3 pasgena 1.5. Ho 3gech MoxHO oGonTuck u
6e3 BTOU TEOPEMBI, ecan 3akoAupoBaTh nudpsl 0, 1 n 2
nocaepoBaTenbHoCcTAMA O, 10 m 11: merko coobpasuTh,
9TO BCAKAS MOCAEOBATENLHOCTD HYJIEH W €IUHUI] O
HO3HAYHO pazbuBaeTCA Ha Takue GJIOKHU CJIeBa HATIPABO.
Takon crmoco6 KOAMPOBAHUA HA3BIBAIOT «IPEPUKCHBIM
KOJIOM>.)

e [Ipumep c mocaeOBATEALHOCTAMEN HYJAEH ¥ €IWHIIL
MOXHO O60OIIATHL: MHOXKECTBO TOIMHOXKECTB JI060-
ro mHoxkecTBa U (oHO o6bYHO oGosHadaeTca P(U)
U TIO-aHTJIMICKY Ha3bIBaeTCA POwer set) paBHOMOIIHO
MHOXECTBY BCeX (PYHKIUU, KOTOPBIE CTABAT B COOT-
BETCTBUE KaXK oMY »iaeMeHTy x € U oaHo uz wmncea 0
u 1 (MHOXecTBO Takux (GYHKIUI OGBLIYHO 0603HAYa-
0T 2X). (B camom jgente, Kax oMy MHOXKecTBY X C U
COOTBETCTBYET €0 XapaKTepucTudeckad (pyHKIMA. )

Mur OPOJOJKUM 3TOT CIIMCOK, HO CHaYaJa IIOJE3HO JOKa-
3aTh HECKOJBKO TIPOCTHBIX CbaKTOB O CYETHBIX MHOXKECTBaX
(paBHOMOIHHbIX MHOXKECTBY HaTYpPaJbHBIX ‘H/ICCJI).

1.4. CyéTHble MHOXecTBa

MHOXeCTBO Ha3bIBACTCA CUEMMHBLM, €CIT OHO PABHOMOIII-
HO MHOXecTBYy N HaTypaabHBIX 9YWCeN, TO €CTh €CIW ero
MOXKHO TIDEJCTaBUThH B BuAe {Zg,21,Z2,...} (374ech ; —
5JEMEHT, COOTBETCTBYIOIIMH YHCIY %; COOTBETCTBHE B3aMM-
HO OTHO3HAYHO, TaK 9TO BCE T; PA3TUIHbI).
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Hanpumep, MHOXKeCTBO TEABIX YUCEJ 7, CIETHO, TaK KaK
1eable YUCAa MOXKHO PACTIONOKHUTL B MOCJAE0OBATEALHOCTD
0,1,-1,2,-2,3,-3,...

Teopema 2. (a) TToAMHOXKECTBO CHETHOTO MHOXKECTBA KO-
HEYHO MW CUETHO.

(6) Besikoe GecKOHEMHOE MHOXKECTBO COJEPKNT CUETHOE
MO IMHOKECTBO.

(8) O6BbeMHEHNE KOHETHOT'O WM CIETHOTO YHMCHa KOHEY-
HBIX WIN CYETHBIX MHOXKECTB KOHEYHO WIN CUETHO.

< (a) Mlycth B — MOAMHOXECTBO CYETHOTO MHOXKECTBA
A = {ag,a1,as,...}. Buibpocum uz mociaeqoBaTEIBHOCTH
dg, a1, ... Te 4IEHBl, KOTOpPHIE He TTpHHAIeXRAT B (coxpaHsasa
nopsAAoK ocTaBimxcAd). Torga ocTaBIImecsa WieHb 06pasyoT
60 KOHEYHYIO TIOCIEI0BATENBHOCTD (M Torja B KoHeYHO),
mmbo GeckoHeuHyo (1 Torjga B c4éTHO).

(6) Tlycte A Geckorewno. Torjga oHO HEMYCTO W COAED-
KHUT HEKOTOPHIU dieMeHT by. Byaydu GeckoHEYHBIM, MHO-
JKeCTBO A He MCYEPTIBIBAETCA DIAEMEHTOM by — BO3BMEM Ka-
KoW-HuUOy 16 Apyrou siemenT by, u T. 1. [loayuurcs moce-
JOBATEABHOCTE by, by, ...; TIOCTpOEHNe He MPEPBETCA HU HA
KakKoM Tare, mockoabky A Geckonewno. Temepb MHOXKeCT-
Bo B = {bg,by,...} u 6yaeT UCKOMBIM CUETHBIM MO IMHOXKE-
cTBOM. (3aMeTnM, 4TO B BOBCe He 06s3aHO COBNA aTh ¢ A,
naxe ecan A c4éTHO.)

(B) MycTh MMeeTcs CUETHOE UHCAO CIETHBIX MHOXKECTB
Ay, As, ... PacnosoXuB dAeMeHTH KaXJOTO M3 HUX CJeBa
HampaBo B nociefoBarenbHocTh (A; = {a;0,a1,...}) n mo-
MECTHUB 5THU MOCAEOBATEALHOCTH APYT TOJ APYTOM, MOJY-
UM TabauIy

Ggp Gp1  do2 Qo3
a1p @11 412 13
G2p9 @21 d22 G323
a3p @31 dz2 a33

Tenepb 3Ty TabAUIy MOXKHO Pa3BePHYTH B TOCAEI0BATENb-
HOCTB, HAIIPUMED, MPOXOIA TI0 OYepean Tuar OHAJN:

@gpo, Go1,410, G02,411, G20, @03, d12,d21,A30, - - -
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Ecan muoxecTBa A; He mepeceKaanch, TO MBI MOJYIHANA UC-
KOMOe TIpe/IcTaBjdeHre i uX obbequaeHns. Ecian nepeceka-
JUCH, TO M3 TOCTPOEHHON MOCAEOBATEIBLHOCTH HA IO BEIGPO-
CHATH TIOBTOPEHUA.

Ecan MHOXecTB KOHEYHOE YHUCJAO WA KaKue-TO W3 MHO-
JKECTB KOHEYHBI, TO B DTON KOHCTPYKIIMH YacTH <JIEHOB He
O6ymeT — W ocTaHeTcA AUG0 KOHEYHOoe, AU60 CIETHOE MHO-
XKecTBO. >

29. OnucaHHBIN TTPOXOJ MO AUATOHAIAM 3aJaéT B3aUMHO O]
HO3HAYHOE COOTBETCTBHE MEXKAY MHOXKECTBOM BCEX Iap HATY-
pambHBIX dncen (KoTopoe o6ozradaercs N x N)u N. Tio6onsiTHo,
YTO 3TO COOTBETCTBHE 3a4aéTCs IPOCTON (HOPMYIoN (MHOrOHIIe-
HOM BTOPOM CTEINEHN C PAllMOHATLHBIME KoaddurueHTamu). YKa-
KHUTE 3TOT MHOIOJIEH.

3ameuanune. B nokazarenncTre yTBepKAeHuA (6) Teope-
MBI 2 eCTh TOHKHU MOMEHT: Ha KayXIOM Iare MBI JTOJXK-
HBI BBIOPATh OJMH W3 OCTABIINXCH DIEMEHTOB MHOXKeCTBa A;
TaKne dJAeMeHTHl €CTh, HO y Hac HET HUKAKOTO MPaBUIa, TO-
3BOJAIONIET0 TAaKOM BHIGOp ommcaTh. [Ipm Gosdee dhopMaiab-
HOM TIOCTPOEHWN TEOPUU MHOXKECTB TYT HYKHO COCIATHCSA
Ha CHeNuaJbHYI0 aKCHOMY, Ha3bIBAEMYIO akcuomot evlbopa.
3aKOHHOCTD 3TOU aKCHOMBI BHI3BIBaJAa GOJBIINE CIIOPHI B Ha-
vage 20-ro Beka, HO TOCTENEHHO K HeW TPUBBIKIAN, W DTH
CIIOPHI cervac MOYTH He BOCIpUHUMAIOTCA. B cepeanbe Beka
Beaukun Joruk Kypt ['éaenb mokasad, 9To akcrmoMy BHIGOpa
HeJb3s OMPOBEPTHYTh, MOMb3YACH OCTATLHBIMHA AKCUOMAMM
Teopuu MHOXecCTB, a B 1960-e Tob aMepuKaHCKUHA MaTeMa-
Tuk [loa /Ix.KosH gokasad, 9To €6 Hedb3d W BHIBECTH U3
ocTalbHBIX akcnoM. (KoHedHo, MOHNMaHNe 5THX yTBEpXK je-
HuI TpebyeT moApOoGHOT O U3I0KEHUSA TEOPUH MHOXKECTB KaK
AKCHOMATHYECKOH TEOPHH. )

30. Takoil e TOHKWM MOMEHT (XOTS M MeHEe OYEeBHIAHBIN)
€CTh U B JOKa3aTelbCTBE yTBepXK feHus (B). MoxeTe im BEL fora-
Agatbes, rae on? (OTBeT: MBI 3HaeM, 9TO MHOXecTBa A; CI4ETHHL,
TO €CTh YTO CyHIECTBYET B3aMMHO OJHO3HAYHOE COOTBETCTBHE
mexay N u A;. Ho HyxHo BeIGpaTh U GUKCHPOBATL 3TH COOT-
BETCTBHSA, IPEXK [IE YeM Y IACTCA TIOCTPOUTH COOTBETCTBHE MEXK Y
ob6beHEHnEM Beex A; 1 N.)

EIHG HECKOJBbKO TPUMEPOB CYETHBEIX MHOXKECTB:
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e MuoxecTBO Q PallAOHAJBHBIX YUCEA cuéTHO. B camom

Jeqie, parMoHaJbHbBIE YACTa TPEACTABIAIOTCA HECOKPa-
TUMBIME IPOOAME C UETBIM YUCANTENEM W 3HAMeHa-
TeaeM. MHOX)eCTBO Apo6ell ¢ JaHHBIM 3HaAMEHATEIEM
caéTHO, mosToMy () mpeacTaBUMO B BHUAE OOBEINHE-
HUA CY6THOrO YMUCAa CUETHBIX MHOXKECTB. Jaberas BIle-
pén (cMm. pasaen 1.6), orMeTHM, 9TO MHOXKecTBO R Beex
JNEUCTBUTENBHBIX YUCEN HECUETHO.

Muoxectso NF, sreMenTaMn KoTOporo ABIAIOTCA Ha-
6opbl U3 k HATypaJbHBIX HUHCEN, CIETHO. ITO JETKO
mokazaTh WHAyKmuen mo k. Ilpm k = 2 MHOXecTBO
N? = N x N map HaTypaJbHEIX YHCeT pa3bmBaeTcs
Ha CU€THOE 9Incio cqéTHHIX MHOXKecTB {0} x N, {1} x
x N,... (smeMeHTaMU i-r0 MHOXeCTBa GyAyT TapH,
nepBLIli YiIeH KOTOPHIX paBeH i). [losTomy N? caéTHO.
AmajgormumemM o6pazoM MHOXKecTBo N? Tpoek HaTy-
palbHBIX ducea pazbuBaeTCA Ha CYETHOE HUHUCIO MHO-
xectB {1} x N x N. Kax10e U3 HIX COCTOHT U3 TPOEK,
MEPBBIN “JIEH KOTOPHIX (PUKCHPOBAH W MOTOMY PaBHO-
MoOMmHO MHOXecTBY N2, koTopoe cuéTHo. Todyro Tak
Ke MOXKHO MEepeHTH OT cYéTHOCTH MHOXKecTBa NF K
caéTHOCTH MHOKecTBa NFFT

MuoxecTBO BceX KOHEUHBIX HOCJIeAOBaTeJIbHOCTeI?I Ha-
TYPaJbHBIX YHUCEJ cuéTHO. B camom Jneje, MHOXKECT-
BO BC€X HOCJIe,[[OBaTeJIbHOCTeﬁ ,ﬂaHHOﬁ JJINHBI CYETHO
(KaK MBI TOJBKO 9TO BI/IAGJII/I), TaK 9TO UHTEPECYIOIIee
HaC MHOX€CTBO pa36I/IBaeTCH Ha CYETHOE YUCAO CUET-
HBIX MHOXKECTB.

B mpeabigymem npumepe He 0643aTeIbHO TOBOPUTH O
HATYPaJbHBIX YUCIAX — MOXKHO B3SITh JI060€ CIETHOE
(mmu koHewHoe) MHOXKecTBO. Hampumep, MHOXKeCTBO
BCEX TEKCTOB, HCTIOMB3YOINX PYCCKUN axpapuT (Ta-
KOW TEKCT MOXKHO CYNTATh KOHEYHOUW TOCJEOBATE b
HOCTBIO 6YKB, TPOGEIOB, 3HAKOB TIPEMMHAHUA U T.TL.),
CYETHO; TO XK€ CaMOe MOXHO CKa3aTh O MHOMXKEeCTBe
(Bcex MBICAMMBIX) KOMIBIOTEPHBIX TPOTPAMM 1 T. 1.
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e Yucmo HA3BIBAIOT a42€0PAUNECKUM, ECIA OHO ABJISAETCS
KOPHEM HEHYJIEBOTO MHOTO4JIEHA € TeJdbIMU Koahdu-
nmeHTaMu. MHOXKeCTBO aareGpamdecKux GUces CYET-
HO, TaK KaK MHOTOHUIEHOB CYETHOE YNCI0 (MHOTOMIEH
3aaéTCA KOHETIHON MOCJE[0BATENBHOCTRIO MENBIX UH-
cell — ero Ko>(pOUIMEHTOB), a KaX /bl MHOTOYIeH
NMeeT KOHEYHOE YHCI0 KOpHeH (He GoJee n /U MHO-
TOYJIEHOB CTENEeHN 7).

e MHuOXecTBO TepHoANYecKUX apobeil cuéTro. B camom
nefe, Takag Apo6b MOXKeT OBLITH 3alucaHa KaK KOHeH-
Hasf IOCTeJOBATENLHOCTD CUMBOJIOB U3 KOHEYHOT'O MHO-
xecTBa (3amaTad, qudphl, CKOGKH); HaTpUMep, 1po6h
0,16666. .. moxHuo 3amucath kKak 0,1(6). A Takux mo-
cle/loBaTeILHOCTEH CI4ETHOE MHOXKECTBO.

31. /lokaxwuTe, 9TO J1060€ CEMENCTBO HEIEPECEKAIONTUXCS WH-
TepBalOB Ha IPAMON KOHEYHO WM CIETHO. (YKasaHUe: B KaX0M
UHTepBajle HaNJETCS palfoHalbHas TOYKA. )

32. (a) [lokaxwure, 9T0 MH060€ MHOXKECTBO HEMEPECEKAIOIINX-
cfi BOCBMEPOK Ha ILIOCKOCTH KOHEeWHO mmm c4éTHo. (BocbMmép-
Ka — 0ObeIMHEHNE ABYX KACAIOIIUXCSA OKPYKHOCTEN MIOOBIX pas-
Mepos.) (6) ChopMyimpyiTe U A0KaXHUTe AHAJIOIUYHOE yTBED-
KIeHWe s GYKB « T».

33. /lokaxwuTe, ITO MHOXKECTBO TOYEK CTPOTOTO JOKATHHO-
r'o MaKCUMyMa 0601 PYHKITHN IeUCTBUTETHHOTO ApIyMEHTa KO-
HEYHO WK CYIETHO.

34. /lokaxwnTe, 9TO MHOXKECTBO TOYEK pasphiBa HEYOBIBAIO-
mer QYHKIUH JEeUCTBUTENBLHOIO APIyMEHTa KOHEYHO WU CIET-
HO.

Teopema 3. Ecan muOXecTBO A 6ECKOHETHO, a MHOKECT-
BO B KOHe4HO mau cuéTHO, To obweauuenune A U B paBHo-
MomrHo A.

< MoxHo cunrarh, 9T0 B He mepecekaercd ¢ A (mepe-
ceveHWe MOXKHO BHIOPOCHTH M3 B, ocTaHeTca mo-mpexHeMy
KOHEYHOE WIH CYETHOE MHOXKECTBO).

Brigeaum B A cuéTHOe mogMHOXKeCTBO P; ocTaToK 060-
anadnuM depes (). Torga mam Hago gokasaTh, 9To B + P +
+ () paBHOMOIIIHO P + () (3HaK + cuMBOAM3WPYET 06BeHE-
HUe HeTlepecekatomxea MHOKecTR). TTockonbky B+ P u P
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06a CIETHBI, MEXY HUMH CYIIECTBYET B3aMMHO OTHO3HA-
HO€ COOTBeTCTBUE. ET0 IeTKO PO I0MKHUTD O COOTBETCTBUA
Mexay B+ P+ Q u P+ () (kaxXblil 51eMeHT MHOXECTBa ()
COOTBETCTBYET caM cebe). [>

35. IlpumMennTE 5Ty KOHCTPYKITHIO W ABHO YKAXKHUTE COOTBET-
cTBue Mexgy orpeskoMm [0, 1] u monyunrepsanom [0, 1).

36. Teopema 3 mokasbiBaeT, 9TO AO6ABJEHHE CYETHOIO MHO-
JKeCTBa K GECKOHETHOMY He MeHAeT ero MomHocTH. MoXHO Jam
CKasaTh TO ke camoe mpo yaaneane? Jlokaxure, 910 ecmm A 6ec-
KOHEYHO W HE SBAAETCA CIETHHIM, a B KOHEYHO WM CIETHO, TO
A\ B pasromomso B.

37. Hemenxmn matemaTumk P. /legexmnmg mpegioxmn Takoe
orpeieNieAne 6ECKOHETHOI0 MHOKECTBA: MHOKECTBO GECKOHETHO,
€CJW OHO PABHOMOIIHO HEKOTOPOMY CBOEMY TIOAMHOXECTBY, HE
COBNAAIONIEMY CO BCEM MHOXKECTBOM. [loKakuTe, 9TO yKa3aHHOE
JleIeKMHIOM CBOMCTBO AEUCTBATENHHO OMPEIENAET 6eCKOHETHRIE
MHOXKECTBA.

JloGaBmss KOHEYHBIE WM CIETHBIE MHOKECTBA, JETKO MO~
HATb, YTO MpAMad, BCe MPOMEXKYTKH Ha MPAMON (OTpesKH,
MHTEPBAJBL, TOIYNHTEPBAIBI ), IY9H, NX KOHEUHBIE WM CIET-
Hble O6beIUHEHNA W T.T. PABHOMOIIHBI APYT APYTY.

38. Yka)kwTe B3aWMHO OJHO3HAYHOE COOTBETCTBHE MEX Y
muOXKecTBoM [0, 1] U[2,3]U[4,5]U... m orpeskom [0, 1].

39. /lokaxkwuTe, 9TO MHOXKECTBO BCEX NMPAMBIX HA TUIOCKOCTH
DPaBHOMOII[HO MHOXECTBY BCEX TOYEK Ha ILIOCKOCTH. (YKazaHue:
W TOYKW, W TIPAMBIE 3a1af0TCA TTADAMY TUCEN — 3a HeGOMBITAMI
HCKIIIOYEHNUSIMH. )

40. JlokaxuTe, 9TO MOAYILIOCKOCTH (TOYKH ILUIOCKOCTH, Je-
JKall[e [0 OAHY CTOPOHY OT HEKOTODOH IIPSAMON) PaBHOMOIIHA
I0CKOCTH. (DTO BEPHO HE3ABUCHMO OT TOI'O, BKIIOYAEM MBI I'Da-
HUYHYO IPSAMYIO B HOAYILIOCKOCTh WK HET.)

Teopema 4. Orpesox [0, 1] paBHOMOIIIEH MHOXECTBY BCEX
6GECKOHETHBIX MOCJAE[0BATEABHOCTEN HYJJIEH U €THHUII.

< B camom pene, xaxjgoe uncio z € [0,1] sanuceiBa-
eTcA B BUje GeCcKOHedHOM aBom<HON npotu. IlepBbin 3HaK
sTon apobm paBed 0 mam | B 3aBUCHMMOCTH OT TOTO, TOMa-
JaeT JU YUCAO ¥ B JEBYIO WIN MPABYIO TOJOBUHY OTpPE3Ka.
YTo6hI ONpeenTh CAeAYONNT 3HAK, HA O BHIOpAHHYIO TIO-
JOBUHY TIOJ€JUTH CHOBA TIOTOJAM M MOCMOTPETH, Kyaa TMo-
majgeT T, m T. 1.
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ITO Ke COOTBETCTBUE MOXKHO OMUCATEH B APYTYIO CTOPO-
HY: TOCJAENOBATEIBHOCTA ZgZ1Z3 ... COOTBETCTBYET HHUCIO,
ABJAOINIEECH CYMMOR Psa

Lo
— +
2

1 i)

1 + 3 +...

(B 5TOM MOCTPOEHUN MBI HCTIOAB3YEM HEKOTOPHIE (haKTH 13
MaTeMaTUYIeCKOTO aHAIN3a, ITO He Y IUBUTEIHLHO — HAC WH-
TEPECYIOT CBONCTBA M€HCTBATENBHBIX YHCE.)

OnucanHoe COOTBETCTBHUE TOKA YTO HE COBCEM B3aWM-
HO O/THO3HAYHO: JBOMYHO-PAlMOHANbHEE YHcaa (Apo6u BH-
na m/2") mMeroT aBa TpencTabieHnsa. Hanpmmep, [ncao
3/8 moxno zanucath kKak B Buge 0,011000. .., Tak u B Buge
0,010111... CooTBeTCTBHME CTaHET B3aWMHO OJJHO3HAYHBIM,
ecan oTOpPOCUThL Apobu C equHuilenl B mepmoje. Ho Takmx
Opo6el CYETHOE YMCI0, MO3TOMY Ha MOIIHOCTH HTO HE TO-
BaANAET. [>

41. Kakas gowmdHas apolb cooTBeTCTBYeT “mcay 1/37

B sToMm nokazaTenbcTBe MOXKHO GBIIO GBI MCMONB30BATH
6o/lee TPUBBLIYHBIE AeCATUYHBIE APOOUM BMECTO JABOMIHBIX.
TMoayuauaocs 661, uTo oTpesok [0, 1] paBHOMOIIEH MHOXECTBY
BcexX GecKOHEedHBIX mochegoBaTeabHocTen tuudp 0,1,...,9.
YT10o6bI TMepedTH OTCIOJa K TOCIEJOBATEILHOCTAM HYJIEN
W eJUHUI, MOXHO BOCIOJBb30BATHCA MPUEMOM, OMMCAHHBIM
Ha c. 14.

Teneps BcE TOTOBO AMA A0Ka3aTEAbCTBA TaKOT'O yANBHU-
TeabHOTO (hakTa:

Teopema 5. KBaapaT (co BHyTPEHHOCTBIO) PABHOMOIIEH
OTpE3KY.

< Ksajgpat pasuomoren muoxectsy [0,1] x [0, 1] map
NERCTBUTENBHBIX YHCEN, KaXkJ0€ W3 KOTOPHIX JEXUT Ha OT-
peake [0, 1] (MmeTog KoopanHaT). MBI yKe 3HAEM, 9TO BMECTO
quces Ha OTPe3Ke MOXKHO TOBOPUTH O TOCAeOBATENBHOCTAX
uyqaen u eguann. OcTansock 3aMeTHTh, ITO Tape MOCIeI0Ba-
TeNbHOCTEN HyJel W efuHul (ZoZ1%2 ... ,YoY1Y2 . ..) MOXK-
HO TIOCTaBUTH B COOTBETCTBUE TOCAEIOBATENLHOCTH-CMECH
ToYoL1Y1Z2Ys ... W UTO DTO COOTBETCTBHE OYyAeT B3aWMMHO
OTHO3HAYHBIM. [>
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ITOT pes3yabTaT OBLT Toay<deH B 1877 rogy HeMeIKUM MaTe-
maTukoMm ['eoprom KAaHTOpoM m yawmBHI €ro camMoro, MoCKOIBKY
[POTUBOPEYNI UHTYUTUBHOMY OLIYLIEHUIO (Pa3sMepPHOCTH» (KBa-
apaT ABYMEPEH, MO3TOMY BpoOje Obl JOMXKEH COAepKATh GOIbIIe
TOYEK, 9eM OJHOMEPHHI 0Tpe3okK ). Bor wro Kanrop mucan /lene-
xuHy (20 utonst 1877 roga), 06¢y K gast BOIPOC 0 PABHOMOIIHOCTH
MPOCTPAHCTB Pa3HOIo Ymcia uaMepennn: «Kak MHe KaxeTcs, Ha
3TOT BOIIPOC ClIEAYET OTBETUTH YTBEPAUTENBLHO, XOTA Ha MPOTSH-
JKEHWUU PAJa JeT A NPUIEPKUBAJICA ITPOTUBOIOJOKHOTIO MHEHUA .

B ogmom m3 oTBeTHHIX mmcem [lemekmHA oTMedaeT, ITO pe-
synpTaT KanTopa He JuiliaeT CMBICIA TTOHATHE PA3MEPHOCTH, T0-
CKOJIBKY MOXHO pacCMaTpHBaTh JHIIb HEIIPEPHIBHBIE B 06€ CTOPO-
HBEI COOTBETCTBHS, W TOr'Ja IPOCTPAHCTBA PA3HOU PA3MEPHOCTH
MOXHO 6yA€T pa3JuanTh. JTa TUIIOTE3a 0KA3AIOCh BEPHOU, XOTA
HE TAKOW MPOCTOMN; MEPBHIE MOMBITKA €€ J0Ka3aTh, B TOM YHCIE
oxna u3 craren Kanropa, cogepxkamu OMMOKH, U TOABKO CIYCTS
TPUALIATH JAeT Tomianickun MatemaTuk JI. Bpaysp gan npasuib-
HOE J0KA3aTelbCTBO. BIpotweM, 0TCYyTCTBHE HEIPEPHIBHOTO B 00€
CTOPOHBI COOTBETCTBUA MEXAY OTPE3KOM M KBaJAPAaTOM J0Ka3aTh
HECJIOXKHO; TPYAHOCTH HAYMHAIOTCA B OGOJBINIAX PA3MEPHOCTAX.
(3aMeTnM TakXke, YTO CYLECTBYeT HENPEPHIBHOE OTOOpPaKeHHE
oTpe3Ka B KBaApaT, KOTOPOe TMIPOXOANT Hepe3 o6y TOYKY KBa-
Apara. OHo HasbiBaeTcs «kpuson [learo».)

W3 TeopeMbl 5 METKO MOAYHINTh MHOTO IPYTUX yTBEPK Te-
HUW PO PABHOMOIIHOCTH T€OMETPHIECKHX 0OBEKTOB: KPYT
PABHOMOIIEH OKPYKHOCTH, TPAMAas PaBHOMOIITHA TIOCKOCTH
W T.TI.

MoxHO TakXKe 3aMeTHTB, YTO MPOCTPAHCTBO (TOYKH
KOTOPOT0 3a/al0TCA TPeMA KOOpAnHATaMu (Z, Y, z)) PaBHO-
MOIIHO TUIOCKOCTH (Hao 3aKOAMPOBAThH Tapy (z,y) ogHuM
9YUCIOM), U, cleoBaTelbHO, mpaMoil. To Xe caMoe MOXKHO
opofesaTh W A TPOCTPAHCTB GOJBIIEH Pa3MEePHOCTH.

42. ,Z[OKa)KHTe, Y9TO MHOXKECTBO BCE€X KOHEYHBIX TIOC/EaT0Ba-
TeJ]:bHOCTeIU/I ,Z[eIU/ICTBI/ITeJ]:bHBIX “rce paBHOMOIITHO R (MHO)KGCTBy
BCeX rZ[eIU/ICTBI/ITeJIBHBIX ‘II/ICGJI).

43. /lokaxuTe, YTO MHOXKECTBO BCEX GECKOHEYTHHBIX IMOCAEH0-
Ba.TeJIBHOCTeIU/I rZ[eIU/ICTBI/ITeJIbHBIX “rce paBHOMOIITHO R.

OTMeTHM, 9TO MBI TOKA HE YMeEM J0Ka3hiBaTh, ITO MHO-
KECTBO [eMCTBUTEABHBIX YHCe] (NI MHOXKECTBO GeCKOHEY-
HBIX TIOCIEIOBATENBLHOCTEH HYJIEH W eINHNI]) HECIETHO. D TO
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6ymeT caemano B pasnene 1.6.

MoIHOCTh MHOXKECTBa JEUCTBUTENHHBIX YHCES HAa3bIBa-
0T MOWHOCTBI0 KOHMuHyyMma (OT JATHHCKOTO CIOBa, O3Ha-
YaOIIET O «HETPEPBIBHBINY; MMEETCA B BHY, 9TO TOYKA Ha
OTpe3Ke MOXKET HEMPEPHIBHO JABUTATHCA OT OJHOTO KOHIA K

APYTOMY).

1.5. Teopema KaHTopa—bepHwTeiina

Omnpefenerne paBHOMOIIHOCTH YTOYHAET UHTYUTHBHYIO
nael0 0 MHOXECTBaX «OJUHAKOBOTO pasmepar. A kak ¢op-
MaJbHO OTPENENNTh, KOTJa OTHO MHOXKECTBO «BOMBIEy APY-
roro?

T'oBopAT, aTO MHOXecTBO A no mowHocmu He 6Goavbuie
MHOXecTBa B, ecii 0HO paBHOMOIIIHO HEKOTOPOMY TIOIMHO-
KecTBY MHOXKecTBa B (BoaMoxHO, camomy B).

44. HekTo mipeiyiok i Takoe orpejielieHne: MHOKECTBO A mMe-
€T CTPOr'0 MEHBIIYIO MOITHOCTh, 9€éM MHOXECTBO B, ecau oHO pas-
HOMOIIHO HEKOTOPOHU HacTH MHOXeCTBa B, He COBIamaiolien co
BceM B. [louemy sT0 onpegenetue HeygauHo? (Ykaszawue. Ilomy-
JSIPHBIE PACCKA3BI O TEOPUH MHOXKECTB YaCTO HAYMHAIOTCA C TAKO-
ro mapagokca, Bocxogsinero K lamanero. Kakux wucen 6ombine —
BCEX HATYPAJbHBIX 9HCE] WAU TOYHHX KBaapaTos?! C ogHOU CTO-
POHBI, TOYHBIE KBAAPATH COCTABIAIOT JHIIL HEGOMBIIYIO YaCTh
HATYPAJIbHBIX HYHCEN; C APYT'OM CTOPOHBI WX MOXKHO MOCTABUTH
BO B3aMMHO OJHO3HAYHOE COOTBETCTBUE CO BCEMU HATYPATbHBI-
MU YHCIAMU. )

OTHoltleHne «MMeTh He GOJBIIYI0 MOITHOCTELY 06JaaeT
MHOTHUMY €CTECTBEHHBIMI CBONCTBAMMU:

e Ecim A n B paBHOMOIIHBI, To A nMeeT He 6OMBIITYIO
MoIHOCTh, 4eM B. (OdeBuano.)

e Ecim A wmmeer He Goabllyio MOMIHOCTH, YeM B, a
B umeeT He Goablryio MOMIHOCTE, YeM C, To A ume-
eT He Goablyio MommHocTh, YeM (. (Toxe HecnoxHO.
Myctes A HaxoamTcs BO B3aWMHO OJHO3HAYHOM CO-
orBeTcTBUnM ¢ B’ C B, a B HaxoauTca BO B3aUMHO
ogHozHadHOM cooTBeTcTBUM ¢ C' C C. Torga mpm
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BTOPOM COOTBETCTBHH B’ COOTBETCTBYeT HEKOTOPO-
My muaoXkectBy C” C C' C C, xax nokazaHo Ha puc. 1,
u noromy A pasaomorrao C”.)

Puc. 1. TpaHauTHBHOCTH CpaBHEHUA MOIITHOCTEN

e Ecim A wmmeer He Goabllylo MOMIHOCTH, YeM B, a
B umeeT He GOMBIIYIO MOIIHOCTE, YeM A, TO OHU paB-
HOMOIIHBL. (DTO BOBCe HE OYEBHHOE YTBEDKJICHUE
COCTaBAAET cojepxkaHue TeopeMbl KanTopa—BepH-
MITENHA, KOTOPYIO MBI celvac JTOKaxeM.)

o /lnsi mobeix aByx MHOXKecTB A m B BepHo (x0T 6bI)
OJTHO U3 JBYX: MM60 A MMeeT He GOJBIIYIO MOITHOCTD,
qeM B, mu6o B mMeeT He 60JBIIYyI0 MOMIHOCTD, 9eM A.
([loxasaTeabcTBO BTOTO (hakTa TpebyeT TaK HazbIBae-
MOH «TpaHC(UHUTHON MHAYKIUH»; CM. pazaex 2.6, Te-
opema 25.)

Teopema 6 (KanTopa— BepHwTeiina). Ecan MHOX)ecTBO A
PaBHOMOIITHO HEKOTOPOMY TOJIMHOXECTBY MHOXecTBa B, a
B paBHOMOIITHO HEKOTOPOMY TIOIMHOKECTBY MHOXKeCTBa A,
TO MHOXecTBa A 1 B paBHOMOIIHHEI.

< Tycth A paBHOMOIIHO TOAMHOXKECTBY Bi MHOXe-
ctBa B, a B paBHOMOIIHO MoAMHOXKeCcTBY A; MHOXecTBa A
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Puc. 2.

(cM. puc. 2). TIpu B3aMMHO OJHO3HAYHOM COOTBETCTBUU
Mexay B m Ay mogMHox)ecTBO By C B mepexoanT B HEKOTO-
poe moamuoxkecTBO Ay C Aj. Ilpu 5ToM Bce Tpu MHOXKeECTBA
A, By 1 A paBHOMOIIHBI, — ¥ HYXHO NOKa3aTh, ITO OHU
PaBHOMOIITHBI MHOXKECTBY B, WIn, 9TO TO Xe caMmoe, Aj.

Tenepb MBI MOXeM 3a6BITH PO MHOXKECTBO B 1 ero moI-
MHOXeCTBa M JOKa3bIBaATh TaKOW (haKT:

([las equHOOGpasnsa Mbl roBopuM Ag BMecTo A.)

Myctes f — yHKIUA, OCyIIeCTBAAIIIAA B3ANMHO OHO-
aHavyHOe cooTBeTcTBHE Ag — Ay (dmeMenT 2 € Ay cooTBeT-
cTByeT amementy f(z) € Aj). Korga Ag mepexoant B As,
MeHBIIlee MHOXeCTBO Aq MepexoJuT B KaKOe-TO MHOXKECT-
Bo Az C Ay (cm. puc. 3). AHamorundHbiM o6paszoM camo A
TepexoJUT B HeKoTopoe MHoXecTBO A4 C Ay, Ilpum sToMm
A4 C Az, Tak kak Ay C As.

IIponoaxasa 5Ty KOHCTPYKIMIO, MBI TOJyYaeM yOBIBAtO-
MY TIOCAETOBATEIRHOCTh MHOXKECTB

ectn Ay C Ay C Ay m Ay paBHOMOIIHO Ao, TO Bce TpH
MHOXK€CTBa PaBHOMOIIHEL.

Ay D A1 DA D A3 DAL D ...

W B3aMMHO OJIHO3HAYHOe cooTBeTCcTBHUE f: Ay — As, mpum
KoTopoMm A; cooTBeTcTBYeT A;19 (MHOTa 5TO 3aNUCHIBAIOT
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Puc. 3.

Tak: f(A;) = Ajp2). PopMantbHO MOXKHO ommcaTh Ag, Kak
MHOXKECTBO TeX BJEMEHTOB, KOTOPLIE MMOMIYyYaloTCa U3 KaKo-
ro-TO BJeMeHTa MHOXeCcTBa Ay IOcCIe n-KpaTHOr'O IpUMe-
Heuud Gyukuun f. AHamormvaHbeiM 06paszoM As, 1 COCTOUT
U3 TeX W TOJBbKO TeX 3JIEMEHTOB, KOTOpbIE MOJAYyJaloTCA U3
KaKOI'0-TO 3JIeMeHTa MHOXecTBa A1 mocie n-KpaTHOT'O IMpHU-
Menenusa pyakuun f.

3aMeTHM, YTO IepecedeHrne BCeX MHOXeCcTB A; BHoJHe
MOXKeT OBITh HEIIYCTO: OHO COCTOUT M3 TeX DJIEMEHTOB, y KO-
TOPHIX MOYXHO CKOJBKO YyroAHO pa3 6path f-mpoobpas. Te-
mepb MOXHO CKa3aTh TaK: MHOXECTBO Ay MBI pasbuinm Ha
Henepecekatommnecsa ciaou C; = A; \ A;41 u Ha cepaueBuHy

C =0 A
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Caon Cy, Cq, C4, ... paBHOMOIHBI (byHKIUA f ocy-
MEeCTBJAAET B3AUMHO OJHO3HAYHOE cooTBeTcTBUE Mexkay (o
u Cq, mexay Co m Cy m 1. 1.):

oo Loy Lo L

To e camoe MOXHO cKa3aTh MIPO CJAOU C HEYETHBIMH HOMe-
paMu:

oo Lo L

MoxkHO elmé oTMeTHTh (YTO, BIpOYeM, He MOHaT06UTCA),
uTo Gyuknua f Ha MHOKecTBe (' OCYIIECTBIAET €ro me-
PECTaHOBKY (B3aMMHO O/JHO3HAYHOE COOTBETCTBHUE C CAMUM
co6oit).

Tenepsb JerKo MOHATH, KaK MOCTPOUTHL B3AUMHO OJHO-
3HaYHOE cooTBeTcTBHE ¢ Mexkay Ag m Ap. Ilyets € Ag.
Torja COOTBETCTBYIONINHI eMy JeMeHT ¢(Z) CTpOUTCA Tak:
g(z) = f(z) mpu & € Co m g(z) = x pu & € Copy1 Miam
z € C (cm. puc. 4). >

Ag = Co + C1 + Cy + C3 + C4 + -+ + C
A = Ci + Co + C3 + Cy + - + C
Puc. 4.

Hcropust aTol TeopeMsbl (HasbiBaeMol Takxe Teopemont IIpé-
Aepa— Bepairenna) TtakoBa. KanTop dopmymupyer eé 6e3 go-
KazaTeabcTBa B 1883 roay, obemasn: «K aTomy A elé BepHYCh B
ojiHOM 6oJiee O3 AHEN PAGOTE U TOrJA BHISABIIO CBOCOOPA3HBIN WH-
Tepec 3Ton ob1en TeopeMiy. O gHAKO 5TOr0 06€eNaHUs OH HE BhI-
LIOJIHUIL, U TIEPBHIE JOKa3aTelbcTBa Obliu gausl [Ipégepom (1896)
u Beprmrrennnom (1897). Kak Buaso ma pa6ot u nucem Kanropa,
OH TIpefrnoJjaral J0Ka3blBaTh 9TY TEOPEMY OTHOBPEMEHHO C BO3-
MOXKHOCTBIO CPAaBHHUTH JIOGHE ABa MHOXeCTBa (cM. pasgen 2.6,
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TeopeMa 25), HO KaK MMEHHO — ocTaéTcsa HenoHATHHM. (PaGo-
Tl KaHTopa Mo Teopur MHOXECTB W €70 MUChMa MePEBeJeHB Ha
DPYCCKHE A3HIK [4]; Bce IUTATH JAIOTCSH 10 3TOMY U3JaHUIO. )

Teopema KanTopa—BepHireiina 3HadnTeIbHO YIIPOIIa-
eT JoKa3aTelhCTBA PABHOMOIIHOCTH: HATPUMED, €CAU MBI
XOTHUM JI0Ka3aTh, 9T0 OyOIUK U MIap B MPOCTPAHCTBE PABHO-
MOIIHBI, TO JOCTATOYHO 3aMETHUTh, YTO U3 OyOanKa MOXKHO
BHIpE3aTh MaJeHbKHH Map (TOMOTETHYHBIN GOMBIIOMY ), a U3
mapa — MaJeHbKUU Gy6JInK.

45. [TocmoTpuTe Ha IIpUBEAEHHBIE BHIIIE 3aa%H, I'jle TpeboBa-
JIOCh AOKa3aThb PaBHOMOIIHOCTBL, U y6erl[I/ITer7 9TO BO MHOT'HUX W3
HUX TIpAMeHeHHe TeopeMbl KanTopa— Beprmmrenna cuibHO yrpo-
maeT aeJjo.

46. [lokaxuTe, 9TO BCe reoMeTpUdecKne GUTYPHI, COAEPKAa-
e XoTA 6Bl KyCO9eK IPAMON WM KPHBOM, PABHOMOIIHEL.

47. JlokaxuTe, 9TO €CaU KBaApaT pasbuT Ha IBAa MHOXKECTBA,
TO X0Ts OBl OJHO M3 HAX PABHOMOIIHO KBaapary. (Ykasanue. Ec-
JI OTHa 13 '-IaCTeIU/I COIEPKUT OTPE3OK, TO MOXKHO BOCITOJb30BaATh-
ca Teopemont KanTopa— Bepamrenna. Ecmm xe, ckaxeM, neppas
bdacTh HE COAEPKUT OTPE3KOB, TO B KaXJIO0M T'OPHU3OHTAIbHOM
CeY9€eHr KBajJpaTa €CTb TOYKa BTOpOIU/I “dacT, 1 CHOBa MOZKHO
cocaarhcsa Ha Teopemy Kantopa—Beprinrensa.)

48. /lokaxmnTe, 9TO eciii OTPE3OK paszbuT Ha JABE YWACTH, TO
X0TA OBI OJHa W3 HUX paBHOMOIIIHa OTPE3KY.

To xe camoe NOKa3aTETBCTBO MOXKHO H3JIOKHUTH GoJee
abcTpakTHO (M M36ABUTHLCA OT YMOMWHAHUA HATYDATBHBIX
uncen). Hamomunm, uto f: A — Ay ecTh B3aMMHO OJHO-
3HAYHOE COOTBETCTBHE MEXIYy MHOXecTBOoM A m ero moj-
MHOXKecTBOM Ay, a A — HEKOTOpoe MpOMeXyTOYHOE MHO-
kecTBo. HazoBém muOXKecTBO X C A «XOpOoImmm», ecam oHO
conepxuT A\ A U 3aMKHYTO OTHOCUTENBHO f, T.e.

X DA\ A)+ f(X)

(MBI MCMOAB3YeM 3HAK + Ui O6BEIMHEHNA, TOCKOJIBKY 065~
e/IMHAEMBIE MHOXKECTBA 3aBEIOMO He TlepeceKaTcd). Jlerko
TMPOBEPUTH, ITO TMepecedeHne MoGOro ceMelicTBa XOPOIINK
MHOKECTB XOPOIIlee, TIODTOMY €CJH MBI TIEPECETEM BCE XOPO-
III1e MHOXECTBA, TO MOAYYNM MUHUMAIbHOE 1O BKIIOYEHUTO
Xopoilliee MHOXKecTBO. Hazorém ero M. Jlerko mpoBepuTh,
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gro MHOXKecTBO (A \ A1) + f(M) GyaeT XopomuMm, mosTo-
My B CHJIy MUHHMAJbLHOCTH M BKIIOYEHHE B ONpe/Ie]cHUN
XOPpOIIer0 MHOXKECTBa MPEBPAIacTCA B PaBEHCTBO:

M= (A\ 4y) + f(M).

Teneps BCEé TOTOBO st MOCTpoeHUs: Gueknnn ¢g: A — Aj.
OJTa 6ueknusa coBmagaeT ¢ f BHyTpu M u TOXgeCTBEHHA
BHe M.

49. [IpoBeauTe 3T0 paccyx jeHre MOAPOGHO.

DTo paccyXkjeHue yao6HO MPHU MOCTPOEHUH aKCHOMATH-
YeCKOU TEeOPUU MHOXKECTB, TaK KaK B HEM He HYXHBI HATY-
paabHble ¥ncia (KOTOpHE CTPOATCA jJaleko He cpasy). Ho
TIO CYIIIECTBY 3TO TO K€ CaMO€e paccyXaeHune, MOCKoabKy M
ectb CoUCy U ...

Temnepnb, mmea B Buay Teopemy KanTopa—BepHirreiina,
BEPHEMCA K BOTIPOCY O CpaBHEHWM MOIIHOCTeH. /las 1aHHBIX
MHOXeCTB A m B TeopeTuvdeckn MMEIOTCA YeThIPE BO3MOXK-
HOCTH:

e A paBHOMOIIHO HekOTOpOW YacTu B, a B paBHOMOIIHO
HekoTopon dactn A. (B 5ToMm ciaydae, Kak MBI 3HaeM,
MHOX€ECTBa PABHOMOIIIHHI. )

e A paBHOMOIIHO HEKOTOPON WacTn B, HO B He paBHO-
MotrHo HuKakon dactu A. B aToMm caydae roBopaT, 4To
A umeem menvuwiyio moujHocms, uem B.

e B paBHOMOIIHO HeKOTOpo# dacTu A, HoO A He paBHO-
MOIITHO HUKakol YacTu B. B aToMm cayvae roBopsT, 9To
A umeem Goavwyto mouHocmy, wem B.

e Hu A we paBHOMOIIHO HuUKakon dactu B, Hu B mHe
PaBHOMOIITHO HUKAKOW dacTu A. DTOT caydall Ha ca-
MOM JleJie HEBO3MOXKEH, HO MBI 3TOT'O TIOKa He 3HAEM
(cMm. pasnen 2.6).

50. /lokaxuTe, 9TO CYETHOE MHOXKECTBO MMEET MEHBIIYIO
MOIIIHOCTD, €M JM060€ HECHETHOE.

51. IIpoBepbTe akkKypaTHO, 9TO ecaiu A UMeeT MEHBIIYIO
MOIIHOCTh, ¥eM B, a B mMeeT MeHBIIYIO MOIIHOCTh, weM C, To
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A MMeeT MEHBIYIO MOWHOCTE, 4eM C (TPaH3UTHUBHOCTH CpaBHe-
HUSA MOIIHOCTEH).

3aMeTHM, YTO MBI yXKe J0JT0 TOBOPUM O CPaBHEHUH
MOIIIHOCTEN, HO BO3EPKUBAEMCS OT YIOMHUHAHUA (MOIITHO-
CTH MHOXECTBa» KaK CAMOCTOSITETBHOTO O6BEKTA, & TOMABKO
CpaBHUBAaEM MOIITHOCTH PAa3HbIX MHOXeCTB. B mpuHIiumne
MOXHO GBLTO GBI OMPEeSUTh MOITHOCTH MHOXKecTBa A kak
KJacc BceX MHOXecTB, paBHoMoIHbix A. Takme kiaaccer pis
MHOXecTB A m B coBmajaloT B TOM W TOJBKO TOM CIydae,
xorjga A m B paBHOMOIIHBI, TaK YTO CIOBA (MMEIOT PABHYIO
MOIITHOCTEY TpHOGpean 661 6yKBaJAbHBIN cMBIca. [Ipo6iaeMa
TYT B TOM, YTO TaKWX MHOXKeCTB (PaBHOMOIIHBIX MHOXKe-
cTBY A) CIWIIKOM MHOT'O, MOCKOJBKY BCE Ha CBETE MOXKET
OBITH UX dJeMeHTaMu. VX HACKOJBKO MHOT'0, 9TO 06pa3oBaTh
U3 HUX MHOXECTBO 3aTPYIHUTENBHO, 3TO MOXKET MPUBECTH
K mapajiokcaM (cM. pasgen 1.6, c. 34).

W3 pToi cuTyanmm ecTh HECKOABKO BBHIXOMOB. CaMbIil
MPOCTOW — TIO-TIPEKHEMY TOBOPHUTH TOJBKO O CpPaBHEHUU
MOIIIHOCTEN, HO HE O CAMUX MOIIHOCTSAX. MOXHO TaKkXKe BBe-
CTH TIOHATHE (KJIAcCay» — TaKOU OOJBIION COBOKYITHOCTH
0OBEKTOB, ITO €€ yiKe HeIb3f CUNTATh DJIEMEHTOM IPYTUX
COBOKYTHOCTEl («ec/im BB TIOHUMaeTe, O 4éM A TYT TOM-
Kyto» — nobasuaa 661 CoBa uz kHWXKKM o Bunuu-Tlyxe), n
CYNTATh MOIIHOCTHIO MHOXKecTBa A Kiacc Bcex MHOXKeCTB,
pasuomorabix A. Emé oaun Beixoq — mis kaxgoro A BeI-
6paTh HEKOTOPOE «CTaHIAPTHOE» MHOXKECTBO, PABHOMOII-
Hoe A, W HazBaTh €ro MOMIHOCTHIO MHOXecTBa A. O6BIYHO
B Ka4ecTBe CTAaHIapPTHOTO MHOXeCTBa GEPYT MUHUMATbHBIN
OpAMHAJ, PABHOMOIIHBIN A, — HO 5TO MOCTpOEHHE YKe Tpe-
GyeT Gomee HOPMATBLHOTO (AKCHOMATHYECKOT0) TIOCTPOEHNUSA
TEOPUU MHOXKECTB.

KanTop rosopui o MomsocTsax Tak (1895): « Mownocmeio mim
KapauHaJlebLM yucaLomM MHOXKeECTBa 1‘4 MBI Ha3bIBaeM TO 06Luee
IIOHATHE, KOTOpPOE€ MoJy4daeTCsa IIPpW ITOMOIIA Ha.U_[eIU/I aKTI/IBHOIU/I
MBICIUTENRHON crocobHOCTH W3 M, Korga MBI abcTparupyeMcs
OT KadeCTBa €ro pa3jquvdHbIX 3JEMEHTOB M W OT IOpAJKa WX 3a-
gamus. (...) Tak Kak U3 KaxX/A0ro OTHEIBHOI'O BJIEMEHTa M, KO-
'1a MBI OTBJEKaeMCs OT KavdeCTBa, IMOJdyvaeTCAa HEKas ,, erZ[I/IHI/H_[a.“7
TO CaMO KapAWHaIbHO€ YUCJIO OKa3bIBa€TCA MHOXECTBOM, 06pa.—
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30BaAHHBIM UCKJIIOYUTEIBHO W3 €IUHUIL, KOTOPOE CYHIeCTBYET KaK
WHTELIEKTyalbHBI 06pa3 Wan KaK IMPOEKIUA 3aJaHHOTO MHOMKE-
crBa M B Haur pazym.

Tak nau uHade, Mbl 6y ieM ynoTpebaaTh o6o3Hatdenue | A
JUIA MOIITHOCTH MHOXeCTBa A XoTA GBI KakK BOABLHOCTH PEUN:
|A| = |B| osmadaer, uTo MHOXecTBa A W B paBHOMOIIHHI;
|A| < |B| oznavaeT, 9uTo A paBHOMOIIHO HEKOTOPOMY TIOJ-
MHOXKeCTBY MHOXKecTBa B a |A| < |B| osmaudaer, uro A nume-
€T MEHBIIYIO MOIIHOCTh, ¥eM B (cM. c. 28).

1.6. Teopema KaHTopa

Kaaccudeckuin mpumep HEpaBHOMOIITHBIX GeCKOHEYHBIX
MHOXeCTB (10 CHX TOp TaKoro TpHMepa y Hac He OBLIO!)
TaéT «TMaroHaJbHasd KOHCTpyKusa KanTopas.

Teopema 7 (KanTopa). MHoX)ecTBO 6ECKOHEUHBIX MOCTE-
JOBATEJBLHOCTEN HYJEH W eUHUI HECIETHO.

< Tpeamonoxum, 9To oHO c4éTHO. Tormga Bce mocie-
TOBATEIbHOCTH HYJEW W €TWHUI MOXKHO TEepeHyMepOoBaTh:
ag, a1, ... CocTaBuM GeCKOHEYHYIO BHU3 TabAUIy, CTPOKa-
MH KOTOPOH Gy Iy T HAIIN MOCTE[OBATENHLHOCTH:

Qg = (Qpp Qp1 Qp2
@] = Qip @11 Q12
Qz = Q30 Q31 Q33

(1epes av; MBI 0603HAYAEM j-H <WIEH i-H IOCIeI0BATEILHO-
ctn). Temepb PaccCMOTPUM TIOCIEI0BATENBHOCTD, 06pa3oBaH-
HYTO CTOAIIAMH Ha THATOHAIN WIEHAMH oo, (11, X22, - . .| €€
I-1 9JIeH eCTh (; W COBMOAAET C i-M SICHOM -0 TOCIe0Ba~
TeTbHOCTH. 3aMEHWB BCE WIEHBI HA MPOTHBOMOJOKHBIE, MBI
TOJYYHM TIOC/EIOBATENLHOCTE 3, ¥ KOTOPOH

Bi =1 — ay,

TaK 9TO MOCAEJOBATEABHOCTD 3 OTIANYAETCA OT JIO60U U3 TIO-
ClIeIOBATENBHOCTEN v (B TIO3UINN i) W TIOTOMY OTCYTCTBYET
B Tabanie. A MBI IPEAMOMOKMUIN, 9TO TabInIla BKIOYAET B
ceba Bce TOCIEIOBATETHHOCTH — TTPOTHUBOpedne. [>
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W3 5Tolt TeopeMbl clieflyeT, 9TO MHOXKeCTBO R medcTBU-
TENbHBIX 9Hced (KOTOpoe, KaK MBI BH/EIH, PaBHOMOIIHO
MHOXKECTBY TOCIEOBATEILHOCTEN Hylel U €JNHUI) HECTET-
HO. B wacTHOCTHM, OHO He MOXKeT COBMAJaTh CO CUETHBIM
MHOXeCTBOM alrebpanvdecKux 4uces] U MOTOMY CYIHIeCTBYyeT
TeRCTBUTENBHOE YUCJAO, He ABJIAIOIIEeCH aarebpandecKuM
(He ABJAsAONIEECs KOPHEM HHKAKOI'O HEHYJIEBOIO MHOT OUJIeHA
¢ meJouncIeHHBIME KoaddunmenTamu). Takue dncia Ha3bl-
BafOT MPAHCYEHOEHMHBLMU.

K momenTy cozganmsa KanTopom Teopmn MHOXKECTB yXKe OBI-
JI0 M3BECTHO, YTO TaKWe YUCIA CYIIeCTBYIOT. [lepBbili mipumep
TaKOI'0 9HCJa IMOCTPOmMa B 1844 roay ¢ppaHIy3CKHMH MaTeMaTHK
7K. Jlmysmans. OH mokasam, TO 9HCI0, XOPOIIO MPUOINKAEMOE
palMOHATHEHEIMY, He MOXET OHITH aare6pandecKuM (TakKoBo, Ha-
npumep, =mcao Y (1/10™)). JlokasaremscTso Teopemer JluyRu-
I He OYEHBb CJOXKHO, HO BCE-TaKW TpebyeT HEKOTOPHIX OIEHOK
TMOTPENTHOCTH TIPUOINKEHNS; Ha ero (poHe NoKazaTelbCcTBO Kan-
Topa, onmybIMKOBaHHOe WM B 1874 rofy, BHITIAAWT YHUCTOU BO-
a6l poKycoM. IJTa mybauKarusi ObLIa MEpBOU PaboTOW TIO Teo-
pUM MHOXKECTB; B €€ TIepBOM Tlaparpade 10Ka3BBAeTCA CIETHOCTD
MHOX€eCTBa airebpanvecKux 9HcCel, a BO BTOPOM — HECIETHOCTH
MHOXeCTBa AencTBUTeNbHEX wncen. (O6lee ompegeneHne pas-
HOMOIIHOCTH 6BLI0 nano KamTopom swmines <epes Tpw roga, of-
HOBPEMEHHO C J0Ka3aTelhCTBOM PABHOMOIIHOCTH HPOCTPAHCTB
pasHOro 9HCIa U3MEPEHNUH, O KOTOPOM MHEI y3K€ TOBOPWIIN. )

OTMeTnM KCcTaTh, 9T0 B ToM ke 1874 roay gppaHIryackni Ma-
TemaTrk lII. IpMuT noxazan, 9To oCHOBaHWe HATYPANBLHBIX JOTa-
pUGMOB € TPAHCIEHIEHTHO, a Yepe3 BOCEMb JeT HEMEIKUH Ma-
TemaTrk D.JluHgeMaH TOKazan TPAHCIEHIEHTHOCTh YHCIA T W
TEM CaMBIM HEBO3MOXHOCTH KBapaTyphl Kpyra.)

B HeckoabKMX cAeAyIOMINX 3ajgadaXx MbI TpearnoJaraeM
W3BECTHLIMU HEKOTOPBIE HAYaJbHBIE CBeJeHUA M3 Kypca Ma-
TEMATUIECKOT O aHAIN3A.

52. [TokaxuTe, 9T0 s BCAKOT'O HECIETHOIO MHOXecTBa A C
C R MoxHO yKazaTh TOUKY a, J106asg OKPECTHOCTh KOTOPOU Iie-
pecekaeTcs ¢ A 110 HECIETHOMY MHOXKeCTBY. (Y TBEPK A€HHE OCTa-
€TCsl BEDHBIM, €CJIH CJOBA (HECIETHOE MHOXKECTBO» 3aMEHHTH HA
«MHOXECTBO MOIIHOCTH KOHTHHYYMay. )

53. [TokaxuTre, 9T0 M1060€ HEMYCTOE 3aAMKHYTOE MHOXECTBO
A C R 6e3 n301UpOBaHHBIX TOYEK UMEET MOITHOCTH KOHTHHYYMA.
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54. [lokaxuTe, 9T0 A060€ 3aMKHYTOe MHOXecTBO A C R -
60 KOHEYHO, JU60 CUYETHO, NGO UMEET MOUTHOCTH KOHTHHYYMA.
(Ykazanme. Paccmorpum mMHOX)ecTBO B C A, cocrosiuee u3 Tex
TOYEK MHOXECTBA A, B MO60U OKPECTHOCTH KOTOPHIX HECUETHO
MHOro Apyrux Tovek u3 A. Ecim B mycTto, To A KoHeYwHO Wan
cuéTHo. Fcau B HemycTo, TO OHO 3aMKHYTO W HE UMEET H30JUPO-
BaHHBIX TOYEK.)

STa 3ajada MOKa3kIBAET, YTO NIA 3aMKHYTHIX TOJIMHO-
JKeCTBO MPAMON BepHA TUIOTE3a KOHTHHYYMa, YTBEPK Jat0-
mas, ITo J060e Mo IMHOKECTBO MPAMON JN60 KOHETHO, 60
cuéTHO, Jm6o pasHoMornHo R. (KaHTop, 10oKazaBIIHil 5TOT
dakT, paccMaTpuBaJ €ro KakK TEePBBIA IMar K JOKa3aTelb-
CTBY TUMOTE3B KOHTHHYYMAa AJA OOIIero cayvad, HO U3 DTO-
IO HUYEro He BHIILIO. )

55. M3 mumockocTu BHIGPOCHIM MPOM3BONBHOE CHYETHOE MHO-
KeCcTBO To4eK. [[oKax)uTe, 9T0 OCTABIIAACA 9aCTh ILIOCKOCTH JIH-
HEWHO CBA3HA W, 6ojiee TOro, Jiobble IBE HEBHIOPOIIEHHBIE TOYKH
MOXHO COEJUHUTHL JBYX3BEHHOU JOMAHOW, HE 3a/eBAONIEH BbI-
6POIIEHHBIX TOYEK.

Bepuémca k amaroHaabHOW KOHCTpyKImu. MBI 3HaeMm,
9TO MHOXKECTBO MOCAEOBATEALHOCTEN HYJAeH U e THHUAT] paB-
HOMOIIIHO MHOXECTBY TOIMHOXECTB HATYPaJbHOTO PAIA
(KaxJOMY TIOAMHOXKECTBY COOTBETCTBYET €U0 (XapaKTepH-
CcTHYecKasa TOCAeOBATEABHOCTEY, ¥ KOTOPOH €UHUIIBI CTO-
AT Ha MecTaxX W3 HTOro MoAMHOXKecTBa). [TosTOMYy MOXHO
epepopMyIMpoOBaATH 3Ty TEOPEMY TaK:

H Mmuoxectro N HE paBHOMOIIHO MHOKECTBY CBOHX MOJMHO-

JKECTB.

HokazaTeabCcTBO TaKXKe MOXKHO TIar 3a MaroM MepeBecTH Ha
TaKOW A3LIK: MyCTh OHM PABHOMOIIHBI; TOTJa €CTh B3aUMHO
OTHOBHAYHOE COOTBETCTBHUE ¢ — A; MeX Iy HATypaJibHBIMU
quciaMu W TOIMHOXKECTBaAMM HaTypadbHOro pAga. [unaro-
HaJbHAA MOCIEOBATETHHOCTD B 3TUX TEPMUHAX ITPEICTABIIA-
eT co60W MHOXKEeCTBO TeX %, I KOTOPHIX i € A;, a mocaeo-
BaTEIbHOCTD (3, OTCYTCTBOBABINASA B TEPEINCICHIN, Teleph
Gyner ero gonomuennem (B ={i|i ¢ A;}).

ITpu 5ToM oxasbIBaeTCA HECYIIECTBEHHBIM, YTO MBI TMe-
€M JIeJIO C HaTYPAJbHBIM PAJOM, U MBI IPUXOJAUM K TaKOMY
YTBEPXK ACHUIO:
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Teopema 8 (o6lwas copmynnposka Teopembl KaHTopa).
Huxakoe muOXecTBOo X He PaBHOMOIIHO MHOXECTBY BCEX
CBOUX TIOIMHOKECTB.

< Ilycts ¢ — B3amMMHO OJHO3HAYHOE COOTBETCTBHE
Mex 1y X u mHOoXecTBoM P(X) Bcex TMOJMHOXKECTB MHO-
xectBa X. PaccmoTpum Te niaemenTHl & € X, KOTOpHIE
He TPUHANIEXKAT COOTBETCTBYIOMIEMY UM IIOIMHOXECTBY.
Mycte Z — o6pazoBaHHOE UMW MHOXKECTBO:

Z={zeX|z¢p@)}

JlokaxkeM, 9TO IOJMHOXECTBO / HE COOTBETCTBYET HUKAKO-
My saemeHTy MHOXecTBa X . ITycTh 5T0 He Tak n 7 = ¢(z)
A HeKoToporo sieMenTa z € X. Torga

€l zdp(z)oz¢

(HepBoe — 1O TIOCTPOEHHWIO0 MHOXeCTBa /, BTOpoe — TIO
MPEATIOJOKEHUTO go(z) = Z). TloayydenHoe mpoTUBOpetne MO-
Kas3bIBaeT, IYTO / AeACTBUTEILHO HUYEMY HE COOTBETCTBYET,
TakK 4TO ( He B3aUMHO OJHO3HAYHO. [>

C apyrom, cTOpoHBI, Ji060€ MHOXeCTBO X pPaBHOMOIII-
HO HeKOTOpO# YacTu MHOXecTBa P(X). B camom jene, Ka-
KIOMY dJaeMeHTy £ € X MOXHO TIOCTaBUTh B COOTBETCTBUE
oaHOdIeMeHTHOE moaMHOKecTBO {z}. TlosToMmy, BCoMuHasn
omnpefie/leHAe CpaBHEHUA MHOXKECTB IO MOIIHOCTH (c. 28),
MOXHO CKaz3aTh, YTO MOIITHOCTh MHOXeCTBa X BCeTa MEHb-
e MomHocTH MHOXecTBa P(X)

56. /lokaxwuTe, 9T0o n < 27 @A BCeX HATYPAIbHBIX N =
=0,1,2,...

B obmen dopmymmpoBke Teopema 8 mosBafeTcA B paboTe
KanmTopa 1890/91 roga. BmecTo noavuoxects KanTop rosopur
o (YHKIMAX, TpUHUMaomnx 3Ha4vennsa 0 u 1.

Ha camom feste MBI yXKe TpUOAM3UINCH K ONMACHOW T'pa-
HUIle, KOTJa HATJAJHbIE TIPeACTaBJACHUA O MHOXKECTBaX MpPHU-
BOJAT K MPOTHUBOpednio. B camMoM jene, paccMOTpPHUM MHO-
JKECTBO BceX MHOXKecTB U, daeMeHTaMWu KOTOPOTO ABIAIOT-
cA Bce MHOXecTBa. Torjga, B 4acTHOCTH, BCe TTOIMHOXECTBA
MHOXecTBa U 6yayT ero saementavu, u P(U) C U, [to
HEBO3MOXKHO TIo TeopeMe KanTopa.
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ODTOo paccyXeHUe MOXHO Pa3BEPHYTh, BCIIOMHUB MOKa-
3aTeTbCTBO TeopeMbl KaHTopa — TOAYYHTCA TaK Ha3bIBae-
MBI mapajgokc Paccera. BoT kak ero o6bIvHO m3aaraor.

Tunmaable MHOXKeCTBA He ABIAIOTCA CBOUMM 3JIEMEHTA-
vu. CkaxeM, MHOXKECTBO HATypaJdbHBIX uncean N camo He
ABNAETCA HATYPAJTbHBIM YUCJIOM W TMIOTOMY He 6YyIeT CBOUM
snaemenToM. OHAKO B TIPUHIUIE MOXHO ceGe MpeICcTaBUTh
W MHOXKECTBO, KOTOPOE ABAACTCA CBOMM BJIEMEHTOM (HAmpH-
Mep, MHOXECTBO BceX MHOXKecTB). HasoBéM Takme MHOXKe-
CTBa «HEOOBITHBIMMY. PaccMOTPUM Teleph MHOXKECTBO BCEX
OOBIYHBIX MHOXECTB. byaeT au oHO o6braHbIM? Ecam ono
OOBIYHOE, TO OHO ABAAETCA CBOUM JIEMEHTOM WM MOTOMY He-
o6braHOe, W HaoGopoT. Kak xe Tak?

MoudunupoBaHHas BePCHA DTOTO TapajgoKca TaKOBa:
6y/leM Ha3bIBATHh MpUIArTaTeNbHOE CAMOTTPUMEHUMBIM, €CIN
OHO 06JaJaeT OMUCHIBAEMBIM CBOMCTBOM. Hanpuwmep, nmpuia-
raTelbHOE (DYCCKHHAY CaMONPUMEHWMO, a TpHUJIaraTeabHOe
(TAMHAHBINY HeT. /I[pyroil mpumep: mpuiaraTelbHOe «TPEX-
CTOXKHBINY CAMOMPUMEHNUMO, a «BYCAOXKHBINY HeT. Temephb
Bompoc: 6yeT JAu TpUIaraTelbHOe (HEeCAMOMPUMEHNMBINY
camonpuMeHnMbIM? (J1060l OTBET OYEBHIHO TPHUBOJUT K
MPOTHBOPEYNIO. )

OTcroma Hegaleko [0 MNPOKO M3BECTHOTO «IapaoKca
JXKelay, TOBOPAIIETO «fd JATY», WIN 0 UCTOPUHU O COJIATE,
KOTOPBIA MoJXKeH 6Bl OPUTH BCEX COMAAT OJHOU C HUM da-
CTH, KTO He 6peeTcda caM W T.TI.

Bosppamasach Kk Teopun MHOKECTB, MBI 06S3aHBI 1aTh Ce-
6e OTYET B TOM, YTO IJOXOTO OBLTO B PAacCykJIeHUAX, TPU-
Beammx K napajgokcy Paccena. Bompoc 5ToT ganexo He mpo-
CTOH, U ero 06Cy XK JeHne aKTUBHO IO BCIO MEPBYIO TOJOBH-
Hy 20-ro Beka. UToru 3Toro o6CcyX meHud MpUOGAN3UTETHHO
MOXHO C(hOPMYTUPOBATH TaK:

o [lomATne MHOXecTBa He ABIAETCA HETIOCPEICTBEHHO
OYEBHUHBIM; Das3Hble JIOAN (M HaydHble TPaJUINN)
MOTYT TTIOHMMAaTh €TI0 TO-Pa3HOMY.

e MuoxXecTBa — CINNIKOM abCTpaKTHBIE OOBEKTHl 1A
TOT'0, YTOGHI BOMPOC «a YTO Ha CaMOM jefe?y uMen



[m. 6]

Teopema Kanmopa 35

cvbeica. Hanpumep, B padoTe KanTopa 1878 roga 6uI-
Ja cOpMyIUpOBaHA KOHMUHYYM-2UNOMESA: BCAKOE
MO IMHOK€ECTBO OTpe3Ka Ju60 KOHEYHO, JUGO CUETHO,
6o PaBHOMOINHO BceMy oTpesky. (/[Ipyrumu crosa-
MU, MEXK Y CIETHBIMU MHOXECTBAMH U MHOXKECTBAMHU
MOIIIHOCTH KOHTHHYYM HET MPOMEXKYTOYHBIX MOIIHO-
creit). KanTop Hammcal, 9TO 5TO MOXeT GBIThH J0-
Ka3aHo «C TIOMOIIBIO HEKOTOPOTO METO/a WHIYKIWH,
B H3J0XKeHWEe KOTOPOTO MBI He OyAeM BXOJUTH 37eCh
moapobHeey, HO HA CaMOM [leJie [0Ka3aTh DTO eMy He
yaanock. Bojee TOro, mMocTemeHHO CTAJO ACHO, YTO
yTBepXKJeHNe KOHTUHYYM-THIOTE3bl MOXKHO CYATATH
UCTUHHBIM WM JOXKHBIM, — TIPU 3TOM MOJYYal0TCA
pa3HBIE TEOPUU MHOXKECTB, HO B OOIIEM-TO HU OJHA U3
STHUX TEOPHUH He JydIlle IpyTrou.

TyT ecTh HEKOTOpAsA AHAJIOTHUA C HEEBKJIN JOBOU TeOMe-
Tpuein. MBI MOXeM CIUTATH «NATHIN ocTyaaT EBkJn-
nay (depes MaHHYIO TOYKY MPOXOAUT He Goliee OTHON
pAMON, TApalIelbHON JaHHON) neTHHHBIM. Toraa mo-
JYHYUTCA TeOMETPHUA, HazbiBaeMas eBKJAUTOBON. A MOXK-
HO TIPUHATHL B Ka4eCTBE aKCUOMBI TPOTUBOTIOMIOKHOE
YTBEPKJIeHUE: Yepe3 HEKOTOPYIO TOYKY MOXKHO MpPOBe-
CTH JIBE PasJWdHbIE TPAMbIE, MapaielbHble HEKOTO-
pou mpsamoi. Torga MOAyYnTCA HEEBKJAMIOBA TeOMe-
TpusA. [OTMeTnM, KcTaTH, pacnpocTpaHéHHOe 3a6iy-
KEHHE: TTOYeMY-TO MHPOKUE MACCHI TIHCATENEH O HAY-
Ke U Jaxe OT/eJbHble MATEMATHKN B MUHYTHI 3aTMe-
Hull (cM. craThio B BecTHuke Axanemun Hayk, mocss-
méHHyto o6uaeio JlobadeBCKOro) cINTalOT, YTO B He-
eBKJIMJOBON TeOMETPHUM TapajiebHble TPAMBIE Tepe-
ceKaTCA. DTO He TaK — MapaljielbHble IPAMBIE U B
eBKJUJOBON, U B HEEBKJAUOBOW TEOMETPUU OTPe e~
I0TCA KaK MpAMble, KOTOPBIE He MepeceKatoTcs. |

Bompoc o ToM, eBkaWg0OBa WMAM HEEBKJINIOBA TeOMe-
TpUSA NPaBU/IbHA (Ha CAMOM [lefley, ecllid BooOIle nMeeT
CMBICI, He ABJAeTCA MaTeMaTHYeCKUM — cKopee 00
5TOM clefyeT chmpammBaTh ¢usnkoB. K Teopnn muo-
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JKeCTB 3TO OTHOCUTCH B €Il GOJIBINIEN CTENEHN, W Pa3Be
910 Teosorua (KaHTOp HEOJHOKpPATHO 0GCYXKAal BO-
TIPOCHI TEOPUM MHOXKECTB € PO ecCuoHaTaMU-TEOI0-
ramMu) MorJa 6Bl B MPUHIUIE MPETEHI0BATh Ha OKOH-
qaTelbHBIN OTBET.

e Ecau MBI XOTHM paccyX1aTh O MHOXKeCTBAX, He BITa qasd
B IPOTHUBOPEYNs, HYKHO MPOABIATH OCTOPOXKHOCTD U
u3beraTh ONpEIEJEHHBIX BUOB paccykjaenni. Bezo-
nacHble (MO KpaiiHell Mepe MOKa He MPHUBEIINe K Tpo-
TUBOPEYNIO) MpaBuiaa OOpAIeHUA CO MHOXKECTBAMU
chopMyIUpOBaHb B aKCHOMATHUYECKOW TEOPHUH MHO-
xecTB (opmanabHaa Teopus ZF, HazBaHHAd B 4eCTh
Ilepmeno n Ppenkens). [Jo6aBuB K 3TOH TeOpUH aK-
cuoMmy BHIGOpa, ModyvaeM Teopuio, HazbiBaemyo ZFC
(choice nmo-anrimiickn — BEIGOP). EcTh U apyrue, me-
Hee TIOMYJIspHbIE TEOPHH.

Oarako popMalbHOE TIOCTPOEHNE TEOPUHN MHOXKECTB BbI-
XOJUT 33 paMKU HaIero obcyx gennd. [TosToMy MBI oTpaHn-
quMcsa He)OPMATbHBIM OMUCAHUEM OTDAHWYEHUN, HAKJIa Thi-
BaeMBIX BO m30eXaHWe MPOTUBOPEYNN: HEAb3d MPOCTO TakK
paccMoOTpeTh MHOXECTBO BCEX MHOMXKECTB WM MHOMXKECTBO
BCEX MHOXKECTB, HE ABIAIONINXCA CBOUMU HJACMEHTAMM, TO-
CKOJBKY KJIacC MMOTEHINANBHBIX TPETEH,ICHTOB CANIIKOM (He-
0603puMy. MHOXecTBa MOXHO CTPOUTDH JUIIbL TOCTETEHHO.
Hampumep, MoxHO 06pazoBaTh MHOXKECTBO BCEX TIOAMHO-
KECTB [AaHHOTO MHOXecTBa (akcuoma cmeneru). MoxkHO
paccMOTpeTh MOAMHOXECTBO JaHHOTO MHOXKeCTBa, o6pa3o-
BaHHOE IEMEHTAMH ¢ KaKIM-TO CBOHCTBOM (akcuoma evide-
AeHug). MOXKHO paccMOTpeTh MHOXKECTBO BCEX DIEMEHTOB,
BXOJANINX XOTA 6B B ONH U3 DACMEHTOB JaHHOTO MHOXe-
cTBa (akcuoma cymmot). EcTh U Apyrue akCHOMBI.

MNanarasa cBeleHUA U3 TEOPUU MHOXKECTB, MBI OyIeM cTa-
paThCs AEPKATHCA MOTATBINE OT OMACHON YePTHI, U YKa3bi-
BaTh Ha OTMACHOCTH B Te€X MeCTax, KOT/a BOBHWUKHET MCKY-
[eHWe K 3TOU YepTe MpubAn3nThes. [loka 9T0 Takoe MecTO
OBIJIO OTHO: TIOTBITKA ONPEIETUTh MOITHOCTH MHOXKECTBA KaK
kJacc (MHOXKECTBO) BCEX DaBHOMOIIHBIX €My MHOXKECTB.
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1.7. PyHkuun

Jlo cux Mop MBI CTAPaINCh OTPAHUIUBATHCA MUHIMYMOM
dopmasbHOCTEN U TOBOPUIAN O (DYHKIHUAX, X apryMeHTax,
3HAYEHNAX, KOMIO3UINN U T. 1. 6€3 MONBITOK AaTh OMpee-
JeHus >Tux noHaTui. Celrvac Mbl gaguM (popMaJbHEBIE OTpe-
JEeNEHUS .

Ilycts A m B — nBa MHOXecTBa. PaccMoTpiM MHOXKeCT-
BO BCEX YHOpsAAoveHHBIX map (a,b), rme a € A n b€ B. I1o
MHOXECTBO HA3BIBAETCA JeKAPMOBHIM NPouzéederuem MHO-
xectB A n B n o6oznavaerca A x B. (K Bompocy o ToM, 9To
Takoe yNopsAgovYeHHasd Tapa, MBI €Illé BepHéMceA Ha c. 42.)

Jlro6oe moamuoxecTBO R MHOXecTBa A X B HaswiBaeT-
csi omuowenuem Mexay mHoxectBamu A m B. Ecam A =
= B, TOBOPAT 0 OUHAPHOM OMHOWIEHUU HAa MHOXecTBe A.
Hampumep, Ha MHOXeCTBe HATYPAIbHBIX YUCEN MOXKHO pac-
CMOTpeTh GUHAPHOE OTHOIIEHNE (OBITh JAAUTEIEM), OOBITHO
oboznadaeMoe cuMBoaoM |. Torga MOXHO B MpUHIHIE GHLIO
6b1 HammcaTh (2,6) € | u (2,7) ¢ |. O6buHO, ofHAKO, 3HAK
OTHOIIIEHNUA TIHIIYT MeXAy o6bekTaMn (Hampumep, 2|6).

57. Bompoc mis caMOKOHTPOJISA: OTHOIIEHUSA «OBITH [IeJATE-
JEM» U «T€JIUTHCA Ha)» — 3TO OJHO W TO XK€ OTHOIIECHWE WIW pa3-
uee? (OTBeT: KOHEYHO, pasHEIE — B YIOPAJOYEHHON Mape Mmops-
JOK CyHIeCTBeH. )

Ecau aprymenTamn (hyHKINN ABAAIOTCH 3JIEMEHTHI MHO-
KecTBa A, a 3HAYEHUSAMN — BJIEMEHTHI MHOXecTBa B, To
MOXHO PacCMOTpPeTh OTHOIeHne Mexay A m B, cocTosmiee
uz map Buga (z, f(z)). o ananorun ¢ rpadpukamMn GyHKIHIT
Ha MJIOCKOCTH TaKOe MHOXKECTBO MOXKHO Ha3BaTh I'paduKkoM
dyukunn f. C popMatbHON TOYKH 3pEHNS, OTHAKO, yI00Hee
HE BBOJAWUTH OTAEABHOTO HEONPENENAEMOTO MOHATHA (DYHK-
[IUH, a BMECTO 3TOT0 OTOXAeCTBUThL (PYHKINIO ¢ €€ Tpadu-
KOM.

Otromenne F' C A x B nazwiBaeTca gynryueti uz A 6 B,
€CJIM OHO HE COEPKUT TAap C OJUHAKOBBIM MEPBBIM YJIEHOM U
Pa3HBIMEH BTOPBIMHU. /IpyruMu cioBaMu, 3TO O3HAYAET, UTO
nas kaxgoro a € A cymectByeT He 6ogee oguHoro b € B,
npu KoTopom {a,b) € F.

Te saemenTsl a € A, qas KOTOPHIX Takoe b CyIIecTByeT,
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obpasyior obaacmb onpedeacnua dpyukuuu F'. Oua o6osHa-
qaeTca Dom F (oT anramiickoro caosa domain). /las mto-
6oro saemenTa a € Dom F' MOXHO oNpeleiuTh 3HAUEHUE
dyukunm F Ha aprymMeHTe a (¢B TOUKe @», KAK WHOTa TOBO-
PAT) KaK TOT €JIMHCTBEHHBIN BJeMeHT b € B, 118 KoToporo
(a,b) € F.91oT snemenT 3amuckiBaioT Kak F'(a). Bece Takne
2MeMEHTHI b 06pasyioT MHodcecmeo 3Hauenuti pyukuun F|
KoTOopoe obosHadaeTca Val F.

Ecau a ¢ Dom F| To roBopaAT, 4To (QYyHKIUUA He onpede-
A€HA HA d. 3aMeTHM, 9TO TI0 HAIleMy OMpeeJeHno (PyHK-
unsa u3 A B B He ob6sa3zaHa 6bIThH OMpejieicHa Ha BCEX dJe-
MeHTax MHOXecTBa A — eé obaacTh ompejeJeHnus MOXKET
OBITH JIOOBIM TIOIMHOKeCTBOM MHOXKecTBa A. CuMmmeTpmd-
HBIM 06pa3oM MHOXKECTBO ¢ 3HAYeHUN MOXeT He COBMaJaTh
¢ MHOXeCTBOM B.

Ecan o6nacts onpenenenns dyukuuu f us A B B cona-
paet ¢ A, To iyt f: A — B.

IMpumep: moacdecmeennas pyuxnusa idy: A — A nepe-
BoAUT MHOXecTBO A B cebs, npuuém id(a) = a gasa mo6oro
a € A. Ona npejicTaBageT co60il MHOXKECTBO map Bujaa {(a, a)
i Beex a € A. (Mugeke A B id4 mHODA omycKaloT, ecian
ACHO, O KAKOM MHOXKECTBE HIET pedb.)

Komnosuyueti aByx pysxkumn f: A - Bug: B - C
HaspBatoT GyHKIuo h: A — (| onpege€HHYI0 COOTHOIIIE-
uueM h(z) = g(f(z)). Jpyrumun ciosamu, h npejacTaBasgeT
co60ll MHOXKECTBO Tap

{{a,c) | {a,b) € fu (b, c) € g nus wekoroporo b € B}.

Kommosnuusa dynkunii o6osHadaeTca ¢ o f (MBI, Kak 1 B
GOJMBINNHCTRBE KHUT, THIIEM clipaBa QYyHKINIO, KOTOpas TpH-
MeHAeTCA TEPBOH).

OueBnaHo, KoMmo3nuus (Kak omnepanua HaJ pyHKINAMMN)
accolmaTuBHa, To ecTh h o (fog) = (ho f) o g, mosToMy B
KOMTIO3UIUN HECKOJBKUX MOAPAA UAYITUX (PYHKIUU MOKHO
OTycKaTh CKOGKM.

Ilycts f: A — B. IIpoo6pazom nogmuoxectsa B’ C B
Ha3bIBAETCA MHOXKECTBO BCEX DJIEMEHTOB r € A, 1A KOoTo-
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puix f(z) € B'. Ono o6oznavaerca f~1(B'):
f1(B)Yy={xc A| f(z) € B'}.

Obpasom muoxectBa A’ C A HazpIBaeTCA MHOXKECTBO BCEX
sHadenWil (pyHKIUW f Ha BCeX aleMeHTax MHokecTBa A’
Ono o6oznawaerca f(A'):

fA) ={f(a) lae A} =
={be B |{a,b) € f nna nexoroporo a € A'}.
Crporo rosops, o6osuadenne f(A') MoxkeT mpuBecTn K Ty-
TaHuNe (OMHW W Te JKe KPYTJble CKOOKM YTNOTPebIAloTCsa
W 1A 3HaYeHWA (PYHKUUM, W a8 o6pasa MHOXKECTBA), HO

O6GBIMHO ACHO, ITO MMEETCSA B BHATY.
58. Kakwne m3 cregyonmx paBeHCTB BEPHBI]

fA N A") = f(A) n f(AY);
FATUA") = f(AD) U F(A");
FIAT\NA") = FIAD)\ F(AY);
“B'nB")y=f""(B)n fY(B");
“(B'uB")=f""(B)Yu fY(B");
STHUBI\B") = 7B\ 7B
FHIAN) C A
FTHI(AN) D A
f(F71(B") C BY;
F(7(B") > B';
(g0 F)(A) = g(f(A));
(go N™HC) = (g7 (C));
(3necw f: A= B,g: B—C, A", A" C A,B''B"CB,C'CC.)

-
-

Nuorpa BMecTo yHKUMHA ToBOpAT 06 0TOGpaKeHMAX
(pesepBUpYA TepMUH «pYHKIUAY AIS OTOGPaXKEHHH ¢ UH-
CJIOBBIMHA apryMeHTaMI W 3HadeHnAMN). MBI He 6y1eM cTpo-
TO TPHUAEPXKUBATHCA TAKUX Pa3Iuydnil, ymoTpebisas cJoBa
«Tobpaxenney M «PyHKINAY KaK CHHOHUMBI.
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Pyuknma f: A — B HazBIBaeTCA UHBEKMUSHOU, WIN
UHBeryuel, WIN 840HCEHUEM, €CTU OHA TIEPEBOAUT pal3Hble
5JEMEHTHL B Pa3Hble, TO ecTh ecan f(ai) # f(az) npu pas-
JWYHBIX 41 W Q3.

Pyuknua f: A — B Ha3wpIBaeTCcA CloOpbeKMUSHOU, WIN
clopBeryueti, W HAA0HCEHUEM, ECITT MHOXKECTBO €€ 3Hade-
Hul ecTh Bcé B. (MHorjga Takne pyHKUNN Ha3bIBAIOT OMO-
bparcenuanu na B.)

OTH ABa ONpefedeHus 60jJee CAMMETPUIHBI, IeM MOXKET
MTOKa3aThCA Ha MEePBBIN B3TVIAMA, KaK MOKA3bIBAIOT TaKMe 3a-
Madu:

59. /loxaxwuTe, wTo dyEKIMsA f: A — B sABIsgeTCsS BIOKEHU-
€M TOr'jla U TOJBKO TOIja, KOr'ja OHA UMEET A€6YI0 06DaAmuyio
dyukmmo g: B — A, To ecTb GyHKINIO g, A8 KOTOpon g o f =
=ida. [lokaxuTe, wTo pyukua f: A — B aBiaseTcsa HATOKeHN-
€M TOrjla W TOJBKO TOr'jla, KOrJla OHA UMEET Npasyio 06pamuyio
dyuxmmo g: B — A, ana xoropon fog =idgp.

60. [lokaxwuTe, aTo dyuKHs f: A — B sBaseTcs BIOXeHTEM
TOrjla U TOJBKO TOrJa, KOI'Ja Ha HEE MOXKHO COKDAIATh CJIEBA:
u3 paBeHcTBa f 0 g1 = f 0 gy cleayeT paBeHCTBO g1 = gz (aas
JIO6BIX DYHKIMH g1, g2, 06JACTH 3HAYEHUN KOTOPBIX COAEPKATCS
B A). lokaxwure, uro byknus f: A — B sBasgeTcs HATOXEHHEM
TOrjla U TOABKO TOT[a, KOT/a Ha HEE€ MOXKHO COKPAIATh CIIPaBAa:
U3 paBeHCTBa g1 © f = gz © f cieayeT paBeHCTBO g1 = gz (aas
JMOGHIX GYHKIMI g1, g2, 061aCTh OLpejeleHNs KOTOPHX ecTh B).

Oro6paxenne (dpynkuns) f: A — B, KoTopoe 0HOBpe-
MEHHO ABIAETCA MHBEKINEN W CIOPbeKIWel (BIOXKEHHEM U
HAJOXKEHWEM), HasbiBaeTCA Guexyueti, WIW B3aWMMHO OJHO-
3HAYHBIM COOTBETCTBUEM.

Ecmu f — 6ueknus, To cymecTByeT obpamuai QyHKUNA
f=', nna xoropoit f7(y) =z & f(z) = y.

61. MoryT mm ana HekoTOpon (PYHKIIAN JeBad 1 IpaBas o6paT-
HbIE CYIIECTBOBATH, HO OBITH PA3IAYHBI?

Hanmomumnm, 9To MHOXKecTBa A U B DaBHOMOIIHBI, €CIN
cymecTByeT Guexknua f: A — B. B kakoM ciy4ae cyIecTBy-
eT wHbekuua (Broxenne) f: A — B? Jlerko moHATH, 9TO
BJIOJKEHWE ABIAETCA B3aWMMHO OMHO3HAYHBIM COOTBETCTBUEM
MeXTY A W HEKOTOPBIM MOAMHOXKECTBOM MHOXecTBa B, mo-
STOMY TaKOe BIOKEHWE CYIIECTBYET TOTa W TOIBKO TOTA,
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Korja B B ecTb MOIMHOXECTBO, paBHOMOIIHOE A, T.e. KO-
rj1a MOIIHOCTH A He TpeBocxoauT MOIHOCTH B (B cMbicie
oNpeflelleHNs, JaHHOTO B pasfere 1.5).

YyTh MeHee OYeBHIEH APYTOU PE3yabTaT: HAJOXKEHUE
A na B cymecTByeT TOrja W TOJBKO TOT[a, KOTJa MOII-
HOCTH B He mpeBocxoauT MomHOCTH A.

B camom gene, mycTh Hagoxenue f: A — B cymecTBy-
eT. /las xaxgoro siaementa b € B mangéTca xoTsa 6bI OqUH
sneMeHT a € A, nas koroporo f(a) = b. Beibpas mo ogHoMy
TAKOMY 2JIeMEHTY, MBI MOJTy9IuM ToaMuoxkecTBo A’ C A, xo-
TOpPOE HAXOJUTCA BO B3AMMHO OTHO3HAYHOM COOTBETCTBHUH C
MHOXeCTBOM B. (371eCh CHOBA HCTIOAB3YETCA aKCHOMa BHIGO-
pa, 0 KOTOpPOH MbI TOBOpH/IN Ha ¢. 16.)

B o6paTHylo cTopoHy: ecim Kakoe-TO MoAMHOXKecTBO A’
MHOXecTBa A pPaBHOMOIIIHO MHOXeCTBY B u mmeeTcs Guek-
nua g: A’ — B, To mamoxenne A Ha B MOXHO TTONYy9IUTh, J0-
OTpeIeauB 5Ty 6GWEKINIO Ha deMeHTax BHe A’ KakuMm yroaHo
ob6pazom.

62. Haitanre olmbKy B 3TOM paccyk AeHIUH, He YAUTadA Jajbllle.

Ha camom jgesie Takoe TpOOIKEHNE BO3MOXKHO, TOIBKO
ecin B HemycTo, Tak 4TO NMpPaBUIBHOE YTBEPXKEHUE 3BY-
4UT Tak: HadoxkeHme A Ha B cylecTByeT TOJABKO M TOMBKO
TOra, KOTjla B HemycTo M paBHOMOIIIHO HEKOTOPOMY TIO[-
MHOXecTBY A, mian xorjga o6a MHOXKECTBA MyCTHI.

B mammem maJoxeHUU ocTaETCA €€ OJWH HE BIIOJHE TIO-
HATHBIM MOMEHT: ITO TaKOE «yIopsgodennas mapas? Hedop-
MaJbHO TOBOPA, 3TO cnocob m3 ABYyX 06beKTOB x m Yy obpa-
30BaTh OJMH OOBEKT (Z,Yy), TPUUEM 3TOT crmocob obaanaeT
TaKNM CBOUCTBOM:

<<L‘1,y1> = <m2,y2> & T1=Ta U Y = Y2

B npuHIMIE, MOXHO TaK U CYATATh MOHATHE YHOPAJOYECH-
HOIl TIaphbl HEONpeAeAAeMbIM, a 3TO CBOHCTBO — aKCHOMOM.
Oanako mpu (poOpMaTbHOM MOCTPOEHNH TEOPUW MHOXKECTB
y106HO HCTIOAB30BATh TPIOK, TTPHIYMaHHEIN TOMLCKIM MaTe-
maTukoM KypaToBcknMm, 1 n36ekaTh NOABICHAA OTACTLHOT O
HoHATHA ynopsgodennon napsl. (Hamomunm, uto {z} 060-
3HaYaeT MHOXKECTBO, ¢MHCTBEHHBLIM 3JeMEHTOM KOTOPOTO
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ABaAseTCa T, a {,y} ob6o3HAYAET MHOXKECTBO, KOTOPOE CO-
TEePKUT T W Y W HE COAEPKHUT APYTHUX daeMeHTOB. Tem ca-
win {z,y} = {2} = {y}, ecmn 2 = y.)

Teopema 9 (Ynopsinodennas napa no Kypatosckomy). Omn-
peneanm {z,y) xak {{z}, {z,y}}. Toraa BeImOAHEHO yKa3aH-
HOE BBIIIE CBOWCTBO:

(1,0n) = (T2, 42) © T1I =220 Y1 = ¥Ys.

< Myctb {z1,41) = (€2, y2). o onpeneneHnto 5To o3Ha-
9aeT, 9TO

Hzid {z, wi}) = {22}, {22, 921}

Tenepb HYXKHO aKKypaTHO pa3o6paTh ciIydan (He MyTasd IpH
sToM z ¢ {z}). DTo yA06HO AeTaTh B CAEAYIONEM TOPAIKE.
Ilycts cuavaxa 1 # y;. Torga muoxecTBO {Z1,¥y1} cocTo-
UT U3 JBYX DIEMEHTOB. Pa3 OHO NPUHAICKUT JEBOH 9acTH
paBeHCTBa, TO MPUHANIEKUT W OPaBOi. SHAYAT, OHO paB-
HO au60 {z5}, mmubo {z9,ys}. TlepBoe HEBO3MOXKHO, Tak Kak
IBYX2JIEMEHTHOE MHOXKECTBO HE MOXKET ObITh PaBHO OTHO-
snemenTHOMY. 3uauuT, {21,y1} = {z2,y2}. C apyrou cro-
POHBI, OHO3IEMEHTHOE MHOXECTBO {21} NpUHALICKUT Je-
BOI 9aCTU PaBeHCTBA, MOTOMY OHO TIPUHAJIEKUT U MPaBOH,
u moToMy paBHO {Z2} (IOCKOIBbKY He MOXeT GBITH PAaBHO
aByxaneMeHTHOMY). OTClofla 1 = 2 W Y1 = Ya, 9TO W Tpe-
60BaIOCh.

AHaJIOTMYHO MOXKHO pa3o6paTh CHMMeTPUYIHBIA CIydall,
KOT[Ta T 7 Ya.

OcTanoch paccMOTPETh CATYALMIO, KOTJa £1 = Y1 U &g =
= y5. B oTom cayuae {z1,y: } = {1} u noromy neBas vactsb
TaHHOT'O HaM paBeHCTBa ecTh {{z1}}. AmasormunsiM o6pa-
30M, TIpaBad ero YacTh ecTh {{zs}}, n moTomy 1 = x4, Tak
9TO BCe YETHIPE DIEMEHTA 1, Ty, Y1, Y2 COBIAJAIOT. [>

3aMeTuM, 9TO BO3MOXKHBI U APYTHe OMpPEeJeNeHUA YIIO-
PANOYEHHON Taphl, MIA KOTOPHIX aHAJIOIHYHOE YTBEpPXKe-
HWEe BEpHO, TaK YTO HUKAKOTO «PHIOCOPCKOTO CMEBICTar B
STOM ONpENeJeHHH HET — JTO IPOCTO YIOOHBIN TeXHUYe-
CKUU TIPUEM.
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63. [lokaxmuTe yTBepXKAeHNE TEOPEMB 9 M YnopAdouenHol

napet no Bunepy: (v,y) = {{@,{z}}, {{y}}}.

1.8. Onepaunu Hag MOWHOCTSIMM

MomHOCTH KOHETHBIX MHOXKECTB — HaTypadbHble 9nCa,
M UX MOXKHO CKJIabIBaTh, YMHOXKATh, BO3BOJNTE B CTENEHD.
OTH oTepaIui MOKXHO 0606 TH N Ha MOMIHOCTH 6eCKOHE-
HBIX MHOXECTB, W JeJaeTCA 3TO TaK.

Ilycts A w B — gBa MHOXecTBa. UTOOBI CAOKUTH WX
MOIIHOCTH, HaJ0 B3ATh MOMIHOCTHL MHOXecTBa A U B, ecan
A m B ne nepecexatorca. Ecan onn mepecekaroTca, TO NX Ha-
710 3aMeHUTh Ha HelepeceKalmneca paBHOMOITHBIE MM MHO-
xectBa A’ m B’. MommuocTh 06beinHeHUA U OyeT CYMMOT]
MomIHOCTel MHOXecTB A n B.

3ameuanuns. 1. YTob6b mabexaTh yIOMWHAHWA MOIIHO-
CTell KaK CaMOCTOATENbHBIX OO6BEKTOB, CJAeAyeT CINTaTh
BBEIpaXKeHHe «MOITHOCTh MHOXKecTBa (' eCTh cyMMa MOIIHO-
cTeil MHOXKecTB A n By manoMaTHuecKnM BHIpakeHneM (a
CKazaHHOe BhIlle — ero ompejetennem). Ho MBI aid y106-
cTBa 6yjJeM 9acTo NMpeHe6peraTh TAKAMH TMPEJoCTOPOXKHO-
CTAMMA.

2. B npurnume ciegosano 66 MPOBEPUTH KOPPEKTHOCTH
STOTO ONMpejeleHNA W N0Ka3aTh, 9TO MOIIHOCThL MHOXeCTBa
A’UB’ He 3aBUCHUT OT TOTO, KaKNe MMEeHHO HeTlepeceKaroIye-
ca mHoxkecTBa A’ 1 B’ (paBHOMOIIHEIE A m B) MBI BEIGEpEM.
(9o, BpodeM, O4eBITHO. )

3. /lnAa KOHeYHBIX MHOXKECTB TOJyqaeTCA OOBITHOE CJIO-
KEHNe HAaTypadbHBIX TUCE.

4. Haxonen, ¢popMaabHO cleoBago OBl emeé J10Ka3aThb,
gTo Takne A’ m B’ MoXHO BHIGpaTh. JTO MOXKHO CAEAATH,
HampuMmep, Tak: noaoxnm A’ = A x {0} u B’ = B x {1}.

IMocaennen mpo6aeMsl He 6y 16T TPH OTIPeIeNEeHNT NPOU3-
sedenus MOITHOCTEN KaK MOITHOCTH AeKapTOoBa MPOU3Be/e-
Hua A x B. (Ho ocTanbHble 3aMeqaHus OCTAIOTCA B CHIE.)

Tenepw onpeneanm so3sedenue 6 cmeneus. [laa sToro
paccMoTpuM (1714 TaHHBIX A n B) MHOX)eCTBO BeeX MyHKIHIT
Bujga f: B = A (HamoMHHM: 5TO O3HA4YaeT, YTO UX 06JIACTh
onpefleleHna ecTh B, a 061acTh 3HAYEHNWH ColepX)uTca B A).
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DTo MHOKecTBO obozHadaeTca AP u ero mommocts u 6y 1eT
pPe3yJAbTATOM OMEPAINN BO3BEJEHUS B CTETEHD.

Ecan muoxecTBa A u B KOHeYHBI U cofepXkaT a u b ie-
MEHTOB cOOTBeTCTBeHHO, To AP comepxuT xak pas a’ sie-
MeHTOB. B camom fene, onpegenss ¢pyuknuio f: B — A, Mmb
MOJIKHBI OTIPENEIUTh €€ 3HAYEHNE Ha KaXJI0OM u3 b dieMeH-
TOB. JTO MOXKHO CJeJaTh G CIOCOGaMM, TaK YTO TMOJIYIaeM
Bcero a’ BapmaHTOB.

64. Yemy pasro 0° coracHO HAlIEMY OIpeIeIeHIIO? (OTBeT:
eJIMHATIE. )

Mpumep. O6ozmaunm wepe3 2 Kakoe-HUOYIb MHOXKECT-
BO W3 JBYX dJieMenToB, HampuMmep, {0,1}. Yro Takoe 2V7

ITo onpeaenenuo >To MuOoXkecTBO pyukmuin f: N — {0, 1}.

Taxue GyHKIUM — 5TO TO CYHMECTBY MOCIEOBATEIHHO-
CTH HyJeW W eJWHUI], TOAbKO BMecTO fofifo... MBI THIIeM
F(0), (1), £(2),... (PopmarbHO MOCIENOBATENLHOCTE Bile-

MEHTOB HEKOTOPOTO MHOXKeCTBa X TaK M ONMpefeqaeTca —
kak pyHkuua Tana N — X.)

3ametum, ato 2% pasmomommmo P(X) (B wacTHOM cay-
qae X = N MBI 5TO fO0Ka3®BIBaAW; MJIA OOIIETo cIydas JoKa-
3aTeNBCTBO TAKOE XKe).

OGHIYHBEIE CBOMCTBA CIOKEHNA W YMHOXEHHA (KOMMYyTa-
THBHOCTE, aCCOIMATHBHOCTb W JUCTPUGY THBHOCTB) COXpa-
HAIOT CAJIY W 1A apupMeTHKN MOIIHOCTEN:

a+b="b+a;
a+(b+c)=(a+b)+¢
axb="bxa;
ax (bxe)=(axb)xc
(a+b) xe=(axc)+ (bxc).

PopMaabHO WX CAeAyeT GIHTaTh, W36erasd CJAOBa (MOII-
HOCTB» KaK CaMOCTOATENIBHOTO 06 heKTa: HallpuMep, a X b =
= b x a ozHavaeT, yTo A X B u B x A paBHOMOUIHbI (1 5T0O
JErKO MPoBepnTh: (2, y) — (y, z) 6y1eT B3aNMHO OJHO3HAY-
HBIM COOTBETCTBHEM MexXay HumH). OcTanbHble CBOHCTBA
NOKa3BIBAIOTCA CTOJMb e MpocTo. UyTh cloXkKHee CBONCTBA,
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BKJIIOYaOIINE BO3BEACHNE B CTEIICHB:

a’te = o’ x af;

(ab)® = a° x b

(ab)c — abxc.

Mposepum nepsoe u3 wux. Uz gero coctont AB+C? (By-
JeM canTaTh, 9To B n C' He mepecekatorcs.) Ero saemenTa-
MU ABJAAOTCA (QYHKINU CO 3HAYeHUAMH B A, ompenencHubie
ua B+ C. Takas GpyHKIUSA COCTOUT U3 ABYX 9aCTEH: CBOETO
cyxenus Ha B (3Hadenus Ha aprymenTax u3z B ocrTaioTces Te-
MH e, OCTalbHble 0TOpachIBalOTCA) M CBoero cyxenus Ha C.
TeM caMbIM I8 Kai1oro saeMeHTa MHOKecTBa ABTC Mur
nonygaem mapy saemenTos m3 AP u AC. Do u 6yger ncko-
MO€ B3aWMHO OTHO3HAYHOE COOTBETCTBHE.

C cooTreTcTBIEM Mex Ty MEOKecTBaMH (A X B)Y m A€ x
x B MBI Toxe wacTo cTankmBaeMca. Hampumep, saeMeHT
mHOKecTBa (R X }R)R ecTh oTobpaxenne Tuma R — R x R,
TO ecThb kpuBad t — z(t) = (z(t), y(t)) na mrockoctn. Takas
KpuBas 3ajgaeTcd mapou GpyHKuuu z,y: R — R.

Cootserctane Mexy (AP)C u ABXC) gerpevaeres He-
ckonbKo peke. Daement f € APXC) gppmerca oTobpake-
umem B x C' — A, To ecTb, B OOBIYHOW TEPMUHOJOTHUH,
dbyHKUMeN 1BYX apryMeHToB (nepehii us B, sropon us C).
Ecan zaduxcupoBaTh B HEW BTOPOW apryMeHT, TO MOJY-
qnTcs yskuus f.: B — A, onpepenréHHas COOTHOIIEHNU-
eM fe(b) = f(b,c) (rounee, f((b,c))). Orobpaxkenue ¢ —
— fe, npuHaaexkamee (A”)“ m cOOTBETCTBYET BIEMEHTY
f € ABXC) (OrgacTn cxofHas KOHCTPYKIMA BCTPEMAETCA
B aare6pe, Korja MHOTOWIEH OT JBYX TIEPEMEHHBIX paccMa-
TPUBAIOT KaK MHOTOWIEH OT OJHOU TEPEMEHHOU ¢ KOd(pu-
[WEHTAMN B KOJbIle MHOT OWIEHOB OT BTOPOU TEPEMEHHOM. )

MoIIHOCTD CIETHONO MHOXKECTBA CHMBOJINYECKH 0003HA~
qaeTca Np, MOIIHOCTH KOHTHHYyMa (OTpe3Ka WM MHOXKe-
cTBa GECKOHEYHBIX MOCIE0BATENBHOCTEN HyleH U eIMHUI])
o6oanagaerca ¢. Ilo onpegenenmio, ¢ = 280,

(EcTecTBeHHBIN Bompoc: KakoB cMbica nHiekca 0 B Ng?
4T0 Takoe, ckaxeMm, N17 O6braHo N1 0603HAYAET HAMMEHB-
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MIYIO HECYETHYIO MOIIHOCTE (KaK MBI YBUUM, TaKad CyIIe-
cTByeT). I'nnoTesa KOHTHHYYMa, O KOTOPON MBI YITOMWHAIN
Ha c. 3b, yTBepxKAaeT, 9TO ¢ = N;.)

N3BecTHBIE HAM CBONCTBA CYIETHBIX MHOXKECTB MOXKHO 3a-
nucaTh Tak:

e Rg+n = Ry qas koHedHOTO N (0GBeJUHEHNE CYETHOTO
U KOHEYHOTO MHOXKECTB CUETHO);

o Ny + Rg = Ry (oObeuHEHNE IBYX CYETHBIX MHOXKECTB
CYETHO);

e Ny x Rg = Ny (06benHEHNE CYETHOTO YHCIA CIETHBIX
MHOXECTB CYETHO).

OTcroga MOXHO (POPMAIBHO MOAYIUTH MHOTHE (PaKThI
MAHUTYAATUAMA ¢ MolmHocTAMHU. Hampumep, memovka pa-
BEHCTB

¢ x ¢ = 280 5 2%0 = Ro+Ro — 9%o — ¢

TIOKa3bIBAET, YTO MPAMaA W TJIOCKOCTh PABHOMOIITHBHI.
AHamoruvHbIM 06pazom,

CND — (2ND)ND — 2NDXN0 — 2N0 = c.

65. O6bAcHUTE TTOAPOGHO BHIKJIAIKY:
cte=1xctlxe=2xc=2" x2% =2t g% —
66. IIpoBeprTe, wTO Vo X ¢ = €.

ITpuBeéHHBIe HAMHU CBOWCTBA MOIIHOCTEN TTOJME3HO COYe-
TaTh c Teopemon Kantopa— Bepuimrenna. Hanpumep, zame-
TUM, 9TO

c=2% RN < Moo=,

IO>TOMY NOND = (CJIOBaMH: MHOXKEeCTBO Bcex GecKOHed-
HBIX TIOCJIEJ0BATETFHOCTEN HATYPAJBHBIX YUCEN UMEET MOIII-
HOCTH KOHTI/IHyyMa).

67. Ilocmennee paccyXkiaeHne HESBHO WCIOJB3YET MOHOTOH-
HOCTBH OIEpaliy BO3BEJEHWUs B CTENEHb Al MOLIHOCTEH (ec-
ama; < az, TO al < ag). TIposepbTe 3TO 1 AHATOTUYHBEIE CBOUCTBA
A APYTHUX olepanuil (BIpOYeM, MOYTH O9eBU/HbIE).
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68. YcTamoBuTe SBHOE COOTBETCTBUE MEXKIY TOCJETOBATEND-
HOCTSAMHW HATYPAIbHBIX HYHCeN W WPPAlMOHAIBHBIME YUCIAMUA Ha
orpeske (0,1), ucnoapays nenssle gpobu, TO ecTh ApobU BHAA
1/(no +1/(n1 +1/(n2 +...))).

69. TIposeprTe, uro V5 = 2°. (HanomumM, 9T0 1O Teopeme
KaHTopa 3Ta MOIIHOCTE GOJbIIE MOIHOCTH KOHTHHYYMA. )

70. KakoBa MOIIHOCTH MHOXKECTBA BCEX HEMPEPHIBHHIX (DYHK-
U C AEeUCTBUTENBLHBIMU aprymeHTamu u sHadenusamu! Cyiie-
CTBEHHA JI 3/[ECh HEMIPEPHBHOCTH !

71. KakoBa MOIIHOCTH MHOXKECTBA BCEX MOHOTOHHBIX (DYHK-
WU C JeUCTBUTENLHBIMA APIyMEHTAMU W 3HATEHUAMET

72. MoxeT a1 ceMENCTBO MOJMHOXKECTB HATYPAIBHOTIO PAAA
OBITH HECIETHBIM, €CJIH JO0BIE IBA €0 DIeMEHTa WMEOT KOHEY-
HOE Tlepecevenne’! KOHETHY CUMMETPUIECKYIO PA3HOCTH?

BrocaegcTBun Mbl yBUAUM, 9TO A5 GECKOHEYHBIX MOIII-
HocTen axb = a+b = max(a, b), Ho TOKa HTOr0 MBI TOKa3aTh
He MoxeM. [ToaTomy B 3agadax 47, 48 HaM TPUILIOCH BOC-
MOMB30BATHCA 06XOMHBIM MaHEBPOM, YTOOHI JOKA3aTh, ITO
u3 a4+ b = ccreayer a = ¢ wan b = ¢. Cregymoiee yTBep-
XK jeHne 06006IIAeT 3TOT NMPUEM:

Teopema 10. Ecau muOoX)ecTBO A1 X A9 X - - - X A,, pazéuro
Ha Hellepecekaonecs dactu By, ..., By, To HaugéTcs Ta-
KOe€ i, TPU KOTOPOM MOIIHOCTE B; He MeHbIlle MOITHOCTH A;.

< B camom jese, paccMOTPHUM TPOEKIHIO MHOXKECTBA
B; C Ay x ... x A, wa A;. Ecin xoTa 6bI mpU OJHOM 1
OHAa TOKPBIBaeT A; MOMHOCTHIO, TO BCE JoKazaHo. Ecan HeT,
BBIOEpPEM A KaXKJIOTO i HEMOKPBITYIO TO4YKy z;. Habop
(z1,...,2n) He BXOAWT HMW B OJHO W3 MHOXKECTB B;, 4TO
MPOTHUBOPEYUNT TPEATONOKEHNTO. [>

3amMeTHM, 94TO B (DOPMYIUPOBKE HTONO YTBEPK I€HUA (KO-
TOpOe WHOTa HasbIBaloT Teopemol Kémmra) rosopmTcesa o
IEKaPTOBOM MTPOU3BEJEHUN KOHETHOT O YNCAa MHOXKECTB, KO-
TOPOE MOXHO ONPEAEINTh WHAYKTUBHO (cKaxem, A X B x
x C' 6yieT cocTOATh U3 TPoeK {a, b, ¢), KOTOPHIE CYyTh Maphl
({a,b),c)). lekapTOBO MpOU3BE/lEHHE CYETHOIO YUCAA MHO-
JKeCTB ykKe TaK He OnpeAeauis. Berxoq Takon: Ag X A x A X
X ... (CuéTHOEe YMCAO COMHOKMTENEN) MOXKHO OMPEJeIuTh
KaK MHOXECTBO BCEX MOCJAEOBATEABHOCTEN dg, d1,ds, ..., ¥
KOTOPHIX @; € A;, TO eCTh KaK MHOXECTBO BCeX (PYHKUIWH @,
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ompeeeHHbIX Ha N co 3HaveHUAME B 00beIuHeHNN Beex A;
npuaém a(i) € A; npu Beex 7. Ilocie Takoro onpegeleHns Te-
opema 10 Jerko mepeHocHTCA M Ha CIETHBIE (a TakXke W Ha
Mo6kIE) TPON3BEICHNUA.

IMepexoas k oTpunanusam, Teopemy Kénnra moxuo cop-
MYJHUPOBATh Tak: ecau mpu Bcex ¢ = 0,1,2... aaa MomHO-
cTel a; U b; BBITIOJHEHO HEPABEHCTBO b; < a;, TO

bo+by +bo+ ... <agxap Xas X ...

YauThiBadg, 9TO € X ¢ X ... (C4ETHOE MPOU3BEICHNE) PaB-
HO M0, TO eCTh ¢, MOKHO ChOPMYIMPOBATE TAKOE CleICTBHE
Teopembl Kénnra: ecaim KOHTHHYYM pa3buT Ha CIETHOE “U-
€JIO MOMHOXKECTB, TO OJHO U3 HUX HMeeT MOITHOCTL KOHTH-

HyyMa.
73. [lokaxuTe MOAPOGHO 3TO YTBEPXK JCHUE.
74. llycte ao,ar,asz,... — MOITHOCTH, TPUIEM d; > 2 I

Becex 1. [lokaxure, 910
ao+a1+a2+...<ao Xday Xag X ...

75. HyCTb mo < m; < ma < ... — Bo3pacTamwlliad Hocjen10-
BaTelbHOCTH MOIIHOCTEN. ,[[OKa)KI/ITe, 49TO cymMMa mo +mi+maz+
+ ... He mIpeAcTaBUMa B BHUJE a®® mn 1S KAKOW MOITHOCTH d.



2. yﬂOpﬂ,ﬂ,OHEHHble MHOX€ECTBA

2.1. OTHOWEHNS 3KBUBANEHTHOCTHU U nopsigka

HanmomuuMm, 9T0 GWHAPHBIM OTHOIIEHHEM HA MHOXKECT-
Be X wHasbBaeTca moamHOXKecTBO R C X x X; BMecTO
(z1,22) € R wacTo muyT 1 R2s.

Bunapuoe oTHomenne R Ha MHOXecTBe X HazbIBaeTCsA
OMHOUEHUEM IKEUBAACHIMHOCTU, €CIU BBITOJIHEHBI CAEYIO-
1Ie CBOUCTBA:

o (pedaekcuBrocTh) £ Rz nas Beex z € X
o (cummerpuuHOCTB) £ Ry = yRx nnsa Beex z,y € X

o (TpamsuTuBHOCTE) £ Ry n yRz = xRz jnda MoGHIX die-
MEHTOB z,Y, 2 € X.

WMeeT MecTo craefyiolliee OYeBUAHOE, HO 9acTO WCIOAb3ye-
MO€ YTBEpXK IcHUE:

Teopema 11. (a) Ecaun mMHOX)ecTBO X pasbuTo B 06ben-
HEHUE HeTEePeCeKAOINXCA O MHOKECTB, TO OTHOIIEHNE «JIe-
XKaThb B OJHOM IIOMHOXKECTBE) ABJIACTCA OTHOIIEHHEM DKBH-
BaJEHTHOCTH.

(6) Bcskoe OTHOIIEHHE SKBHBAJCHTHOCTH MOXYYaeTCs
OTMMCAHHBIM CITOCOOOM U3 HEKOTOPOT'O Pa3OueHus.

< [MepBoe yTBEpXK JeHUE COBCEM OYEBUIHO; MBI TPUBEIEM
IOKa3aTeIhCTBO BTOPOTO, 9YTOGHI GBLIO BUHO, Tl€ MCIOIb-
3YIOTCS BCe MYHKTHI ONPEIEIEHUA YKBUBaJeHTHOCTH. M TaK,
mycTh R — OTHOIMIEHHE SKBUBAJeHTHOCTH. [lJIs1 KaX 10T 0 Hire-
MeHTa £ € X PaCCMOTPHUM €0 KAGCC IKE6UBAACHMHOCTIU —
MHOXECTBO Bcex y € X, M KOTOPBIX BepHO = Ry.

JlokaxeM, 9TO ISl IBYX Pa3JUYHBIX &1, £y TaAKWe MHO-
KecTBa aubo He TepecekaroTes, aubo coBnagaoT. [lycTs oHn
TMEPECEKAIOTCA, TO €CTh UMEIOT OOIMHA daeMeHT z. Torga
z1Rz w xz3Rz, oTkyna zRzy (cuMMmeTpuyuHOCTE) U 1Rz
(TpaH3UTHBHOCTH), a Takke L3 Rz1 (cuMmMeTpnyanocTs). TTo-
sTOMy aaA aoboro z m3z xy Rz caegyer xRz (TpaHsnThB-
HOCTH) W HAOBGOPOT.

OcTajgoch 3aMeTUTh, 9TO B CHIY PedIEKCHBHOCTH Ka-
KB BJAEMEHT T MPUHA JIeKUT 33 1aBaeMOMY UM KJIaccy, TO
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€CTh JAeHCTBHTEALHO BCE MHOXKecTBO X paszbuTo Ha Helmepe-
cekarommecs KJIacChl. [>

76. Tlokaxwure, 9T0 TpeGOBAHWSA CUMMETPUYHOCTH W TPAH-
BUTHBHOCTH MOXHO 3aMeHUTH ogHuM: tRz u yRz = zRy (npn
coxpaHeHUU TpeboBaHUS PedIEKCUBHOCTH).

77. CKOJBKO pasin<¥HBIX OTHOIIEHUH SKBUBAJEHTHOCTH CYIIe-
cTByeT Ha MHOXecTBe {1,2,3,4,5}7

78. Ha muO)ecTBe M 3a1aH0 ABAa OTHOIIEHWUS SKBUBAJECHTHO-
cTH, 0603HAYAEMBIE ~1 U ~7, UMEIOIINE N1 U N KJIACCOB DKBHUBa-
JEHTHOCTH COOTBETCTBEHHO. BygeT /u WX TepecevdeHne & ~ y <
& [(z ~1 y) u (z ~2 y)] orHOWEHNEM 3KBUBaneHTHOCTH? CKOIB-
KO Y HEro MoxeT 6BITh KiaccoB? UTo MOXKHO CKazaTh Tpo 06b-
eJIMHEHNE OTHOIIEHUN?

79. (Teopema Pamces) MHoXecTBO Bcex k-3J€eMEHTHBHIX 10/~
MHOX€eCTB 6eCKOHEYHOI'0 MHOXecTBa A paséuro Ha I knaccos (k,
| — maTypasbHEe dncia). [Jokaxure, 9T0 HaAETCA GECKOHEIHOE
mHOXKecTBO B C A, Bce k-ajieMeHTHBIE MTOJAMHOXECTBA KOTOPOI'O
NPUHAJIEKAT OJHOMY KAACCY.

(IIpu k = 1 370 04eBUAHO: ecu 6ECKOHEYHOE MHOXECTBO pa3-
6UTO Ha KOHEYHOE YHCJI0 KAACCOB, TO OJUH W3 KJIACCOB GECKOHe-
deH. [Ipu k = 2 u | = 2 yTBepXkjeHHEe MOXHO CHPOPMYIUPOBATH
Tak: U3 GECKOHETHOI'0 MHOXEeCTBA JIOJel MOXHO BHIGpATh J1u60
6ECKOHEYHO MHOI'O TIOMAPHO 3HAKOMBIX, JU60 GEeCKOHEYMHO MHO-
0 MOMAPHO HE3HAKOMBIX. KKOHEYHBI BAPUAHT 3TOT'O YTBEPXK A€~
HUS — O TOM, 9TO CPeJH JIOGHIX MIECTH MOLEH eCTh JU60 TPHU
MIOTMAPHO 3HAKOMBIX, JU60 TPHU MOTAPHO HE3HAKOMBIX, — HU3BECT-
Has 3ajada s IIKOIBHUKOB. )

MHOXeCcTBO KJIaCCOB HKBUBAJEHTHOCTH Ha3BIBAOT (Pak-
mop-MHONCECME0M MHOXKecTBa X TIO OTHOIIEHWIO 3KBHUBa-
asertHocTn R. (Ecam oTHOIIEHHWe cOTMIACOBAHO C JOTOMHMI-
TeIbHBIMI CTPYKTYpaMu Ha X, moJayvaoTcsad GakTop-TpyT-
Bl haKTOP-KOJbIA U T. 11.)

OTHoIlIeHNA YKBUBAJEHTHOCTH HaM He pa3 eIllé BCTPeTAT-
cA, HO celvac Hallla OCHOBHASA TeMa — OTHOIIEHUA TOPA KA.

Bunaproe oTHomenne < Ha MHOXecTBe X Ha3bIBaeTCA
OMHOUWEHUEM YACTRUNHO20 NOPAJKA, €CAU BBLINIOJHEHLI TaAKUe
CBOWCTBA:

o (pedaekcuBHOCT) & < & 144 Beex x € X;

o (AHTHCUMMETPUYHOCTR) & L Yyu Yy < & = & = y JId
BCex z,y € X;
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e (TpamsuTuBHOCTB) * < y My < 2 = & < z JUIA BCeX
x,y,z€ X.

(Cretys Tpaguunm, MBI HCHIOAB3YeM CHMBOJI < (a He GyKBY)
KaK 3HaK OTHOIIEHNA MopsAgka.) MHOXeCTBO ¢ 3aJaHHBIM Ha
HEM OTHOIIEHNEM YaCTUYHOTO MOPSAKA HA3BIBAIOT ¥aCMU-
HO YnopAJdoUeHHbIM.

l'oBopAT, ¥TO ABa BAEMEHTA X, Yy TACTUYHO YIOPATOTEH-
HOT'O MHOXEeCTBA CpasHumbl, ecan ¢ < y nwim y < . 3a-
METHM, YTO ONpeeecHAe JaCTUIHOT O MopAaka He TpebyeT,
49T0OBI JMI00BIE ABa BJIEMEHTA MHOXeCTBa ObLIN CPaBHUMBI.
Mlo6aBuB 3T0 TpeboBaHME, MBI TIOJYIUM ONIPEIETeHIE AUHE-
HO20 nopadka (AuHetHO YnopAdoNeHHO20 MHOHCECMEA).

[IpuBeéM HECKOIBKO TPUMEPOB YACTUIHBIX TOPSIKOB:

e UYncroBble MHOXECTBAa C OOBIMHBIM OTHOIICHWEM IIO-
pAaKa (37ech MOPAJOK GyAeT ANHEHHBIM).

e Ha muoxecTBe R x R Bcex map AeHCTBUTEIBHBIX Y-
ceJl MOXKHO BBECTH IaCTHIHBIN TTOPAJOK, CANTAfA, ITO
(z1,22) < {y1,y2), ecm 21 < 22 m Y1 < Ya. DTOT TO-
pAnoK yKe He 6yaeT auHenHbiM: mapkl (0, 1) u (1, 0) He
CPaBHUMEI.

e Ha mmoxecTBe (pyHKIUIA C AEMCTBATENHHBIMU apry-
MEHTaMW W 3HAYEHUAMHA MOXKHO BBECTH JaCTUIHBIN TTO-
pagok, cuntad, uro f < g, ecim f(z) < g(x) npm Bcex
z € R. DToT nopsA0K He GyAeT JUHETHBIM.

e Ha MHOXecTBe TeABIX TOJOXKUTETHHBIX TUCET MOXKHO
OIpeleINTh NOPAJOK, CUIATaA, ITO T < Y, €CIU X Jde-
JUT Y. DTOT MOPAIOK TOXKE HE OyAeT JUHEHHBIM.

e OTHomreHMe OG0 TPOCTON AEMUTENh YUCAA T ABISA-
eTcA TakXKe W MeJUTENEM HYUCTa Yy He OyaeT OTHOIIeE-
HUEM TIOPATKa Ha MHOXKECTBE IEIBIX TOMOKUTETHHBIX
vuces (OHO PedIEKCHBHO W TPAH3UTHBHO, HO He aHTH-
CHMMETPHUYHO).

o Ilycts U — mpomaBoabHOe MHOXKecTBO. Torjga Ha MHO-
xectBe P(U) Bcex MOAMHOXKeCTB MHOXKecTBa U OTHO-
mmeHne BKAOYEHUA C 6y1eT YaCTHUYHBIM TMOPS JKOM.
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Ha 6yxBax pycckoro aagaBuTa TpauIua ONpPeIeLIeT
HeKOTOpHIN TopAToK (a < 6 < B < ... < A). dToT
MOPA TOK JTUHEEH — TIPO JTI06bIe 1Be GYKBBI MOXKHO CKa-
3aTh, KaKad W3 HUX paHbie (Tpu HeoGXOJNMOCTH 3a-
TIAHYB B CJIOBAph).

Ha cioBax pycckoro andapuTa oNpEIecH AeKCuKo2pd-
Puueckuti nops ok (Kak B croBape). PopMaabHO OMpe-
JIeIUTh ero MOXHO TaK: eCly CAOBO T ABIACTCA Hava-
JOM cJI0Ba Y, TO ¢ < Yy (HampuMmep, KanT < KaHTOP).
Ecin HE OfHO U3 CJIOB He ABAACTCA HAYAJIOM JPYTOTO,
NOCMOTPHUM Ha MepBYIO MO MOpAAKY 6YKBY, B KOTOPOil
CJI0OBa, OTAMYAIOTCA: TO CJOBO, Tjie 3Ta 6yKBa MEHBIIIE
B aaaBUTHOM MOpAKe, U 6y/eT MeHbIe. JTOT MOPA-
JIOK TaKXKe JuHeeH (MHaYe 9T0 OBl eNall COCTABHTENN
croBapei?).

OrHomrenne pasenctBa ((2 < y) © (z = y)) Takxke
ABIACTCA OTHOIICHWEM YACTHIHOTO HOPAIKA, IIA KO-
TOPOTO HHKAKHe JBa Pa3IMIHBIX bJIeMEHTA He CDABHI-
MEL.

IIpuBeném Teneps GuiToBol npuMep. [lycTh ecTh MHO-
KecTBO X KapTOHHBIX KOpOOOK. BBeném Ha HEM TOpH-
JOK, CIUTadA, ITO T < ¥, eCIM KOpobKa  MeINKOM IIo-
MeIaeTcs BHYTPb KOPOGKY Y (MW €Cin & U Y — OJTHA
u Ta Xe Kopobka). B saBucumocTn oT Habopa KopoGok
3TOT TMOPAJAOK MOXET GBITh WM HE ObITH JUHENHBIM.

IlycThb z, y — DAEMEHTHI YACTHYHO YIOPAAOIEHHOT O MHO-

xectBa X. loBopar, uto ¢ < y, eciu ¢ < y u ¢ £ y. [laa
3TOr'O OTHOIIEHNS BHITOJHEHBI TaKWe CBOUCTBA:

z £ x;

(z<y)m(y<z) = z<z.

(TTepBoe o¥eBHAHO, TIPOBEPHM BTOpOE: eclin & < Y N Y <
<z,toectb z <Y,z £ Y y< z,y# z, 102 < 20
TPAH3NTUBHOCTH; €CIN 6B OKA3AMOCh, YTO & = Z, TO MbI GBI
nMean £ < Yy < £ U HOTOMY & = Y [0 aHTHCHMMETPUIHOCTH,
YTO MPOTUBOPEUUT MPEAMONOKEHNIO. )
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TepMuHoOMOrMYecKOe 3aMedaHNe: MBI YUTAEM 3HAK < KaK
(MEHBIIIe WJAA paBHO», a 3HaK < — KaK ¢(MeHBbIIIe», HEABHO
npeamnoaaras, 9To £ < Y Torja M TOJBKO TOTAa, Korjaa & < Y
nin r = y. K cqacTbio, 570 genicTBUTENRHO Tak. EIE ogHO
3aMevaHue: BHIpaXkeHWe r > y («z Goable y») O3HAYAET,
9TO Yy < ¥, a BHIpaxeHune > y («x GOJblle WIN PaBHO Y»)
O3HadYaeT, 9To Yy < T.

80. O6bsicHUTE, TOYEMY He CTOUT WHUTATh T < Y KaK «T He
foJbIle y».

B HeKoTOpHIX KHIKKAX OTHOIIEHNE YaCTUIHOT O TIOPA KA,
onpefeaaeTcad KaK OTHOIIeHUe <, yIOBJIeTBOPAIIEe NTBYM
yKa3aHHBIM cBolicTBaM. B aToMm cayvae oTHomeHne = < Y <
< [(z < y) mm (z = y)] ABAAETCA OTHOIIEHNEM YaCTHIHOTO
nopAAKa B CMBIC/Ee HAIIlEr0 ONpeelcHUd.

81. [IpoBepnbTe nTO.

Bo mabexanme myTaHWIB OTHOIEHWEe < WHOTa Ha3bl-
BalOT OTHOIIEHUEM CMPo2020 NOpAdKd, a OTHOIIEHWE < —
OTHOIIEHUEM Hecmpo2020 nopadka. O THO M TO XKe YaCTUIHO
YIOPAJOYEHHOE MHOXKECTBO MOXHO 3ajaBaTh IIO-Pa3sHOMY:
MOXKHO CHadJaJja ONpeJeJUTh OTHOIICHNE HECTPOTOI'O TIOPA -
ka < (peduekcnBHOE, AHTHCHMMETPHYIHOE W TPAH3UTHBHOE)
¥ 3aTeM U3 Hero MOJYYUTh OTHOIIIEHNE CTPOTOr'o nopAaka <,
a MOXHO JIeHCTBOBAThH M HA060POT.

82. Omyckasi TpeGoBaHImE aHTUCUMMETPUIHOCTH B OTPEIee-
HUWM 9aCTUYHOTO TOPSAAKA, MOIYYaeM OIMpeeneHne npednopioka.
JlokaxuTe, 9T0 M0O60M MPEANOPAJOK YCTPOEH TaK: MHOXKECTBO
NeIUTCA Ha HellepeCceKalolnecs KAACCH, IPH 9TOM & K Y s JIOo-
6BIX ABYX DJIEMEHTOB ¥, Yy M3 OAHOTIO Kjacca, a Ha (GaKTOp-MHO-
JKeCTBe 3a/aH YACTUYHBINA MOPALOK, KOTOPHIU U ONPEAEIIeT pe-
3yJIhTAT CPAaBHEHUA IBYX 3JEeMEHTOB M3 Pa3HBIX KJIaCCOB.

BoT HeckoMbKO KOHCTPYKIIWH, TMO3BOJAIINX CTPOUTH
O/JHU yTNOPANOYEHHbIE MHOXKECTBA U3 JPYTHUX.

e IlycTh Y — MOAMHOXKECTBO YaCTUYHO YIOPSJOYEHHO-
ro mHoxkecTBa (X, ). Torga Ha MHOXecTBe Y BO3HNI-
KaeT eCTECTBEHHBIN YaCTUYHBIN TOPAJOK, UHAYYupo-
sanublli 3 X . PopmaabHO ToBOpH,

(Ky) = ()N xY).
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Ecan nopsimok Ha X 6BLI JUHEWHBIM, TO W WHAYIHUPO-
BaHHBIN MOPSAAOK Ha Y, OYEBUAHO, Oy AT IUHETHBIM.

TMlycts X u Y — 7aBa HemepeceKaloMMXCA HaCTHIHO
yOOpANOYeHHBIX MHOXecTBa. Torga Ha ux oObean-
HEHUU MOXKHO ONPENeJUTh YaCTUYHBIN TOPAJOK TaK:
BHYTPH KaXJOT'0 MHOXKECTBA BJIEMEHTHI CPaBHUBAIOT-
cA KaK paHblle, a JIOG0U BIEMEHT MHOXKeCcTBa X IO
OTIPEIEEHUI0 MEHbIIIE MI060r0 dreMeHTa Y . DTO MHO-
KeCcTBO ecTecTBeHHO o6osHaunTh X + Y. (Tlopsgok
OyIeT JWHEWHBIM, €Cli OH OBLI TaKOBBIM Ha KaXk IOM
U3 MHOXECTB. )

DTOo Xe 06o3HAYEHWE TIPUMEHAIOT W [AMA TepeceKkaio-
muxes (U faxe coBmajamommx MHoKecTB). Hampumep,
ropops o6 ymopsaaodeHHOM MHOXecTBe IN + N, MEI 6e-
PEM I8 HellepeceKalollnecd KOINH HATYPaJbHOTO pA-
aa {0,1,2,...} m {0,1,2...} n paccmaTpuBaeM MHO-
xectso {0,1,2,...,0,1,2,...}, npuuaém k < | mpu Beex
k ml, a BHYTpH KaX J0W KOMUU MOPAJTOK OOBITHBIN.

Mycrs (X, <x) u (Y, <y) — /ABa yHOPANOYEHHBIX MHO-
xKecTBa. MOXHO OompejeuTh HOPAJOK Ha IPOU3Bee-
Huu X X Y HeckKoabkKumu crocobamu. MoxHo cauTaTh,
910 (21, 41) < (22, y2), ecmm 21 <x T2 Wy <y Y2 (mO-
KOOD/JMHATHOE CPaBHeHWe). DTOT MOPAJOK, OTHAKO,
He 6yJeT JUHEHHBIM, JaXKe eCJAU MCXOJHbIE MOPAIKHA 1
OBLLIN JUHENHBIMA: €CJAU IIepBad KOOpAuHaTa GoJblie y
OJHOW Taphbl, a BTOpad y APYTrou, KaK WX CPaBHUTH?
YT0o6bl MOLYYNTH JUHEHHBIA MOPAJOK, JOTOBOPHUMCH,
Kakad KOOpJAuHaTa 6yAeT «rJaBHOI W 6yJeM CHadaaa
CpaBHUBATH MO Hell, a TOTOM (B Clydae PaBEeHCTBA) —
mo apyroiu. Ecan raasron canTtaTh X-KOOpAMHATY, TO
(z1,1) < {z2,y2), ecin 21 <x T2 WIW ecaM Ty = g, a
y1 <y y2. OHAKO MO TEeXHWYECKUM MPUYHHAM y106-
HO CUWTATh TJIABHOW BTOpYIO KoopawHaTy. [oBops
O TPOU3BEJEHUN [BYX JUHEHHO yHIOPAJOYeHHBIX MHO-
JKECTB Kak 0 JUHEUHO yTOPAJOUYeHHOM MHOXECTRE, MBI
B JaJbHeNIIeM [IoApa3yMeBaeM HMEHHO TaKOU MOPA JOK
(cHavana cpaBHMBaEM MO BTOPON KOODAWHATE).
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83. [lokaxwTe, ¥TO B HACTHUIHO YIIOPSIAOYGEHHOM MHOXKE-
crBe N x N (HOpAZOK HOKOOpAMHATHEIN) HET GECKOHEYHOI'O
MOIMHOXKECTBa, MIOOBIE ABA 3JeMEHTa KOTOPOro OBLIN OBl HEC-
paBuuMbI. BepHo i aHamoruyHoe yTBepXKaeHUe AAA 7 X 77

84. JlokaxkuTe aHAIOIWYHOE yTBep:KieHne jus N¥ (mopstaok
[IOKOOP JUHATHBIN ).

85. Ilycte U — KoOHewHOE MHOXECTBO W3 N 3jJeMeHTOB. Pac-
cmorpuMm MHOXecTBo P(U) Bcex mogMHOoXecTB MHOXecTBa U,
VIIOPATOYEHHOE TI0 BKIIOYeHN©0. KakKoBa MAaKCHMATbHO BO3MOXK-
Has MomiHocTh MHOXecTtBa S C P(U), ecim MHAyIMpOBaHHBIN
Ha S TIOpSAJOK JWHEEH? eClW HUKAKWe IBa dJIeMeHTa S He Cpas-
Humb? (YkazaHue: cM. 3agaqy 14.)

86. CKOJIBKO CYNIECTBYET PA3IUIHBIX JUHEHHBIX TOPAIKOB HA
MHOX€ECTBE U3 N 3JeMeHTOB?

87. [lokaxuTe, 9TO BCAKUNA TACTHIHBIA TOPATOK HA KOHETHOM
MHOXKECTBE MOXKHO IHPOAOIKUTH [0 JIUHEHHO'O (¢IIPOAOIKATEY
03HAYAET, 9TO €ClM & < Y B UCXOMAHOM IOPSAKE, TO W B HOBOM
5TO OCTAHETCSH TaK).

88. /laHO 6eCKOHEYHOE YACTHYHO YIOPAAOYEHHOE MHOXKECT-
Bo X. /lokaxwuTe, 9TO B HEM BCerja HauAETCA 60 GeCKOHETHOE
O IMHOXkKECTBO TIOTAPHO HECPABHUMEBIX 3JIEMEHTOB, JU60 OGeCKO-
HEYHOE TIOAMHOXKECTBO, HAa KOTOPOM WHAYIIMPOBAHHBIN TOPAJOK
JIMHEEH.

89. (KoneuHnll BapuaHT mpefbliyluen 3agayn.) [aHbl neasie
TMONOKUTENBHBIE IUCAa M U n. [loKaXknTe, 9TO BO BCAKOM 9acTHY-
HO YIIOPAJOYEHHOM MHOXKECTBE MOIIHOCTH mn—+1 MOXKHO yKa3aTh
mm6o m+ 1 mormapHO HECPABHUMBIX 2JEMEHTOB, a1160 n+ 1 monapHo
CPaBHUMBIX.

90. B crpouky mammcansl mn + 1 pazmmaabix uncen. [loka-
JKUTE, ITO MOXKHO 9aCTh W3 HUX BHIYEPKHYTH TakK, ITOOH OCTa-
JIachk 60 BO3PACTATOINIAA TIOCTE0BATENHHOCT JIUHE m + 1, au-
60 y6bIBarolas MOCAEJOBATENIBHOCT AauHbl n + 1. (Ykaszanue:
MOXKHO BOCIIOIB30BATHCA TPEABAYIIEN 3aadel. )

91. PaccMoTpuM ceMenCTBO BCEX MOAMHOXKECTB HATYPATBLHO-
o psAjfa, yIopsgodeHHoe o BKaodennto. CyliecTByeT i y HETO
JVHENHO yNOpsAAOYeHHOe (B MHAYIMPOBAHHOM MOPSAKe) IO JICe-
MelcTBO MoIHOCTH KOHTHHYyM? CylllecTByeT Ju y HEro Tojce-
MEHCTBO MOIIHOCTH KOHTHHYYM, JIO6BIE ABa 3JEMEHTa KOTOPOro
HECPABHUMBI 7

DJEMEHT YaCTUYIHO YMOPSJOYEHHOTO MHOXECTBA Ha3bl-
BAIOT HAubOAbWUM, €CIA OH GOJbIIEe JI060r0 IPYroro sie-

MEHTa, U MAKCUMAAbDHbBIM, €CAN HE CYHIECTBYET 60IBITIET O
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ajeMeHTa. Ecain MHOXeECTBO He ABIACTCA JUHEHHO YIIOPA JO-
YeHHBIM, TO DTO He OJHO M TO Xe: HaWuGOJBIIUN >JIeMEHT
aBTOMATUYECKN ABAACTCA MAKCUMAJbHBIM, HO He HAOGOPOT.
(OaHo nemo KopoGKa, B KOTOPYIO MOMeNAeTCA Aobasd Jpy-
rafd, Ipyroe — Kopobka, KoTopas HUKya 60bllle He TTOMe-
maeTce. )

AHamOTUYIHBIM 06pa30M ONPENEAAIOTCA HAUMEHbUIUE U
MUHUMAAbHBLE DIEMEHTHI.

Jlerko MOHATH, YTO HAMGOJIBITNHT 3IEMEHT B JaHHOM da-
CTHYHO YTOPATOYEHHOM MHOXECTBE MOXKET OHITH TOJBKO
O/IWH, B TO BpeMA KaK MaKCUMAJBHBIX BJIEMEHTOB MOXKET
OBITH MHOTO.

92. /lokaxuTe, 9To JMIO6BIE IBA MAKCUMATLHBIX DJeMeHTa He
cpaBHEMEL. JlOKaXWTe, 9TO B KOHETHOM 9AaCTHUYHO YITOPAAOYEH-
HOM MHOXeCTBe X [Jf J060T0 3IeMeHTa T HAAETCA MAKCIMATh-
HBIM 3JA€MeHT ¥y, GONBIINNA WIW PABHBIH T.

2.2. Uzomopdusamsl

JIBa 9acTUYHO YMOPATOYEHHBLIX MHOXKECTBA HA3BIBAIOT-
CA UBOMOPPHBIMU, €CTU MEXJY HUMHU CYIIECTBYET U30MOP-
@usm, TO eCTh B3aUMHO OTHO3HAYHOE COOTBETCTBHUE, COXPa-
Hsatormee nopsafok. (EcTecTBeHHO, YTO B 3TOM ciydae OHU
PaBHOMOIIIHBI KaK MHOXecTBa.) MoXHO ckazaTh Tak: GHek-
uus f: A — B HazpiBaeTCA M30MOPMPUZMOM YaCTUYHO yTIO-
pAgOYMeHHBIX MHOXeCTB A u B, ecan

ar < ay & flar) < f(az)

JUIA TIOGBIX DIEMEHTOB a1, s € A (cieBa 3Hak < 0603HaYaeT
MOPAIOK B MHOXecTBe A, cipaBa — B MHOXecTBe B).

OdeBUIHO, YTO OTHOIIEHNE U30MOP(HHOCTH PedIEKCUBHO
(kaxk o€ MHOXKECTBO U30MOP(MHO caMoMy cebe), CHMMeTpHY-
Ho (ecim X mzomopdHo Y, To 1 HA060POT) M TPAH3UTHBHO
(BA MHOXKECTBA, N30MOPQHBIE TPETHEMY , N30MOPQMHBI MeX-
1y co6oit). Takum o6pa3oM, Bce YacTUYHO YMOPSHIOYEHHBIE
MHOXeCTBa pa3bnBaloTCA Ha KJIaCChl NBOMOP(HBIX, KOTOPHIE
HasbIBalOT nopadkosvimu munamu. (TTpaBa, Kak u ¢ MoII-
HOCTAMHU, TYyT HeOOXOAMMAa OCTOPOXHOCTH — M30MOPQPHBIX
MHOXECTB CJAUIIKOM MHOT'O, X TIOTOMY I'OBOPHUTH O MOPA KO-
BHIX THMAX KaK MHOXKECTBaX Helb3f.)
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Teopema 12. Konewynble AUHENHO yHIOPSA IOME€HHBIE MHOXKE-
CTBa M3 OJMHAKOBOI'O YHCJIA 3JEMEHTOB M30MOPQHHI.

<1 Kone1dHoe muHeNHO yIOPA0YEeHHOEe MHOKECTBO BCer1a
MMeeT HAaNMEHBIIHNH 5IeMeHT (BO3BMEM JII060H SAEMEHT; eC/In
OH He HAaWMEHbBINNH, BO3bMEM MEHBINNN, €CJAU W OH He HaW-
MEHBIINH, eIé MEHBITNA — U TaK Jajee; MOIYyInM yObIBao-
IIyIo mocjJefoBaTelbHOCTh £ > Y > Z > ..., KOTOpas paHo
WIW TIO3/THO JloMKHA oGopBaThed). [IprucBonM HaMMeHBIIEMY
saemenTy HOMeD 1. V3 ocTaBmmxcs cHOBa BEIGEPEM HANMEHB-
WY 3JAeMEHT W TTPUCBOUM eMy HOMep 2 u Tak jgadiee. Jlerko
TMOHATH, YTO TOPAJOK MEXIY BIEMEHTAMH COOTBETCTBYET
TMOPAIKY MeXJy HOMepPaMu, TO eCTh YTO Hallle MHOXKECTBO
uzoMopcuo MuokecTBY {1,2,...,n}. >

93. /lokaknuTe, ITO MHOXKECTBO BCEX TEBIX TTOMOKNTETHHBIX
AemuTenein uncaa 30 ¢ OTHOIIEHHeM «GHIThH JeluTeNeM» B KadeCcTBe
OTHOIIEHHUA MOPAJKA M30MOP(MHO MHOXKECTBY BCEX TIOJMHOXKECTB
MHOXecTBa {a,b, c}, yHopAg09eHHOMY 10 BKIIOYEHHIO.

94. Byaem paccMaTpuBaTh (GUHUTHBEE TIOCTESOBATENHHOCTH
HATYPATbHBIX HHCEN, TO eCTh MOCAe[OBATETLHOCTH, ¥ KOTOPHIX
BCe W/eHbl, KpoMe KOHewHoro umcia, pasubl 0. Ha mHOXecTBe
TaKWX TOCIeJOBATENHHOCTEN BBEIEM TTOKOMITIOHEHTHBIH TTIOPALOK:
(ao,ar,...) < (bo,br,...), ecm a; < b; upu Beex 1. Jokaxure,
9TO 3TO MHOXECTBO M30MOPGHO MHOXKECTBY BCEX IOJIOKUTENTh-
HBIX TeTbIX 9HCes ¢ OTHONIeHneM «GHITh JeluTeleM» B KadecTBe
TopsIKa.

BaanMHO ofHO3HAYHOE OTOGpa)KeHNe JACTHIHO YHOPA-
JOYEHHOT O MHOXecTBa A B cebd, ABJAAMOINIEECA M30MOPQH3-
MOM, HA3bIBAIOT A6MOMOPPHUIMOM HFACTHIHO YHOPAJIOYUECH-
Horo mHOXecTBa A. ToxjaecTBeHHOE OTO6paXKeHHe BCera
ABAAETCA aBTOMOP(GHU3MOM, HO A4 HEKOTOPHIX MHOXECTB
CYIIECTBYIOT U ApyTHe aBToMopdusmbl. Hanpumep, oTo6pa-
KeHWe TpUGABJICHUA eMHUIE (2 — z + 1) ABasgeTca aBTO-
MOP(hHU3MOM YaCTHIHO YIOPAJOYEHHOTO MHOXKECTBA Z Iie-
JBIX 9mcen (C eCTeCTBEHHBIM TOpAAKOM). [l MHOXeCTBa
HATYpaAbHBIX 9HCel Ta ke (GopMyaa He JaéT aBTOMOPhU3-
Ma (HeT B3aMMHON OTHO3HAYHOCTH).

95. [lokaxuTe, 9TO He CylIeCTByeT aBToMOp¢guaMa YIOpAI0-
HYEeHHOI'O MHOXKeCTBa N HaTypaJbHBIX YHUCEJ, OTJIUTIHOI'O OT TO-
K TEeCTBEHHOT'O.
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96. Paccmorpum mHOXecTBO P(A) BCex HMOJMHOXKECTB HEKO-
TOpOro k-sIeMeHTHOI'0 MHOXKeCTBA A, 9aCTHYHO YIIOPAI0YEHHOE
10 BKJIOYEHN0. Hanaure 9ucIo aBTOMOP(U3MOB 3TOT'0 MHOXKeE-
CTBA.

97. IlokaxuTe, 9TO MHOXKECTBO IEABIX MOJOKUTEILHBIX HH-
CeJl, 9aCTUYIHO YIOPAJOYEHHOE OTHOIIEHUEM (T JEJIUT Y», UMEET
KOHTHHYYM Pa3jHYHBIX aBTOMOP(U3MOB.

BoT mHeckombKo mpuMepoB PaABHOMOIIHBIX, HO HE W30-
MOP(MHBIX JMHENHO YIIOPATOUYEHHBIX MHOKECTB (B CHIY TeO-
peMBI 12 OHM OMKHBI GHITH GECKOHETHBIMH).

e Otpezok [0, 1] (c OGBIYHBIM OTHOIIIEHWEM TIOPAIKA) HE
mzoMopdeH MHOXKecTBY R, Tak KaK y MepBOTO eCTh
Hamboabmil saeMeHT, a y Broporo Her. (IIpm m3o-
MopduaMe HaUGOABIINN BIEMEHT, eCTeCTBEHHO, J0J-
KeH COOTBETCTBOBATH HAMOOIbIIEMY )

e MuoxecTBo 7 (umeable €ImcAa ¢ OOBITHBIM MODATKOM)
He m3oMopdHO MHOKecTBY () (paunoHaabHBIE YHCAA).
B camowm geqte, mycTh a: 7 — Q) aBageTcs nzomMopdus-
MoM. Bo3bMéM /1Ba COCETHMX TIEABIX IHUCAA, CKAXKEM, 2
n 3. Tlpn maomMopduamMe o UM JOAKHBI COOTBETCTBO-
BaTh KaKMe-TO [Ba PAIMOHATBHBIX duciaa «(2) n a(3),
npuuém a(2) < a(3), Tak kak 2 < 3. Ho Torja paun-
OHAMBHBIM YncaaM MeX Ay «(2) u a(3) JomMKHBI COOT-
BETCTBOBATH IEJbIE IUCAa MEXY 2 N 3, KOTOPHIX HeT.

e Bosee croxubil mpumep — MHOXecTBa Z u 7 + Z.
BosbméMm B Z + 7Z nBe Komuu HyJd (M3 TOW W ADYTON
KOMTIOHEHTHI); Mbl o6ozHadamn ux 0 u 0. pu sTom 0 <
< 0. Mpu m3omMopduaMe MM JOMKHBI COOTBETCTBOBATH
Ba TeAbIX YuciAa a u b, aaa kotopbix a < b. Toraa
BeeM oaemenTam Mexay 0 u 0 (ux 6eCKOHEYHO MHOTO:
1,2, 3, ..., =3, =2, —T) JONKHBI COOTBETCTBOBATH
quCcAa MEXY @ U b — HO X JUIIh KOHEYHOE HHCJIO.

OTOT MpUMepP MPUHIUTHAIBHO OTANYAETCA OT MPeIhl-
OYIIMX TeM, 9TO 3/7eCh PazHWIy MeXTy CBONCTBaMHU
MHOXKeCTB Helh3d 3amucaTh Gopmyaon. Kak roBopar,
yHopaodeHHbIe MHOXKeCTBA Z U Z + 7 «dJeMeHTapHO
SKBUBAJEHTHBIY.
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98. /lokaxnTe, 9TO JUHENHO YIIOPAAOYeHHBIE MHOKECTBA 7 X
x N u Z x Z (¢ onncaHHEIM BhIllle Ha C. 54 HOPSAKOM) HE H30-
MOPQHHI.

99. ByayT 1 maoMopdHB IUHENHO YHIOPAAOYEHHBIE MHOXKE-
ctBa N X Zim Z x Z?

100. ByayT 1 maoMop(dHL MUHENHO YIOPAAOYEHHBIE MHOXKE-
crBa Q x Zm Q@ x N?

Orobpaxkenne & — /2& OCyHECTBIAET W30MOPPHIM
mex 1y maTepazamu (0,1) n (0,v/2). Ho yxe me Tax mpo-
CTO MOCTPOUTH M30MOP(MUIM MeXJy MHOKECTBAMH PaIHO-
HAJIBHBIX TOYEK 3THX WHTepBaloB (To ecTh Mexay QN (0, 1)
u QN (0,v/2)), nockombKy ymMHOXeHUWe Ha \/2 TepeBouT
panmoHaJbHbIE YWCIa B WppalnoHadbHBE. TeM He MeHee
M30MOpP(pU3M TIOCTPOMTL MOXKHO. /l/A 5TOTO Hajo B3ATH
BO3pacTafole TOCAeI0BATENLHOCTH PAIMOHAMLHBIX THCEN
0 <z <z < ... 1m0 <y <y < ..., cxojdammecs
COOTBETCTBEHHO K | M /2 1 IOCTPONTE KYCOYHO-THHENHYIO
dynkumio f, KoTopad MepeBOANT T; B y; W JWHENHA Ha Ka-
KJOM M3 OTPE3KOB [z, Z;41] (puc. 5). Jlerko moHATH, 4TO
oHa 6yleT MCKOMBIM M30MOpP(pHU3MOM.

\/51\

Ya --

n

Puc. 5. Jlomanad ocymecTBageT n30MOPHUIM.

101. [TokaxwuTe, ITO MHOXKECTBO PAINMOHAIBLHBIX THCET MHTEP-
Bana (0,1) u mHoxkecTBO () m3omopdusL. (YkasaHnue: 31ech TOXe
MOYHO IMOCTPOUTH JOMAHYI0; BIIPOYEM, ¥ DTOH 3aJaYH €CTh U APY-
roe pellenne, KoTOpoe HATUHAETCA C TOT0, 9T0 GYHKIUA T — 1/x
[EPEBOANT PAIVOHAIBHEIE YUCIA B PAIMOHAIBHBIE. )
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Bonee crnoxnas KoHCTpyKuma TpebyeTca B cClieyfonIen
3afade (BUAMMO, HUYETO MPOIIE, 9€M COCIATHCA Ha OGIIyo
TeopeMy 13, TyT He TpHAYMAaEIh).

102. /lokaxuTe, 9TO MHOKECTBO ABOMYHO-PAIMOHAIBHBIX “H-
cen uarepsana (0, 1) maomopdso mHOKecTBY (. (Hucao canraet-
csl 060UNHO-PAYUOHAAL HBLM, ECITA OHO WMeeT Bug m /2" rae m —
LIeJIOE YHCI0, & N — HATypaJbHOE. )

[lBa pmeMeHTa 2, Yy AMHEWHO YTOPS JOY€HHOT O MHOXKECTBA
HA3BIBAIOT COCEJHUMU, el & < Y W He CYMIECTBYET BJAeMeH-
Ta MEXTY HUMHU, TO eCTh TaKoro z, 4To < z < y. JIuHen-
HO YTOPAJOYEHHOE MHOXECTBO Ha3bIBAIOT NAOMHBIM, €CIH
B HEM HET COCEJHWX BJEMEHTOB (TO €CTh MeXJy JOOBIMU
JBYM#A €CTh TPETHII).

Teopema 13. Jlio6ble qBa CIETHBIX TLIOTHBIX TUHEHHO YTIO-
PAMOYEHHBIX MHOXKeCcTBa Ge3 HaMGOMbINErO M HANMEHBINET O
ATEMEHTOB M30MOPMHEI.

< IIycts X ' Y — ganHble HAM MHOXKeCTBa. TpeOyeMbIit
m30MOp(U3IM MeX Iy HUMU cTpouTca 1o taram. [Tocae n mia-
TOB y HAC €CTh /[Ba N-DIEMEHTHBHIX MOoAMHOXKecTBa X, C X
n Y, C Y, nieMeHTH KOTOPHIX MBI OyeM Ha3blBaTh «OXBa-
YEeHHBIMIY, W B3aUMHO OJTHO3HAYHOE COOTBETCTBHE MEX Y
HUMH, cOXpaHdAolee MopAoK. Ha ouepenHoM 1are Mbl Ge-
PEM KaKOH-TO HEOXBAYEHHBIN DJIEMEHT OJTHOT'O M3 MHOXKECTB
(ckaxem, MHOXKecTBa X ) M CDABHHBAEM €0 CO BCEMHU OXBa-
qeHHBIMI daeMeHTaMu X . OH MOXeT oKazaThes Mu6G0 MeHb-
111e Bcex, 6o 6oabliie, 1160 TONACTh MeXK Iy KAKUMU-TO JBY-
MdA. B KaX oM U3 cIydaeB Mbl MOXeM HaWTH HEOXBadeHHBIH
sldeMeHT B Y, HAXOIAIIUIACA B TOM Xe MoaoKeHun (6oable
BCeX, MEX Y TIEPBBIM W BTOPBIM OXBavYeHHBIM CBEPXY, MEX Ty
BTOPHIM W TPETHUM OXBadeHHBIM CBepxy u T.1.). [Tpn sTom
MBI TIOTB3yeMCA TeM, 9TO B Y HeT HAUMEHBIIETO BIEMEHTA,
HET HamOOMBIIETO U HET COCEJHUX DIEMEHTOB, — B 3aBUCH-
MOCTH OT TOTO, KAaKOH M3 TPEX caydaeB nmeeT MecTo. [Tocae
ATOTO MBI 106aBAsSeM BRIOPAHHBIE DJIEMEHTH K X, W Yy, CUH-
Tafg UX COOTBETCTBYIOIIMMH APYT APYTY.

YTo6BI B TIpejfiefie TOMYIUTh M30MOP(HUIM MeKY MHO-
KectBamMu X W Y, MBI MOJKHBI TTO3a60TUTHCA O TOM, ITO-
6Bl BCe DJAEMEHTHI 0GOWX MHOXKECTB ObLIN PAHO WJIN TO3 -
HO OXBaveHBl. JTO MOXKHO CeNaTh TaK: MOCKOAbKY KaiI0e



[m. 3] Dynduposannsie MHOJICECTNEA 61

M3 MHOXECTB CYETHO, MPOHYMEPYEM €ro 3JAeMEHTH U 6y 1eM
BLIOMPATH HEOXBAYEHHBIN DJEMEHT ¢ HAMMEHBIIINM HOMEPOM
(Ha He4éTHBIX mIarax — u3 X, Ha YETHHIX — u3 Y). DTO
cooGpaxkeHne 3aBepiracT JoKa3aTelbCTBO. >

103. CkobKO CylIecTByeT HEM30MOP(MHBIX CHETHBIX IO THBIX
JVHENHO YIOPSAZOYEHHBIX MHOXECTB (PO HAMMEHBINWN W Ham-
GOJIBIINI 3eMEHTH HU4ero He usBecTHo). (OTBeT: 4.)

104. IlpuBeanTe mpUMep ABYX IJOTHHIX JUHENHO YIIOPALO-
YIE€HHBIX MHOXKECTB MOIITHOCTHU KOHTHHYYM 6e3 HaUMEHBIIEro U
HauGOJBIIETO BJIEMEHTOB, He ABIAMINXCA u3oMopdHbIME. (YKa-
sanue: BosbMuTe MHOXecTBa (0 + R u R+ Q)

Teopema 14. Bcakoe cuéTHOe JUHENHO YIOPAAOYEHHOE
MHOXECTBO H30MOP(HO HEKOTOPOMY IO IMHOKECTBY MHOXKE-
crBa .

<l 3aMeTHM cpasy Xe, 9To BMecTo MHOXecTBa () MOXHO
OBLTO B3ATH JI060E IMIOTHOE CIETHOE BCIOAY TJOTHOE MHO-
JKEeCTBO 6e3 MepBOTo U MOCAETHET O HJIEeMEHTOB, TaK KaK OHU
BCE U30MOPQHBI.

JlokazaTeJbCTBO BTOTO YTBEPKACHUA TPOUCXOIUT TaK
e, KaK U B TeopeMe 13 — ¢ Tol pasHuUIlel, 9TO HOBBIE He-
o6paboTaHHBIE DIEMEHTH 6EPYTCA TOJBKO € OJHON CTOPOHBI
(M3 aHHOT O HAM MHOXECTBA), a Mapbl K HUM TOAGHPAIOTCA
B MHOXKECTBE PalMOHAJLHBIX 9HCea. >

2.3. dPyHaMpoBaHHbIE MHOXECTBA

IMpuHnun MaTeMaTHYeCKOW MHAYKIWW B OTHON M3 BO3-
MOXHBIX (pOPM 3BYHUHUT TakK:

IIycte A(n) — HekOTOpOe CBOHCTBO HAaTYPAaJbHOI'O HH-
caa n. Iycrs Ham yjagock fokasaTh A(n) B mpegmoso-
skeHnH, 970 A(m) BepHO q1a Bcex m, MeHpHmx n. Torja
cBoricTBO A(n) BepHO A4 BCeX HATYPAJbHBIX YHCET N.

(3ameTnM, uTO MO ycaoBuio fnokazaTeabcTBo A(0) BO3-
MOXHO 6e3 BCAKUX TPEANOJOKEHNUN, TOCKOABKY MEHbBIINX
9HCes HeT.)

Jl1sg KakuX 9acTUYHO YHOPAJOYEHHBIX MHOXECTB BepeH
aHagoru<HbIN npuanun! OTBeT fa€TCA CAeYIOUIEN TPOCTOR
TeopeMOH:
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Teopema 15. Caepnyrorue Tpu CBOUCTBA YaCTUIHO YHIOPS-
MOYEHHOT O MHOXeCTBA X PABHOCHIBHBIL:

(a) mro6oe HemycTOE TTOAMHOKECTBO X MMEET MUHUMATb-
HBIA DJIEMEHT;

(6) He cymecTBYET 6eCKOHEYHON CTPOTo yOBIBAOIIEH O
CIeJOBATEIBHOCTU g > X1 > To > ... DJAEMEHTOB MHOXe-
cTrBa X;

(B) maa MHOXKecTBa X BepeH MPUHIUN WHIAYKIUN B Cle-
aytomeit gopme: ecan (npu Kaxjgom z € X) U3 HCTHHHO-
ctn A(y) aas Beex y < z cheayer ucrurHoCTh A(Z), TO
cpoiicTBo A(z) BepHO mpu Bcex . POPMATBbHO 3TO 3alUCHI-
BAaIOT TaK:

Ve (Vy ((y < z) = A(y)) = A(z)) = Vz A(z).

<1 CuavaJa JOKaXeM B3KBUBAJEHTHOCTBH TEPBBIX [IBYX
cBorcTB. Ecim xg > ®1 > x9 > ... — GeckoHedHad yObI-
BalOIIaA MOCAEJOBATEIBLHOCTD, TO, OYEBUHO, MHOXECTBO €€
3HAYEHNH He MMeeT MUHUMATLHOTO dleMeHTa (114 KaX10ro
sleMeHTa clefyomuil emé Menbine). TTosromy us (a) ciae-
ayet (6). Hanporus, ecaim B — HemycToe MHOXECTBO, HE
nMeolee MIHUMATBLHOTO HIeMEHTa, TO GeCKOHEUHYI0 YOhI-
BAIOIIIY O MOCIEOBATEIHEHOCTH MOXHO TIOCTPOUTE TakK. Boab-
MEM TPOU3BOJBLHBLIN 3JdeMeHT by € B. Ilo mpeamnonoxennto
OH He ABIACTCA MUHUMAJIBLHBIM, TaK YTO MOXHO HAUTH by €
€ B, pas koToporo by > by. TTo Tem ke mpuyYnHaAM MOXHO
HauTh by € B, maa xkoroporo by > by m T.x. Iloaygaerca
6eckoHedHas yOBIBAIONIAA TTOCAEJOBATEILHOCT.

Tenepsb BBIBejieM TPUHITUT WHAYKIUN U3 CYIECTBOBAHUA
MHUHUMAJIBLHOTO BJeMeHTa B JI060M MojMHOXKecTBe. [lycTh
A(z) — TpoM3BOJIBHOE CBOWCTBO IEMEHTOB MHOXKeCTBa X,
BepHOe He A BCEX HJIEMEHTOB . PaccMoTpuM HemycToe
MHOXECTBO B Tex 5AeMeHTOB, A KOTOPHIX CBONCTBO A He-
BepHo. [lycTh  — MUHUMAJBLHBIN HJIEMEHT MHOXecTBa B.
ITo ycaoBHIO MEHBINMX HIEMEHTOB B MHOXKeCTBe B HeT, mo-
ATOMY A Beex y < z cromcTBo A(y) Bhimoaxeno. Ho To-
r/1a [0 MPeIMONOKEHUIO TOJKHO OBITh BRIOAHEHO U A () —
TPOTUBOpEHUHE.
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OcTanoch 10Ka3aTh CYNMIECTBOBAHNE MUHUMAJIBLHOT O BJIe-
MeHTa B JI060M HEMYCTOM TIOJAMHOXECTBE, UCXO M3 MPUH-
nuna nHAYKnun. [lycts B — moAMHOXKeCTBO 663 MUHIMAIb-
HBIX DaeMeHTOB. /lokaxem mo mHAyKIUHU, 9T0 B mycTo; apy-
TUMHU cJoBaMH, B KadecTBe A(z) Bo3bMéM cBolicTBO © ¢ B.
B camowm gene, ecain A(y) BepHO 174 Beex y < &, TO HUKAKON
BJEMEHT, MeHBINN ¢, He JexuT B B. Ecau 651 x aexan B B,
TO OH OB OB TAM MUHUMAJBHBIM, a TaKUX HET. [>

MHuoxecTBa, obnagatornme cBoiicTBamu (a) — (B), HaszbIBa-
torca ynduposannviuu. Kakme ects mpuMepbl pyHANPOBAH-
ubix MHOXecTB? Ilpex e Bcero, Halll UCXOMHBIA MTPUMED —
MHOXECTBO HATYPAIbHBIX YUCE.

Jlpyroun npumep — mMuOX)ecTBO N X N map HaTypaJbHBIX
4ucen (MeHbIIE Ta mapa, ¥y KOTOPOH BTOPOH IEH MEHBIIIE;
B cllydae paBEHCTBa CpaBHHBaeM IepBhie). B camoM fede,
npoeepuMm ycioue (6). Ham 6y et yro6Ho chopmyanposaTh
€ro Tak: BCAKadA MOCACJOBATEIBHOCTD Uy > Ul = U > ...
3JEMEHTOB MHOXECTBa PAaHO WU TO3AHO CTAOWIN3UPYETCH
(Bce wieHBI, HAYWHAA C HEKOTOPOT'O, PABHHI); OUEBH THO, YTO
3TO 3KBUBAJEHTHAS (DOPMYIHPOBKA.

[ycTes nana mpomaBoabHAS MOCIEIOBATETLHOCTD AP

(zo,y0) = (x1,01) = (T2, 42) > ...

TTo onpejeneHno MopsKa (CHavYala CPABHUBAIOTCA BTOPHIE
GWIEHBI) Yo = Y1 = Y2 > ... W NOTOMY TOCJEJOBATEALHOCTE
HaTypalbHBIX YUCET Y; C KAKOTO-TO MecTa He MeHAeTcA. [lo-
cJle 3TOTO yXKe ; MOMKHBI YOBIBATH — W TOXKe CTabUInN3u-
pytorca. Yro m Tpe6GoBaioch.

To xe camoe paccykjIeHWe TPUTOAHO U B Godee oOIIen
CUTYyaIun.

Teopema 16. llycte A u B — jgBa QyHAUPOBAHHBIX Ha-
CTHYHO YTOPAJOYEHHBIX MHOXKecTBa. Torjga mx mpomusBeje-
une A X B, B KoTopom

<(11,b1> < <(12, b2> f=1 [(bl < bg) nIin (bl =byu a < Clg)],

ABAAETCA DYHANPOBAHHBIM.
< B mocaeoBarenbHocTH {dg, bg) > (ai,b1) > ... crabu-
AM3WPYIOTCA CHadatda BTOPHIE, a 3aTeM W TepBhle WIeHB. [>
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OTciofla BEITEKAET aHAJOTHIHOE YTBEpXKaAeHNe Aad N X
x N x N, gaa N* win Boo6ie 118 Tpou3BejeHNA KOHETHOTO
qncaa GyHAUPOBAHHBIX MHOXKECTB.

Emé mpome nokaszarh, 94To cymma A + B aByx gpyHanA-
poBaHHBIX MHOXKeCTB A m B (pyHAMpOBaHa: MOCAE[OBATENb-
HOCTB Zg < 21 < Z2 < ... JIu60 MeanKoM cofepXurca B B
(n MBI ceblTaeMes Ha GYHAMPOBAHHOCTDL B), NGO COMEPKUT
snaemenT w3 A. B mociegmem ciaydae Bce cleayromme daeMeH-
THI TaKXke MPUHAIeXKaT A, M MBI HCTIOJAB3yeM (DYHIUPOBaH-
HOCTEL A.

YacTo B MPOrpaMMUPOBAHWA (WIM B ONNMITHA THEIX 3a-
J1adax) HaM HYXKHO [0Ka3aTh, YTO HEKOTOPHIN TPOIECC He
MOXeT TMPOJ0IKATHCA GeCKOHETHO oaro. Hanmpumep, Hamu-
CaB IWKJ, Mbl TOJXKHBI YO IUTHCSA, ITO PAHO WU TO3THO U3
HET'O BBIAJEM. JTO MOXKHO CjefaTh TaK: BBECTH KaKOW-TO
HATYPAJbHBIN MapaMeTp U YOEAUThCH, ITO Ha KayXKJIOM IIa-
re MUKJIa 3TOT MapaMeTp yMeHblaeTcs. Torga, ecan cerndac
3TOT mapamMeTp paBeH N, TO MOXHO TapaHTHPOBATH, 9TO HE
mo3ke deM depe3 N 1IaroB MUK 3aKOHYUTCH.

OHako GBIBAIOT CUTYAINN, B KOTOPBIX YHCJIO IIarOB 3a-
paHee OLEHUTH HEJIb3s, HO TEM He MeHee TapaHTHPOBATH 3a-
BepIIeHNE UKJIa MOXHO, IIOCKOIBKY €CTh TapaMeTp, TPUHHU-
MAIOIINH 3HAYEHUSA B (DYHAMPOBAHHOM MHOXKECTBE U yOBIBa-
IOIHA Ha KaXJOM Iare MUKJIA.

BoT npumep oammnua 1HON 3a1atH, T A€ IO CYIIECTBY Ta-
KO€ pacCyXJeHue W UCTOJIb3yeTCH.

BusnecMen 3akII0YNI ¢ 9EPTOM CAENKY: KaX IbIH J€Hb OH
MAa€T 49EPTY OJHY MOHETY, W B O6MeH moJaydaeT JA060U Ha-
60p MOHET IO CBOEMY BBIOODY, HO BCE 3T MOHETHI MEHBIIIETO
JOCTOMHCTBA (BU/AOB MOHET KOHewYHOe 4ncio). MeHaATh (wian
MOAy9aTh) AEHLTM B APYTOM MecTe GU3HECMEH HE MOXKET.
Korpga moneT 6oabIlie He ocTaHeTCs, GM3HECMEH MTPOUT PHIBa-
eT. /lokaxuTe, 9TO PAHO WU MO3HO YEPT BHINTPAET, KAKOB
6Bl HU GBLT HAYAABLHBIN HAGOp MOHET y GM3HEeCMeHa.

Pemenne: mycts umeercsa k Bugos monet. VckoMbrin ma-
pamMeTp OnpeequM TakK: MOCYUTAEM, CKOTBKO MOHET Ka¥k 0~
IO BHIa €CTh y GU3HecMeHa (1N — YHCIO0 MOHET MUHUMAIb-
HOT'O JOCTOWHCTBA, Ny — YHUCIO CACTYIONIAX, W TaK Jajee
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10 nj). 3aMeTHM, YTO B PE3yAbTATE BCTPEYN ¢ YEPTOM Ha-
6op (n1,...,nE) yMeHblIaeTca (B CMBbICAe BBEJEHHOTO HAMMU
HopAjKa, KOTJa Mbl CpABHUBAEM CHadajla MOCACHUE UICHBI,
saTem mpeamocaennue u T.1.). Ilockombky wmmoxecTBo NF
byHIIPOBAHO, 3TOT MpONECC AOMXKEH 060pPBATHCA.

105. MmeeTcsi KOHeWHas TOCAEOBATENLHOCTh HYJEH W €[H-
HUII. 3a OJWH 1Al Pa3peliaeTca CAeNaTh TAKOe AeUCTBUE: HAUTH
B Hert rpynmy 01 n aamennTs Ha 100. . .00 (Ipu 5TOM MOXHO HAITH-
€aTh CKOJBKO yrogHO Hygen). [oka)nuTe, 9T0 TaKue MIATH Helb3s
BHITIOJMHATH GECKOHETHO MHOT'O Pas.

106. PaccMoTpuM MHOXKECTBO BCEX CJAOB PYCCKOTo ajda-
BuTa (TO4YHEe, BCEX KOHEYHBIX II0CIEL0BATENBHOCTEN PYCCKHX
6YKB, HE3aBUCHMO OT CMBICIA) C JEKCUKOI'DAPUIECKIM TIOPS JKOM
(cM. c. 52). BygeT mm 570 MHOXeCTBO DYHAUPOBAHO?

107. PaccMoTprM MHOXECTBO HEBO3PACTAOIINX TIOCJe 0B~
TEJBHOCTEN HATYPAMBHBIX YUCEJ, B KOTOPHIX BCE YIEHBI, HAYUHAS
C HEKOTOPOT'0, PABHHI HYJIO. BBeIEM B HEM TOPAJOK TaK: CHada-
Jla CDABHUBAEM TIE€PBBHIE WIeHBI, IPU PABEHCTBE MEPBHIX BTOPHIE
u 1. a. JJokaxure, 9T0 5TO (IMHENHO) YHOPSALOYEHHOE MHOXECT-
BO QyHIUPOBAHO.

108. PaccMoTpuM MHOXKECTBO BCEX MHOI'OYJIEHOB OT OJHOM T1€e-
pPeMeHHOU 7, KOdM@MUITHEHTH KOTOPHIX — HATYpAJbHBIE HHCIA.
Yropsigouum ero Tak: MHOrowieH P GoJblile MHOToIeHa (}, ecau
P(z) > Q(z) gns Bcex gocraTowHo Goabumx z. [lokaxure, 9T0
DTO OlpejeJeHne 3aJaéT JUHEUHBIU TOPAJOK U UTO IMOJYHAIOlIe-
€ecsl YIOpsiIO9eHHOE MHOXKeCTBO GYHAUPOBAHO.

2.4. BnonHe ynopsifo4eHHble MHOXECTBA

PynmpoBaHHEE JUHENHO YIOPAIOYEHHBIE MHOXKECTBA
HA3LIBAIOTCA 6NOAHE YNOPAJOUEHHIMU, & COOTBETCTBYIOIINE
MOpANKN — noanpimu. JIas TUHEHHBIX TOPAIKOB TOHATHA
HAWMEHBINETO W MUHUMATLHOTO BJEMEHTa COBMAJAIOT, TaK
9ITO BO BIIOJHE YIOPAJOIEHHOM MHOKECTBE BCAKOE HEMYCTOe
MOAMHOXKECTBO WMeeT HAWMEHBINH 3JeMeHT.

3aMeTuM, 9TO YaCTUYHO YHOPSI0UYEHHOE MHOXECTBO, B
KOTOPOM BCAKOE HETyCTOe TOJMHOXKECTBO HMEET HAMMEHE-
MU 5JA6MEHT, aBTOMATHYECKH ABAASTCA JTUHEHHO YMOPAIO-
YeHHBIM (B CAMOM jlefie, BCAKOE BYX2IeMEHTHOE MHOKECTRBO
UMeeT HanMeHBIIAH 3IeMEeHT, TO2TOMY JIOOkIE TBa DJIeMEHTa
CPaBHWMEI).
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IIpumepbl BnoaHe ymoOpAgOYeHHBIX MHOXKecTB: N, N +
+k (3;ech k o6o3HAYaET KOHEYHOE TMHENHO YIOPAJOYEHHOE
MHOXeCTBO U3 k aaemenTon), N+ N, N x N.

Hama teqb — MOHATH, KaK MOTYT OBITH YCTPOEHBI BIIOJ-
He YIOpsJOvYeHHBIE MHOXeCTBa. HadHéM ¢ HECKOIBKUX TPO-
CTHIX 3aMevaHui.

e Brioane ymnopsjodeHHOE MHOXKECTBO MMeEeT HaWMEHb-
it saemenT. (HemocpeacTBenHoe caencTBUe ompeje-
JIEHNA.)

o /lna KaXjgoro »leMeHTa & BIIOTHE YMOPAJTOYEHHOTO
MHOXECTBAa (KpOMe HaI/I6OJIbHIeI‘O) €CThb HeNoCPeCT-
BEHHO CJAEQYIOMIAHA 3a HUM BJIEMEHT Y (BTO 3HAYUT,
YTO Yy > ¥, HO He CYHIeCTBYET 2, N1 KOTOPOroy > z >
> z). B caMom fesie, ecim MHOXKECTBO BCEX JIEMEHTOB,
GOJIBIIINX &, HETTYCTO, TO B HEM €CTh MUHUMAJIbLHBIN HJe-
MEHT Y, KOTOPHIU u 6yJeT UCKOMBIM. TaKol 3JeMeHT
JormvdHo obozHavdaTh & + 1, creayommi 3a HOM —
r4+2nT. 1

e HekoTopbie 3eMeHTHI BIOJHE YIOPAJAOYEHHOTO MHO-
JKeCTBa MOTYT HE UMETh HEMOCPEJCTBEHHO TIPEIBITY-
mero. Hampumep, B mHOXecTBe N + N ecTh aBa dae-
MeHTa, He WMEIOIINX HEMOCPEJICTBEHHO MPEIBIAYIIETO
(HAMMEHBIINH BAEMEHT, a TaKkKe HANMEHbIINH SIeMeHT
BTOPOH KOTIMH HATYpalbHOrO psaja). Takue saeMeHTH
HAa3bIBAIOT Npede.abHbluU.

e Bceakuit ieMeHT yHnopAJ0YeHHOTO MHOXKECTBA MMeeT
BUJ z + N, TJie 2 — TPeJeMbHBIN, a N — HaTypaJbHOe
4ncao (o6o3HAUEHNE z + N TTOHUMAETCA B OTNMCAHHOM
BHIIIE cMBIcae). B caMoM flese, ecaint z He TIpeebHBIN,
BO3bMEM TIPEJLIAYINAHA, eCAU W OH HempeJelbHBIH —
TO €ro MPeAbIAYIINN W T. [., TOKa He JOWJAEM IO Tpe-
JIeABHOTO (6eCKOHEYHO TMPOIOIKATHCA 3TO He MOXKET,
TaK KaK MHOXKECTBO BIOJHe yrnopsgodeno). OueBugHo,
TaKoe MPeICTABICHIE OTHO3HAYHO (Y BJIeMEHTa MOXKeET
6BITh TOMBKO OMH HEMOCPECTBEHHO MPEeJbIAYIINii).
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o Jltio60oe orpaHWYeHHOE CBEPXY MHOMXKECTBO DJIEMEHTOB
BIIOJIHE YIOPAJOYECHHOIO MHOXeCTBa MMeeT TOYHYIO
BepxHioo Tpaib. (Kak o6b14HO, MOAMHOXKeCTBO X Ha-
CTUYHO YMOPSAOYEHHOTO0 MHOXecTBa A HazwpBaeTcs
02PAHUYEHHBIM CE8EpTY, €CIU OHO NMeeT 6epIHIo 2pa-
HUYY, T.e. DAEMeHT a € A, aas xoToporo z < a Tpu
Bcex £ € X . Ecnu cpem Bcex BepXHUX I'PAHUI JAHHOTO
TMOIMHOXKeCTBa eCTh HalMeHbIIad, TO OHa Ha3bIBaeTCA
mounot eeprHel 2p(1Hb70.)

B camowm gene, MHOXeCTBO BCeX BEPXHUX T'DAHUIL HEITY-
CTO M MIOTOMY MMeeT HaNMEeHbIINH 21eMeHT. (3aMeTnm
B CKOOKaX, ¥TO BOMPOC O TOYHOW HWKHEW TpaHu /s
BIIOJIHE YIOPAJOYEeHHOI'O MHOXeCTBa TPHUBHAJEH, TaK
KaK BCAKOE MHOXKECTBO MMeeT HAWMEHbIINH SIeMEHT. )

Mycts A — mpomzBoABbHOE BIOMHE YIOPAJAOYEHHOE MHO-
KecTBO. Ero nHanmenbinnii saeMenT o6o3unaqnm depes 0. Cie-
OYIOIINN 33 HUM 3JeMeHT o6o3Hadmm wepes |, ciaemyrommi
3a 1 — wepe3 2 u T. 1. Ecam MHOXeCTBO KOHEYHO, TPOIECC
3TOT 06GopBéTCcs. Eciam 6eckoHEYHO, MOCMOTPUM, HCYEpIa-
JU JU MBI BCe DIeMeHTHI MHOXKecTBa A. Eciam HeT, BozbMEM
MUHUMAJIbHBIN 3JeMeHT u3 ocTaBmmuxcsa. OGo3HAYNM ero w.
Caeyromuil 3a HUM BJIeMeHT (ecn OH ecTh) 06O3HAYNM w +
+ 1, 3aTeM w + 2 u T.a1. Ecim u Ha >TOM MHOXECTBO He
UCYEPTIAETCS, TO BO3BMEM HANMEHBIINU 3JIEMEHT W3 OCTaB-
[IUXCA, HA30BEM €70 w « 2, U TIOBTOPUM BCIO MPOIEAYPY. 3a-
TeM GyayT w -3, w -4 u T. 1. Ecaim m HAa 3TOM MHOXKeCTBO
He KOHYUTCS, MUHUMAJIbHBIN W3 OCTABIINXCS BJIEMEHTOB Ha-
30BéM w?. 3aTem monayT w? + 1, w24+ 2, ..., Wi 4w, ...,
Witw-2, .., w22, w3, WB, (MBI He TIOACHAEM
celigac MOApO6GHO 06O3HAYEHNHA).

YT0, coO6CTBEHHO TOBOPA, AOKA3BIBAET 3TO PACCyXKje-
uue? TlonbrTaeMcs BBIIEANTL HEKOTOPHIE YTBepXK AeHus. [Ipu
3TOM TIOJE3HO TAKOE ONPEeJeHNe: eClIu JUHEHHO YIOPS I0-
YeHHOE MHOXeCTBO A pasbnuTo Ha ABe (HemepeceKarolmecsH)
vactu B u C, npuiém 060U 3JeMeHT B MeHbIe J060T0
snemenTa ', To B Ha3BIBAIOT HAUAALHLIM OMPE3KOM MHO-
xectBa A. [lpyrumu cioBamu, TOAMHOXECTBO B JWHENHO
yIOpSAJOYEeHHOT 0 MHOXeCTBa A ABAAeTCA HAYAIBLHBIM OTPEe3-
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KOM, eciiit 0601 djeMeHT B Menbite aio6oro saemenTa A\ B.
Emé onna mepedopmyanpoBka: B C A ABisgeTcsa Ha9aIbHBIM
OTpe3KoM, ecn u3 a,b € A, b€ Bua < bcrenyer a € B.
3aMeTHM, 9TO HAYATbHBIH OTPE30K MOXKET OBITh MYCTHIM
WIN COBMATATEH CO BCEM MHOKECTBOM.

OTMeTHM cpasy *e HECKOABKO TPOCTHIX CBOUCTB HAYadb-
HBIX OTPE3KOB:

e HadanbHBIN OTPE30K BIOMHE YIIOPAIOUEHHOT O MHOXKe-
cTBa (Kak, BIpoUeM, i T060e TOAMHOXKECTBO) ABAACT-
CA BIOJIHE YIOPAJOYeHHBIM MHOXECTBOM.

o Hauvaabuoini OTPE30K HaYaJbHOT'O OTpe3Ka €CTh Ha-
qaJbHbIN OTPE30K MCXOMTHOI'O MHOXKECTBA.

o O6beaunenne JM06OTO CeMeNCTBA HAYATbHBIX OTPE3-
KOB (B OJTHOM M TOM e YMOPAJOYEHHOM MHOXKECTBE)
€CTh HAYAMbHBIN OTPE30K TOTO XK€ MHOXKECTBA.

e Ecim £ — NpOW3BOMLHEIN BJEeMEHT BIOJMHE YIIOPSAI0-
YeHHOT O MHOXKecTBa A, To MHOXecTBa [0, ) (Bce nae-
MeHTHl MHOXecTBa A, Menbinne ) u [0, z] (saeMeHTHI
MHOXeCTBa A, MEHbINE WM DaBHBIE T) ABAAIOTCA Ha-
JAMBHBIMA OTPE3KAMN.

e Beakuii HaYaJdLHBIN OTpe30K I BIIOJMHE YIOPAIOYEH-
HOT'O MHOXecTBa A, He COBIAJalOIINN CO BCEM MHO-
xecTBoM, nmeeT Bua [0, 2) aad HekoToporo r € A.
(B camom jgene, ecin I # A, BO3bMEM HaWMEHBIIHI
snemenT z B MHOKecTBe A\ I. Torjga Bce MeHbIIIHE BJle-
MeHTHI IpuHajIexaT I, cam ¢ He IpuHa1aexXuT I 1 Bce
64abIINe T DJIEMEHTH He TPUHAAAe)aT [, mHade moay-
YUI0CEH GBI IPOTUBOPEYNE C ONIPeeleHneM HadalbHOr O
oTpesKa.)

o Jlto6ble Ba HaYAJbHBIX OTPe3Ka BIOJHE YTOPAIOYEH-
HOT'O MHOXKECTBA CPABHUMBI TI0 BKJIIOYEHWIO, T. €. OJUH
ecTh MoAMHOXKecTBO Apyroro. (CreayeT u3 mpeabiy-

mero. )
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e HauanbHble OTPE3KHU BHOJHE YIOPAIOYEHHOTO MHOXKe-
cTBa A, ymopsjodeHHBIe MO BKJIIOYEHHIO, 06pasyioT
BIIOJHE YHOPAJOYEHHOE MHOXKECTBO. IJTO MHOKECTBO
COCTOWUT M3 HAMGOMBINETO dleMeHTa (Bcé A) u ocTans-
HOW 4YacTh, uzoMopdHoi MHOXKecTBY A. (B camom je-
Jle, HadaJdbHbIE OTPE3KN MHOXKecTBa A, He coBmajato-
mne ¢ A, umetor Bug [0, ), n coorBercriue [0, z) ¢ z
6y 16T M30MOppU3MOM. )

BoaspaTumcs K HallleMy paccy IeHHUIO ¢ Tocae0BaTelb-
HBIM BBIJIeJCHIEM Pa3JUIHLIX DJAEMEHTOB U3 BIOJHE YIOPA-
JOYEHHOT' 0 MHOXKeCTBa. Ero mepByio YacTh MOXKHO CIHTATD
JIOKa3aTelbCTBOM TaKOTO yTBEDKIeHUA: eClIU BIOJHE YIIO-
PAJOYEHHOE MHOXKECTBO HECKOHEYHO, TO OHO UMeeT Hadasb-
HBIH 0Tpe30K, m3oMopdHbIi w. (FoBOpA 0 MHOXKeCTBe HATY-
PANBHBIX YUCe] BMECTe ¢ MOPAJKOM, OOBIYHO yIOTPe6IA0T
o6ozHaueHNe w, a He N.)

Ho ma 5ToM Hallle paccyXjeHHe He okaHumBaeTca. Ero
cAeqyIoas 9acTh MOXKeT CUHTAThCA NOKAa3aTelbCTBOM Ta-
Koro ¢axTa: 60 A m30MOphHO HEKOTOPOMY HAYaIbHOMY
OTPE3Ky MHOXKECTBA w?, MHGO OHO WMEET HaYalbHBIN OTpe-
30K, mzoMopdubii w?. (3neck w? — BHMOAHE yNMoOpA OYEHHOE
MHOXECTBO Tap HATYpalbHBIX YHCeT: CDAaBHHBAIOTCA CHaYa-
Mla BTOpBIE KOMTIOHEHTHI TIap, a MpHU WX PaBEHCTBE — Mep-
BHIE. )

Boo6iie BepHO Takoe yTBepXKJAeHHe: AIA MIOGLIX JBYX
BIIOMHE YMOPAJOYEHHEIX MHOXECTB OHO M30MOpP(MHO Ha-
YaJdbHOMY OTPE3KY [APYTOro, W J0Ka3aTelbCTBO COCTOUT
6olee WIM MeHee B NOBTOPEHHU MPOBEJEHHOTO PaCCy X je-
uusa. Ho 4To6wl cenaTh 5TO aKKypaTHO, HyKHa HEKOTOpas
HOJT OTOBKA.

2.5. TpancduHuTHas pekypcus

TepMUHBI MHAYKINA» W (PEKYPCHA» TaCTO YHOTPebId-
I0TCA BlepeMexKy. HampmMep, ompejenenuwe gakTopuaia
nl = 1-2-3-...-n xak pysakuuu f(n), 414 KOTOpPOU
f(n) =n-fn—1)opun > 0wu f(0) = 1, HazwBaOT 1
(MHJYKTUBHEIMY, W (DEKYPCHBHBLIM». MBI 6y1eM cTapaThcs



70 Ynopadouennvie muodcecmea [ra. 2]

pasTpaHWYMBaTh HTH CJOBa TaK: eCAW pedb UAET O JoKa-
3aTeNLCTBE 9eT0-TO cHavada gaaa n = 0, 3aTem aaa n =
= 1,2,..., IpuvYéM Kaxjoe yTBepXkjJeHWe OMWpaeTcA Ha
npeabIyee, To 5To undykyua. Ecam ke MBI ompejgeaseM
“T0-TO cHavdaga aias n = 0, morom aas n = 1,2,..., mpudem
onpejle/leHne KaX0TO HOBOTO 3HAYEHWA WCIONB3YyeT paHee
ONpeIEIEHHBIE, TO BDTO PEKYPCUA.

Hama ness — HayInThcA MPOBOANTEL WHAYKTHBHBIE [0
KazaTeJqbCTBa W 1aBaTh PEKYyPCUBHBIE ONpe/eJeHus He TOMb-
KO [l HATYPAJIbHBIX YUCeN, HO W JJIA APYTUX BIIOJHE YIIO-
PANOYEHHBIX MHOXKECTB.

[JlokazaTeabcTBa MO MHAYKIMA MBI y2Ke 06Cy X aau, To-
BOpA O (QYHAMPOBAHHBIX MHOXecTBax (cM. pasfen 2.3), u
cell9ac OTpPaHWmIUMCA TOJIBKO OJHUM NPUMEPOM.

Teopema 17. TlycTh A — BmoJHe ymopAgOYeHHOE MHO-
xecTBo, a f: A = A — Bospacraioiee oTobpaxenne (To
ecth f(z) < f(y) mpm z < y). Toraa f(z) > z anda Beex z €
€A

< CornacHo mpuHUnNy WHAYKuuu (Teopema 15, c¢. 62)
JOCTATOYHO J0Ka3aTh HepaBeHCTBO f(z) > x, mpeamonaras,
aro f(y) > y npu Beex y < z. IycTs 570 He Tak u f(z) <
< z. Toraa no monoronnoctu f(f(z)) < f(z). Ho, ¢ apyron
CTODOHHI, BAeMeHT Yy = f(z) MeHbIe Z, U TTOTOMY IO TIpe/I-
noaoxenuto uuaykunn f(y) >y, To ects f(f(z)) = f(z).

Ecim yroano, MoXXHO B ABHOM BH I BOCTIONB30BATHLCA Cy-
IIeCTBOBaHNEM HAMMEHBIIIETO BJeMEHTA W M3JIOKATEL DTO XKe
paccykaenne Tak. [lycTh yTBepXkIeHUe TeopeMbl HEBEPHO.
BosbMéM HamMeHbIee z, faa koTtoporo f(z) < z. Ho Toraa
F(f(z)) < f(z) Mo MOHOTOHHOCTH W TIOTOMY Z He ABJACTCA
HaWMEHBIIIMM BOMPEKH MPEANON0XKEHNIO.

Hakomnern, 5To paccyX/eHne MOXHO MEpecKa3aTh W TakK:
ecan ¢ > f(z),To MO MOHOTOHHOCTH

> f@) > f(F@) > FFF@)) > -

HO GECKOHETHEBIX YOBIBAIOMINX MOCAEOBATENLHOCTEN B (hyH-
JAUPOBAHHOM MHOXECTBe GLIThH HE MOXET. [>

Tenepn nepeli1éM K pekypcun. B onpenenennn dakTopn-
ana f(n) Beipaxamnock 4depes f(n — 1). B obmen curyaunn
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sHadeHne f(n) MOXKeT MCIOMB30BATH HE TOJBKO OJHO Tpe-
ABIAyIlee 3HadYeHNe (DYHKIUN, HO W BCe 3HAYCHUA HA MEHb-
mmx apryMmenTax. Hanpumep, MOXHO onpeeauTh QpyHKIUIO
f: N — N, ckaszas, 9410 f(n) Ha eJUHUILY GOMBIIE CYMMBI BCEX
MpebIAYIINX 3HadeHuit, To ecth f(n) = f(0) + f(1) + ...+
+ f(n—1)+1; 570 BIOIHe 3aKOHHOE PEKYPCUBHOE OTIpeE/Iee-
HUe (HAaI0 TOABKO MOACHUTH, YTO MyCTad CyMMa CINTAeTCA
pasHo# Hyato, Tak uTo f(0) = 1).
109. Kakyio dyHKImo f 3agaéT Takoe ompejejerue?

Kak 0606mmTh 3Ty cXeMy Ha TPOM3BOJBbHBIE BIIOTHE
yTopsfovYeHHbIe MHOXKeCTBa BMECTO HATypadbHOTO paAjga’
IMycts A Bmnomne ynopsagodeHo. Mbl XOTUM J1aTh PEKYpPCHB-
HOe oTpefiesieHne HekoTopon pyukunn f: A — B (rae B —
HEKOTOpOe MHOXKecTBO). Takoe ompejelieHHe JOMKHO CBSA-
3BIBATH 3HadYeHWe f(Z) Ha HEKOTOPOM dleMeHTe T € A co
snadeHnamu f(y) npu Beex y < z. J[pyruMu clioBaMu, peKyp-
CHMBHOe onpejeienne 3anaéT f(z), npegnosaras N3BECTHBIM
orpaHndenne GpyHKuun f Ha HadaabHBIE 0Tpe3ok [0, ). Bor
To4HaA (POPMYIUPOBKA:

Teopema 18. Tlycth A — BMOJIHE yTOPATOYEHHOE MHO-
xecTBo. [IycTh B — mpomzBoabHOe MHOXKecTBO. [IycTh nme-
eTcAa HEKOTOPOe PEKYPCUBHOE MPABHUIO, TO €CTh 0ToGpaxKe-
Hue F'| KOTOpOe CTaBUT B COOTBETCTBHUE DAEMEHTY & € A u
¢yuxnun g: [0, z) — B HEKOTOPHIN 2IeMEHT MHOXKeCTBa B.
Torpga cymecTByeT u equHcTBeHHa dyHKuud f: A — B, naa
KOTOPOH

f(iE) = F(:E, fl[O,z))

npn Beex ¥ € A. (3aech fljos) o6o3mavaeT orpanmdeHue
dbyskunm f Ha HavaabHBIA 0Tpe3ok [0, ) — MBI OTGPACH-
BaeM BCe 3Ha4YeHUsA (PYHKIUW Ha DJAeMEeHTax, GOMBIINX WIN
paBHBIX Z.)

<1 HedpopMaabHO MOXKHO paccy X aTh TaK: 3HadeHne [ Ha
MUHUMAaJILHOM DJAEMEHTe OMpeeleHo OJHO3HAYHO, TaK Kak
TpeBIYINX 3Hadenui HeT (cyxenue f|i o) mycro). Toraa
W Ha cJeyolIeM bJeMeHTe 3Hadenne yHKIUW [ oTpejee-
HO O/IHO3HAYHO, TIOCKOJBKY Ha NPEALIAYINX (TOYHee, eInH-
CTBEHHOM TIpeAbIAyIieM) GyHKkumA f yXKe 3ajgana, W T. .
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Koneuno, 3To Hamo akKypaTHO BHIPa3uTh (HOPMAIbLHO.
BoTt xak 1o fenaerca. /lokaxeM mo MHAYKIINH TaKOe YTBEP-
XK JIeHnEe O TPOM3BOJBHOM 3jeMenTe a € A:

CYIeCTBYET M eJHHCTBEHHO oTobpaxenne f orpeska [0, a]
B MHOXECTBO B, [ KOTOpPOro peKypCHBHOE OIpejese-
ape (paBeHCTBO, NPHBEAEHHOE B YCIOBHH) BHIMOJHEHO IIPH
Beex z € [0, a].

Bygem naswiBaTh oTobpaxenue f: [0,a] — B, obaanarormiee
YKa3aHHBIM CBOUCTBOM, KoppekmubiM. Taxkum o6pazoM, Mbl
XOTHM JI0KA3aTh, 9TO JUIA KaXJoro a € A ecTh eMHCTBEH-
HOe KOppeKTHoe oTobpaxkenue orpeska [0,a] B B.

IMockoabKy MBI paccyXaeM Mo WHAYKIUH, MOXKHO TIPe/-
moJaraTh, 9TO A BCeX ¢ < @ HTO YTBEPK IeHIE BHIMOJHEHO,
TO eCTh CYNIECTBYET U eJUHCTBEHHO KOPPEKTHOE 0ToGpaKe-
uue f.: [0,¢] = B. (KoppekTHOoCTh f. O3Ha4YaeT, 9TO MpH
Bcex d < ¢ 3Hadenne f.(d) coBmamaeT ¢ MpeANHCAHHBIM IO
PEKYPCHBHOMY TIpaBUIy.)

Paccmorpum oTobpaxenns fe, u fe, MaA ABYX paz-
JUYHBIX €1 U co. IlycTh, Hampumep, ¢; < cg. OTobpaxke-
uue f., onpejeiaeHo Ha Goabiem oTpeske [0, cs]. Ecan orpa-
HUYUTH fe, Ha MeHBIMN oTpe3ok [0, ¢1], To OHO coBmagéT
¢ fe,, MOCKOABKY OTpAHUHYEHHE KOPPEKTHOTO OTOGPaKEHMA
Ha MEHBIINH OTPE30K KOPPEKTHO (TO OYEBMIHO), a MBI
npenoiarain eIMHCTBEeHHOCTh Ha oTpeske [0, ¢1].

Taxum o6pazom, Bce 0To6pakeHus f. CONJIacCOBAHBI IPYT
¢ APYTOM, TO eCTh MPUHUMAIOT OJUHAKOBOE 3HAYUCHUE, €CJIH
onpe/ieseHbl oaHOBpeMeHHO. O6BeIUHUB UX, MBI MOJyYaeM
HEKOTOpOe eflnHOe oTo6pakeHue h, onpefenéutoe Ha [0, a).
IMpumenus k¥ @ u h peKypcUBHOE TPABUIO, MOJYUNM HEKO-
Topoe 3naduenue b € B. [loonpeneaum h B Touke a, TOJIO-
xuB h(a) = b. Tloayunrca orobpaxenue h: [0, a] — B; nerko
TMOHATh, YTO OHO KOPPEKTHO.

Y70o6BI 3aBepIIUThL WHAYKTUBHBIN MEPEXO], HAJO TPOBe-
puTh, 9To Ha oTpe3ke [0, a] KOppeKTHOEe 0TOGpaKEHUE € TUH-
cTBenHo. B camom fene, ero orpanndenus Ha orpesknu [0, c]
mpu ¢ < @ JOJXKHBI COBNAAATE C f., TOSTOMY OCTAIOCH TIPO-
BEPUTH OHOZHAYHOCTH B TOYKE @ — YTO TapaHTUPYETCHA pe-
KYPCUBHBEIM OTpejieleHneM (BBIpaXaronM 3HaYeHNe B TOY-
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Ke a depe3 Hpe,qbl,qyume). Ha »ToM mHAYKTWBHOe pOKa3a-
TeJIbCTBO 3aKaHINBAETCA.

OcTajoch JUIIb 3aMETHTh, YTO IS PAa3HBIX @ KOPPEKT-
HBIe 0TOOPAXKEHNA OTPE3KOB [07 a] COTJIACOBAaHHBI APYT C APY-
oM (cy)KeHI/Ie KOPPEKTHOT'O OTOOpaXKeHs Ha MEHBIINH OT-
PE30K KOPPEKTHO, MPUMEHAEM e,L[I/IHCTBeHHOCTb) U MOTOMY
BMecTe 3agaioT HeKoTopyio ¢yukmuio f: A — B, ymosie-
TBOPAMIIYIO PEKYPCUBHOMY ONpENeIeHUIO.

CymiecTBOoBaHMEe MOKa3aHO, €JIMHCTBEHHOCTH TOXE TO-
HATHA, TaK KaK OTpaHUYeHUe >TON (PyHKINHN Ha 000U OT-
pe3ok [07 a] KOPPEKTHO W MOTOMY OTHO3HAYHO ONpeIeseHoO,
KaK MBI BUAeJaU. >

IIpex e @weM MPUMEHHUTH DTy TEOPEMY M AOKA3aTh, UTO
U3 ABYX BIIOJHE YIOPAJOYEHHBIX MHOXECTB OIHO ABJIAETCA
OTPE3KOM [PYTOro, HAM TOTPebyeTcs €€ HEMHOTO YCOBEP-
meHcTBOBaThH. HaM Ha 10 MpeycMOTPeTh CUTYAIHIo, KOT 1a
PEKypPCUBHOE TPABUJIO He BCIOAY onpefeneno. [lycTh, Hampu-
Mep, MBI OTIPeIeNIAeM TIOCIEOBATEIBHOCTE JEUCTBATETBHBIX
9yces COOTHOIIeHWeM &, = tgx,_1 W HavaIbHBIM YCJIOBH-
eM o = a. [Ipm HEKOTOPHIX 3HAYEHUAX @ MOXKET OKa3aThb-
cA, 9TO TOCTPOEHUE TOCACTOBATEABHOCTH O6pBIBaETCA, TO-
CKOJIBKY TaHT€HC He ONPEeNeNEH A COOTBETCTBYIOIIETO ap-
ryMeHTa.

110. ,Z[OKa)KI/ITe, 9TO MHOXKECTBO BCe€X TaKWX (MCKJIAYUTEIb-
HBEIX» a (KOF,Z[a mocjae1oBaTeIbHOCTh KOHe‘IHa) CYETHO.

Amnajornanas cuTyanua BO3MOXKHa W A OOIIEero caydas.

Teopema 19. Tlycts oTOoGpaxkenme F', 0 KOTOpOM Iuia
pedb B TeopeMe 18, ABAAETCA YACTHIHBIM (/1A HEKOTOPHIX &
u dyukuuit ¢: [0, 2) = B oHO MOXeT GBITH He OMPEJEIeHO).
Toraa cymecTByeT gyHKImAA f, KOTOpas

e o ompefeneHa Ha BCEM A W coTviacoBaHa C PEKYP-
CHBHBIM OTIpE/leJCHUEM;

e Jm60 oTpefeNeHa Ha HEKOTOPOM HAYATbLHOM OTpE3-
ke [0,a) n Ha HEM coriacoBaHa ¢ PEKYPCHUBHBIM OTIpe-
JeenneM, TPUIEM I TOYKN @ U PYHKIUA f pPeKyp-
CMBHOE TPAaBWJIO HempuMeHMMO (oTobpaxenme F e
oTpeiesieHo ).
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<1 DTO yTBEPXK eHNe ABIAAETCSI 0COOIIEHNEM, HO O THOBPE-
MEHHO U CJIeICTBHEM MPEeIBIAYINeld TeopeMbl 18. B camom e-
1e, To6aBUM K MHOXeCTBY B crenmanbubii snemenT L («He-
OMPEIEIEHHOCTRY ) 1 MOANMPUINPYEM PEKYPCUBHOE TPABUIO:
HOBOE MpaBWJIO NaéT 3HavYeHWe |, Korjga crapoe OBLIO He
ompeenero. (Ecaum cpenn 3HaveHnit GyHKIUN Ha TPeIBITY-
IUX apryMeHTax yXKe BCTpedatoch L, HOBoe peKypCcHBHOE
npaBmIo ToXe gaéT 1.)

[Mpumenus Teopemy 18 kK MoaupUIUPOBAHHOMY IPABUIY,
noyauM HekoTopyto dpyaknuo f'. Ecim sTa dpynkuna aurjge
He IPUHUMAET 3HaveHusa L, To peadmayeTcs epBasf U3 IBYX
BOBMOXKHOCTEN, yKazaHHBIX B Teopeme (mpu f = f'). Ecan
xe (pyHknua f' npmHEMaeT 3HaveHne | B KaKoU-TO TOYKe,
TO OHA UMEET TO XKe 3HadeHne L U BO BceX 6OMBINNX TOIKAX.
3aMeHUB 3HaveHWe | Ha HEONPENENEHHOCTH, MBI TOJIYYaeM
n3 dynkumn ' pynkmmo f. O6aacTh omnpegenenus GyHK-
unn f ecTh HEKOTOPHIN HavYadbHbBIN 0Tpe3ok [0,a) n peann-
3yeTcsa BTOpasg BO3MOXKHOCTDL, yKaszaHHas B (GOPMYyJUPOBKE
TEeOpPEMEL. [>

111. ChpopmyampyiTe W AOKAXWUTE yTBEPXKAeHHEe 06 OTHO-
3HAYHOCTH (PYHKINW, 3aJaHHOM 9acTHYHBIM PEKYDPCHBHBIM IIpa-
BUJIOM.

Teneps y HAC BCE TOTOBO I JOKA3aTEAbCTBA TEOPEMBI
O CpaBHEHWH BIIOJHE YIOPSAIOYEHHBIX MHOXKECTB.

Teopema 20. [Tycte A m B — nBa BHoJHe yoops J09eHHBIX
mHOXkecTBa. Torga au6o A nzoMopdHO HEKOTOPOMY HAYATb-
HOMY OTPe3KY MHOXecTBa B, mm6o B nzoMop(pHO HEKOTOPO-
My HaYaJbHOMY OTPE3KY MHOXKecTBa A.

<1 OTMeTHM TpeX e BCEro, YTO HA9aIbHBIN OTPE3OK MO-
JKeT COBIAIaTh CO BCEM MHOXKECTBOM, TaK UTO CAyYall M30-
Mop(pHBIX MHOXKECTB A 1 B Takke MOKPHIBAETCA 3TOU TEO-
peMoi.

Omnpegenum otobpaxkenne f u3 A B B Takum pexypcus-
HBIM TPaBUJIOM: JJs d060oro ¢ € A

f(a) ecTp HamMEHBINHI 5]eMEHT MHOXeCTBa B, KOTODBIH
He BcTpedaerca cpeqn f(a') npm a’ < a.

DTO TMPABUIO HE ONpPEe]eHO B TOM Clydae, KOTja 3Ha-
yenna f(a') npu @’ < a nokpwiBaioT Beé B. TIpumenss Teo-
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pemy 19, MbI moayvaeM yHKIHO f, COMJIACOBAHHYIO C 3THM
npaBuaoM. Temeph paccMOTPUM ABa CIydasd:

o Dyuxuusa f onpegeneHa Ha BceM A. 3ameTnm, 9TO pe-
KYPCHUBHOE Olpe/ieieHNe TapaHTUPYEeT MOHOTOHHOCT,
nockoabKy f(a) onpejendercs Kak MUHUMATBHBIN €11
HE WCTOJL30BAHHBIA DHJIEMEHT; 4YeM OGOJbllle a, TeM
MEHBIIE OCTAETCA HEHUCTIONb30BAHHBIX DIEMEHTOB U
TMOTOMY MUHUMAJBHBIA JIEMEHT MOXKET TOJHKO BO3-
pacTu (W3 ONMpeleNeHuA CJAEAYeT TakkKe, 9TO ONWHA-
KOBBIX 3HaYeHHH GBITH He MoxeT). Ocraéres awib
TMPOBEPUTH, YTO MHOKECTBO 3HadYeHUN pyHKIUNU f, TO
ecth f(A), 6yseT HaYaTbHBIM OTpe3koM. B camom je-
ne, mycTh b < f(a) ans HekoTOporo a € A; Hamo TPOBe-
pUTH, 9TO b TakkKe ABAACTCA 3HAUYCHUEM (QYHKIWU f.
JleficTBUTENBHO, COTIACHO PEKYPCUBHOMY OTIpe/ee-
o f(a) ABAAETCA HAMMEHBIIUM HEWCIONb30BAHHBIM
3HAYEHUEM, CIEJOBATENBHO, b yKe WCIOAb30BAHO, TO
ecTh BeTpedaercs cpean f(a') mpu o’ < a.

o dyukuua f onpejeneHa JUMIbL HA HEKOTOPOM Hadalb-
HoM oTpeske [0,a). B aToM ciydae 3TOT HavalbHBIN
oTpe3ok uzoMopden B, u GyHKINA [ ABAACTCA UCKO-
MBIM H3oMopduaMom. B camom fnene, pas f(a) He omnpe-
JleJIeHO, TO cpejin 3HadYeHuN (PyHKIUU f BCTpedatoTCsa
Bce baeMeHTHl MHOXecTBa B. C apyrou ctopowsr, f co-
XpaHfAeT MOPAJIOK B CHAY PEKYPCUBHOTO OMpPEJeIcHU.

Taxum o6pazoMm, B 060UX ciydadx yTBEPXKIEHHE TEOPEMBI
BEpPHO. >

MoxeT Ju 6BITh TaK, 9T0 A n30MOPGHO HATATLHOMY OT-
pesky B, a B mzomopdHo HavaabHoMy oTpesky A7 Her —
3a MCKJAIOYEHNEM TPUBHATLHOTO Caydas, KOTa HadalbHbIe
OTPE3KN MPEACTABAAIOT cO60N caMn MHOXecTBa A n B. 970
BBITEKAET W3 TaKOT'O YTBEDXK IEHNA:

Teopema 21. Hukakoe BIoJHe yOPATOMEHHOE MHOXKECT-
BO He M30MOP(HO CBOEMY HAYalbHOMY OTDE3Ky (He coBMa-
JAOIIEMY CO BCEM MHOXKECTBOM).

< IlycTb BHoMHE yHmOp#A0vYeHHOEe MHOXecTBO A m3o0-
MOPGHO CBOEMY HAYATLHOMY OTPE3KY, He COBMA TAIOIIEMY CO
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BceM MHOXecTBOM. Kak MBI Bujenn Ha c. 68, 5TOT oTpe3ok
nmeeT Buja [0,a) aaa HekoToporo siaemenTa a € A. IlycTh
f: A—10,a) — nzomopduam. Torga f cTporo BozpacTaer,
u mo TeopeMe 17 mMmeeT MecTo HepaBeHcTBO f(a) > a, 9TO
MPOTUBOPEYNT TOMY, 9YTO MHOXKECTBO 3HAYCHUN (PyHKIUU f
ects [0,a). >

Ecan muOXecTBO A mM30MOp(pHO HAYATHLHOMY OTPEZKY
MHOXecCTBa B, a MHOXKeCTBO B m30Mop(dHO Ha9aIbHOMY OT-
pe3Ky MHOXecTBa A, TO KOMIO3UINA DTUX U30MOPPUIMOB
MaéT M30MOP(PU3M MEXK Iy MHOKECTBOM A M ero HadalbHBIM
OTpe3KoM (HavYadbHBIH OTPE30K HAYATBHOTO OTPE3Ka eCTh
HaYaJbHBIH OTPE30K). DTOT HavalbHBIN OTPE30K 06A3aH CO-
BIAJaTh CO BCEM MHOXeCTBOM A, Tak YTO 3TO BO3MOKHO
autib ecin A u B nuzoMopdHHL.

CkazaHHOE TTO3BOJSAET CPABHUBATH BIIOJHE YTIOPS I0YMEH-
Hble MHOXecTBa. Ecim A maoMopdHO HAYATEHOMY OTPE3KY
MHOXeCTBa B, He COBNaalOMIEMy CO BceM B, TO TOBOPSAT,
9TO NopAdKoGwI mun MHodcecmea A menbuie nopadkoso2o
muna muoxcecmea B. Ecan muoxectBa A m B maomopd-
HBI, TO TOBOPAT, YTO y HUX 00UHAKOGbLE NOPAIKOGHIE MUNDL.
Haxkomnen, ecin B mzoMopdHO Ha9albHOMY OTPE3KY MHOXKe-
crBa A, TO TOBOPAT, 9TO NopAdko6vlti mun MmHoxcecmsea A
6oavute nopadkosoz2o muna muoxcecmsa B. Kax Mbl Toabko
9TO JOKA3aJu, BEPHO TAKOE yTBEPK JEHUE:

Teopema 22. /lna aio6BIX BIOJHE YIOPATOYEHHBIX MHO-
KecTB A m B mMeeT MeCTO POBHO OJIMH M3 YKA3aAHHBIX TPEX
cyvaen.

Ecan BpeMeHHO 3a6BITH 0 TpoGIeMax OCHOBAHUH TEOPUN
MHOXECTB U ONPEAETUTh TOPAIKOBBIM TUI YIOPATOIECHHO-
70 MHOXECTBA KaK KJIaCC N30MOP(MHBIX eMy YIOPH J0OIeHHBIX
MHOXECTB, TO MOXHO CKa3aTh, YTO MBI ONPENENUIN TNHEN-
HBIU TOPAJOK HA TOPATKOBBIX THMAX BIIOJHE YIOPSIOYeH-
HBIX MHOXeCTB (Ha 0pduHaiazr, KaK TOBOPAT). DTOT TOPA-
MoK 6yaeT moaHbIM. MBI lepehOpMyIUpPyeM 5TO YTBEPK Te-
HUe TakK, YTOOBl u36eraTh YIOMUHAHUA KIACCOB.

Teopema 23. Beskoe HemycToe ceMeRCTBO BITOJAHE YHOPS-
MOYEHHBIX MHOXECTB UMEET «HANMEHBIITNN DIEMEHT)Y — MHO-
JK€eCTBO, M30MOP(HOE HAYATLHBIM OTPE3KaM BCEX OCTATBHBIX
MHOXECTB.
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<1 BosbméM kakoe-To MHOXKecTBO X cemencTBa. Eciu ono
HamMeHbIllee, TO Bcé foKazaHo. Ecam HeT, pacCMOTPUM Bce
MHOXECTBa CEMENCTBa, KOTOPhIe MEHbIIEe ero, TO eCTh M30-
MOpP(MHBI €ro HadalbHEIM oTpeskaM Buja [0, z). Cpean Bcex
TaKNX HJEMEHTOB ¥ BhIGepeM HamMeHBINI. Torga cooTBeT-
CTBYyIOIllee eMy MHOXKECTBO M OyAeT HAWMEHBIINM. [>

CaecTBreM JOKa3aHHBIX TEOPEM ABAACTCA TO, 9TO JI0-
Oble Ba BIOJHE YTOPAJAOYECHHBIX MHOXECTBA CPABHUMEI 11O
MOIIHOCTH (O/IHO PABHOMOIIHO TOAMHOXKECTBY JDYTOro).
Celivac MBI YBUIUM, 9TO BCAKOE MHOXKECTBO MOXKET OBITH
BIOJHE yTop#AfodeHo (Teopema [Tepmeno), u, crefoBaTeabHo,
J06BIe TBa MHOXKECTBA CPABHUMBI 110 MOITHOCTH.

2.6. Teopema Llepmeno

Teopema 24 (Llepmeno). Bceskoe MHOXKECTBO MOXKeT GHITh
BIIOJIHE YTIOPAJOUEHO.

< /lokazaTeabCTBO HTON TEOPEMEI CYIIECTBEHHO MCTIOMNh-
3yeT aKCHOMY BBIGOPA M BHI3BIBAJIO GOJBINNAE HAPEKAHUA CBO-
el HeKOHCTPYKTUBHOCTHIO. Ha CYETHBRIX MHOXecTBax TOJ-
HBIH MOPANOK yKasaTh Jerko (mepeneca ¢ N). Ho yxe Ha
MHOXECTBE JeUCTBUTEIbHBIX YUCE] HUKAKOTO KOHKPETHOT O
MOJHOTO TIOPAKA YKa3aTh He yIaéTcd, U JoKa3aB (C MOMo-
MBI aKCHOMBI BHIGOPA) €r0 CYNIECTBOBAHWE, MBI TaK W He
MOXKeM cebe 3TOT MOPAIOK MPEeICTABUTE.

O6bsacauM, B Kakoil (hOpMe HCIOJB3YETCA aKCHOMa BbI-
6opa. [lycth A — nanHOe HaM MHOXKeCTBO. MBI IpUHUMAEM,
YTO CYIIeCTBYeT (PYHKIUA ©, OMPeeNEHHAds Ha BCEX TI0 IMHO-
JKecTBax MHOXecTBa A, kpome camord A, koTopasa yKasbl-
BaeT OJMH U3 DJEMEHTOB BHE HTOTO TOIMHOXKECTBRA!

X CA=p(X)€A\X.

TTocae Toro, kak Takad (GyHKINA (HUKCHPOBAaHA, MOXKHO
NOCTPOUTH TIOJHBIN TOPAJOK Ha A, U B 3TOM TOCTPOEHUN
yXe HeT HUKaKol HeoHO3HAaIHOCTH. BOT Kak 5To fefdaeTcA.

HanMeHBIIIMM 3JeMeHTOM MHOXecTBa A MBI 06BABUM
sneMeHT ag = ¢(@). 3a Hnm uAéT saemenT a1 = ¢({ag});
[0 MOCTPOCHWIO OH OTIAMYaeTcA OT ag. [lalee clefyeT sie-
MeHT as = ¢({ag, a1}). Ecan mMHOX)ecTBO A GeckoHedHO, TO
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TaKOHW MPOUECC MOXKHO TPOAOIKATH U MOJYYUTH MOCAENO-
BaTeAbHOCTh {dg,dy, ...} saemenToB MuHOXkecTBa A. Ecam
Moce BTOTO OCTAIOTCA eIllé He MCMOAb30BAHHBIE DIEMEHTHI
MHOXeCTBa A, pacCMOTPHM 3JeMeHT @y, = ¢({ag,a1,a2...})
u Tak 6yjgeM MpoaoJIKaTh, MoKa BCE A He KOHYNTCA; KOT1a
OHO KOHYUTCA, TIOPAJOK BEIGOPA DIEMEHTOB U 6y 16T MOJHBIM
mopsiikoM Ha A.

Kowneuno, mocieauss ¢ppaza HyKIaeTCAd B YTOYHEHUN —
YTO 3HAYAT «Tak OyjgeM mpojoaxkaThs? BozHukaeT wxenaa-
HHe TPUMEHHTEH TEOPEMY O TPAHCHUHUTHOW pekypcuu (y
HAC OYeHb MOXOXKad CUTYAIUA: CACAYIONIUN DJIEMEHT OTpe-
JeasieTcs PEKYPCUBHO, €ClM M3BECTHBI Bee mpeabiayinme). W
9TO MOXHO C/IeAaTh, €CJU Y HAC €CTh JPYTOe BIOJHE yIOpS-
JOYEHHOE MHOXECTBO B, M MOAyYUTh B3AUMHO OIHO3HAYHOE
cooTBeTcTBHE AU60 Mexk Ay A u dacThbio B, nu6o mexay B
u dacthio A. B mepBoM ciydae BCé XOpoINO, HO A 3TOTO
HajI0 UMETH BIOJHE YIIOPAJ0YeHHOE MHOXKECTBO B 10 Kpai-
HEel Mepe TOW e MOIIHOCTH, 94To u A, Tak ¥To momydaerca
HEKWH TIOPOYHBIA KPYT.

Tem He MeHee M3 Hero MOXKHO BBIUTH. MBI cjiefaeM 5TO
TaK: PacCMOTPUM BCE TOTEHIMAIbHBIE KYCOYKHU OyAyIIETO
nopsAAKa U yoequMcs, 9TO UX MOXKHO CKJIEUTh.

Mycrs (S,<g) — HeKOTOpoe TMOJMHOKECTBO MHOXKe-
ctBa A W 3ajJaHHBIA Ha HEM MOPAJOK. BygeM ToBOpHUTH,
uro (S, <s) ABAAETCA KOppekmubiM pazmeHmon, ecim OHO
ABJAETCA BIOJHE YIIOPAJOUCHHBIM MHOXKECTBOM, TIPUYEM

s = ¢([0,5))

s moboro s € S. 3aeck [0, §) — HavaIbHBIN OTPE30K MHO-
xKecTBa S, COCTOAIINN U3 BCEX DIEMEHTOB, MEHBIIUX § C TOY-
KU 3DEHUs 3aJaHHOTO Ha S MopsAIKa.

Hanpumep, mMHoxkecTBO {p(@)} ABIAETCA KOPPEKTHBIM
dbparmeHTOM (MOPANOK 3/1eCh MOXKHO He YKa3BIBaTh, Tak
Kak saeMeHT Bcero oamu). MuoxkectBo {p(@), o({e(2)})}
(MepBBIM M3 BHIMHCAHHBIX SJI€MEHTOB CYHTAETCA MEHBIINM
BTOPOT0) TaKke ABIACTCA KOPPEKTHHIM (pparMeHTOM. DTo
HNOCTPOEHHE MOXKHO MPOJI0JAXKATH U Aajblle, HO HAM HAJO
KaKNM-TO 06pa3zoM «MEPeCKOYUTRY [epes GecKoHedHoe (M
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O4eHb GOJBINOE B CMBICAE MOIIHOCTH) HHCJAO IIATOB HTON
KOHCTPYKIIWN.

ITram Takol: MBI JOKaXKeM, 9TO JIoObe Ba KOPPEKTHHIX
dbparmenTa B ONpeIeIEHHOM CMBIC/JE COTJIACOBAHBI, MOCHE de-
IO PaccMOTPETh 0OBeIMHEHNE BCEX KOPPEKTHHIX (PparMeH-
ToB. OHO 6yjJeT KOPpPeKTHBIM W 6yJeT COBMajaTh CO BCEM
MHOXeCcTBOM A (B MPOTHBHOM clydae ero MOXHO GBIIO GBI
PaCIMPUTH W TTOAYIAThH KOPPEKTHEIN (pparMenT, He BOIIe/-
Ui B 06beINHEHNE).

fNlemma 1. Myers (S, <s) n (T, <7) — /ABa KOPPEKTHHIX
dparmenTa. Torga oaWH W3 HUX ABAAETCA HAIaJbLHBIM OT-
PE3KOM IPYTOTO, TPUHYEM MOPAIKN COTIACOBAHH (1Ba 06X
sleMeHTa BCE PaBHO KaK CDABHUBATH — B CMBIC/IE g WM B
cmbicae 7).

3ameTnwm, 9T0 1o Teopeme 20 onH U3 GpparMeHTOB H30-
MOopeH HadaaLHOMY OTpe3Ky Apyroro. [lycTs S maomMopden
HavdadabHOMY oTpesky T m h: S — T — ux mszomopduam.
Jlemma yTBepkaaeT, 9T0 m3oMOpduaM h ABIAETCA TOXje-
CTBEHHBIM, TO €CTh 4TO h(z) = x npu Beex z € S. [lokaxem
5TO MHAYKUHWeN Mo & € S (9TO 3aKOHHO, TaK Kak S BIIOJHE
YIOPSAJOYEHO MO ONpPEIEIeHNI0 KOPPEKTHOrO (hparMeHTa).
WHAyKTHBHOE TIPEMONOKEHNe TapaHTUpYeT, 9To h(y) = y
g Beex y < z. MBI xoTHM J0KazaTh, uTo h(z) = z. Pac-
cMoTpuM HadanbHble oTpesku [0,z)s n [0, h(z))r (c Tou-
KW 3peHuA MOPAAKOB <s W <p cooTBeTcTBeHHO). OHU CO-
OTBETCTBYIOT APyT APYTY TIpM m3omopduaMe h, To3TOMy
IO TIPE/TIONOKEHUIO NHIYKIMA COBMAaJaloT Kak MHOXKEeCTBa.
Ho mo onpenenennto xkoppekTHocTn = = ¢([0,2)) n h(z) =
= ([0, h(2))), Tax uro & = h(z). Jlemma 1 goxkazaHa.

PaccMoTpuM o6beMHERNE BCEX KOPPEKTHHIX (hparMeH-
ToB (kak MHOXecTB). Ha 5TOM 06heIMHEHNN €CTECTBEHHO
ONpeIe/IéH TUHENHBIA TTOPAJOK: JIA BCAKAX TBYX DJAEMEHTOB
HanAéTcA (pparMeHT, KOTOPOMY OHM 06a TpUHAIeXaT (Ka-
KB TPUHAIEKAT CBOEMY, BO3BMEM GOJBINMHA U3 (par-
MEHTOR), TaK YTO WX MOXHO cpaBHUTH. ITo semme 1 mops-
JOK He 3aBHCHT OT TOTO, Kakoll (pparMeHT 6y/eT BHIOpaH
A CPABHEHNA.

Nlemma 2. OTo obbenuHEHME OyeT KOPPEKTHLIM (par-
MEHTOM.
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YTobwl g0Ka3aTH JEMMY 2, 3aMeTHUM, UYTO HA HTOM 00b-
e/TMHEHUN OTPEIeIEH AnHENHBIN TopsifoK. OH 6y 1eT TOJHBIM.
Jlna pasznoo6pasznd o6BACHUM HTO B TepMUHAX YOBIBAIOIINX
mocaeoBaTeabHOCTeN. [IycTh g > 21 > .. .; BO3BMEM KOp-
PEKTHBIN (pparMeHT F'| KOTOpOMY IPUHAJIEKUT Zg. V3 Jem-
MBI | creyeT, 9TO Bce x; TakXKe MPUHAAIEKAT dTOMY dpar-
MeHTy (MOCKOABKY (bparmeHT F GyaeT HavaabHBIM OTpes-
KOM B Jf060M GoabieM pparmenTe), a F' BoJaHe ymopaoYen
IO OTIpefleJIeHUI0, TaK ITO TOCAEOBATENBLHOCTD CTAOUAN3N-
pyetca. Jlemma 2 nokxazaHa.

YTBepXK IeHUE JeMMBI 2 MOXHO TTepeOpMyaupoBaTh Ta-
KM 06pa3oM: CYMIECTBYeT HaMOOMBIINN KOPPEKTHBIN (par-
MeHT. OcTanock JoKa3aTh, 9T0 3TOT pparMeHT (0603HAMNM
ero S) BkaowaeT B ceba Bcé MHOKecTBo A. Ecim S # A,
BO3BMEM BaeMeHT a = ¢(S), He mpuHamIeKamuin S, n 10~
6aBUM ero K S, cauTas, 9TO OH GOJBIIE BCEX B3JIEMEHTOB S.
ToaydenHoe ynopsagodeHHoe MHOKecTBO S’ (cymma S n o1
HOBJAEMEHTHOT'O MHOXeCTBa) 6y/eT, O9eBUHO, BIOJHE YIIO-
pamgodero. KpoMe Toro, ycaoBue KOPPEKTHOCTU TaKiKe BbI-
TOMHEHO (I @ — TIO TIOCTPOEHMIO, 1A OCTATBHBIX HIeMeH-
TOB — TIOCKOJBKY OHO GbLIO BEIMOAHEHO B S). Takum o6pa-
30M, MBI TTOCTPOWIN GOJBITAA KOPPEKTHBIA (PPATMEHT, UTO
MPOTHUBOPEYNT MAKCUMAJIbHOCTH S. DTO paccyXkIeHHe 3a-
BepIIaeT J0Ka3aTeIhCcTBO TeopeMbl [lepmeno. >

Kax MBI yiKe ToBopuan, u3 TeopeMbl [lepmeno n Teope-
MBI 20 0 cpaBHEHWW BTIOJHE YMOPAJAOYEHHBIX MHOXECTB He-
MeIJIEHHO BHITEKAET TaKOoe YTBEPXK JeHUE:

Teopema 25. Uz a106b1X ABYX MHOXECTB OJHO PABHOMOIII-
HO TIOJIMHOXKECTBY JAPYTOTO.

IlonsTie BIIOJIHE YIOPAZOYEHHOI'0 MHOXKeCTBa BBEN KauTOop
B pa6oTe 1883 roga; B ero mroroson pabore 1895—1897 ronos
IIPpUBOAUTCA AOKa3aTeEJIbCTBO TOI'0, 9TO To0bBIe ABa BIIOJIHE YIIO-
PAJOYEHHBIX MHOX€ECTBA CPABHUMEL (OHO H30MOPQHO HadalbHO-
MY OTpPEe3Ky ApYroro).

YTBepXkgeHNA 0 BOZMOXHOCTH TOJHOT'O YHOPAAOYEHUSA JTIO60-
IO MHOXKECTBA M O CPABHEHHM MOIIHOCTeN (TeopeMbl 24 u 25)
HEOJHOKPATHO BCTpedaioTcsa B paborax KaHTopa, HO HHKAKoro
BHATHOT'O AoOKa3aTeJbCTBa OH HE TIPENJIOXKWI, U OHO OBLIO AaHO
auib B 1904 roay Hemenkum MaTemaTtukom J. [lepmeno.
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2.7. TpaHcuHuTHas uHaykuus u 6asuc [amens

Briosse ynopsajgovenubie MHOXecTBa 1 Teopema [lepme-
JIO TIO3BOJAIOT MPOJIOJIKATH WHAYKTHUBHBIE MOCTPOEHUA B
TpaHCHUHATHYIO 06JIACTh (€CIN BHIPAXKATHCA TOPKECTBEH-
HO). TTosAicHUM 5TO Ha MpUMepe W3 INHEHHON aareGphl.

Beskoe awHelHO He3aBHCMMOE MHOXECTBO BEKTOPOB B
KOHEYHOMEPHOM TIPOCTPAHCTBE MOXKET OBITH JAOMOJHEHO 0
6azuca. Kak »sTo mokazwmiBaeTca? IlycTs S — mamHOe Ham
JUHEWHO HE3aBUCUMOE MHOXKeCTBO. Ecam oHO He sABasgeTcs
6a3nMcoM, TO HEKOTOPHIM BEKTOP Zg Uepe3 HETO HE BBHIPa-
xKaeTcs. /lo6aBum ero x S, MOAyYUM JUHENHO HE3ABUCHMOE
muOKecTBO S U {2¢}. Ecaim u oHO He sABaseTca 6a3ucom, To
HEKOTOPBIN BEKTOD &1 Ye€pe3 HETO HE BBIpAXKAeTCH, W T. 1.
JInb6o Ha KaKOM-TO IIare Mbl TOXy4YuM 6a3uc, ambo mpolecc
He 060PBETCA W MBI MOJAYINM OECKOHEYHYIO MOCJAE[0BATENb-
HOCTH JUHEWHO HE3ABUCHMBIX BEKTOPOB, ITO TPOTHBOPEYIUT
KOHETHOMEPHOCTH.

Teneph ¢ TMOMOIIBIO TPAHCHUHUTHON WHAYKINHN (TOYHEE,
peKkypcun) Mbl U36aBUMCA OT TPeGOBAHUA KOHEYHOMEPHO-
cTH.

[ycTts gaHo TpPOM3BOABHOE BEKTOPHOE MPOCTPAHCTBO.
ToBOPAT, YTO MHOXKECTBO (BO3MOXKHO, GECKOHEYHOE) BeEK-
TOPOB AUHEUHO HE3A6UCUMO, €CIU HUKaKasd HeTPUBUAJIbHAA
JUHEWHAS KOMOWHAINA KOHEYHOT O YUCJAa BEKTOPOB M3 3TOTO
MHOX€eCTBa He PaBHa HyJ0. (3aMeTHM B cKOGKaX, 9TO TOBO-
pPUTH 0 GECKOHEYHBIX JUHENHBIX KOMOWHAIMAX B TPUHIUTIE
MOXHO JIUIIb €CJAU B TPOCTPAHCTBE OMpPeIeeHa CXOANMOCTh,
9Yero MBI cefivac He Tpefnonaraem.) JIMHEHHO He3aBHCHMOE
MHOX€eCTBO BEKTODOB HasbiBaeTcA 6azucom Iameas (wam
mpocTo 6a3ucom) TAHHOTO MPOCTPAHCTRA, €CIN JO601 BEK-
TOp TPEeJACTaBAM B BHj€ KOHEYHOU JUHENHOW KOMOWHAINN
3JIEMEHTOB TOT0 MHOXKECTBA.

Kak u B koOHeYHOU CUTyallny, MAaKCUMATHLHOE JUHENHO He-
3aBUCHMOE MHOXKECTBO (KOTOPOE CTAaHOBUTCH JWHEHHO 3aBH-
CVMBIM TIpU J06aBAEHUN JIO60TO HOBOTO HJAEMEHTa) ABAAET-
csl, O9E€BUTHO, 6A3MCOM.

Teopema 26. Bceskoe amHERHO He3aBUCUMOE MHOMKECTBO
BEKTOPOB MOXKET OBIThH pacuimpeno go Gasmca [amens.
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< Hycts S — JAWMHEAHO HE3ABUCHMOE MOJIMHOXECTBO
BEKTOPHOTO TpocTpaHcTBa V. PaccMoTpuM BTOJHE ymopsi-
MOYEeHHOE MHOXKECTBO [ JI0CTATOYHO GOJBIIOW MOITHOCTH
(Goablitiel, ¥eM MoIIHOCTH TpocTpaHcTBa V). Ompegeanm
dyukumio f uz I B V ¢ nomornipio TpaHC(HUHUTHOU PEKYP-
CHMU:

f(#) = saement npocrpancTBa V, He BBIPAXKAMOIHHCA JH-
HEHHO 4epe3 aJ1eMeHThl S u 3HadeHuA f(j) npu j < i.

3aMeTHM, 9TO 5TO PEKYPCUBHOE MPaBMIo ocTabideT f(i) He-
OTIp€e/IEIEHHBIM, €CTA TAKOTO HEBBIPA3ZMMOT O DJIeMEHTA He CY-
mwectyeT. (KpoMe TOro, MOXHO OTMETHTB, YTO MbI CHOBA
NCTIONb3yeM akcuoMy BbIGopa. Bosee moapobHO cireoBalo
6Bl cKa3aTh TaK: TI0 aKCHOMe BBIGOPa CYIECTBYET HEKOTOPAs
dbyHKIUA, KOTOpad MO KaXIOMY TMOIMHOXKECTBY MPOCTPaH-
ctBa V, 4epe3 KoTopoe He Bcé V BBHIpaxaeTcd, yKa3blBaeT
OJIVH M3 HEBBIPA3UMBIX DJIEMEHTOB. 3aTeM dTa (HYHKIHUA UC-
TMOJB3YeTCA B PEKYPCHBHOM ompejeteHnn. Bripodem, akcuo-
Ma BBIOOpa W TaK yXKe WCIOAb30BaHa A J0Ka3aTelbCTBA
Teopembl Hepmeno.)

OTO ompefleleHne TapaHTUPYeT, 9To f ABAACTCH WHB-
ekunen; 6ojlee TOTO MOXHO YTBEpPXKaTh, UTO BCe 3Hade-
HusA f BMecTe ¢ MHOXeCTBOM S 06pa3yioT JMHEHHO HE3aBU-
CUMOe MHOXKeCTBO. B camoMm fese, mycTh AuHeRHad KOMOH-
Hallid HEKOTOPHIX 3HaYeHNH QYHKINU f W DIAEMEHTOB MHO-
KecTBa S paBHa HYI0. MOXHO cYnTaTh, 9TO BCe KOdddu-
[WEHTH B 9TOH KOMOWHAUNKM OTINYHBEI OT Hyasd (0T6pocuB
HyJeBble caaraeMble). Bxojdime B KOMOWHALNIO 3HAYECHUA
dbyukunm f umeror Bug f(4) npu pazangHbex i. [TocMoTpum
Ha TOT W3 HWUX, KOTOPBIH UMeeT HanbOgblIIIee ¢; TIO TIOCTPOe-
HUIO OH JOMIKeH OBITh JUHENHO HE3ABUCUM OT OCTATbHBIX —
MPOTHBOPEYHE.

TMockoabKy MBI TPEAMOMOKUIN, ITO MHOXKeCTBO | MMe-
eT GOMBIIYI0 MOITHOCTD, YeM V, PeKYPCHBHOE ONpeIefeHme
3a1a€T QYHKINIO He Ha BCEM [, a TOTHKO Ha HEKOTOPOM Ha-
qaabHOM oTpeske [0,7), a B TOYKe i PEKYPCUBHOE TPaBHJIO
He ompejeaeHo (Teopema 19). DTo o3HaYaeT, 9TO BCe BEKTO-
pBI TpOCTpaHCcTBa V' BBIPAXKAIOTCA Yepe3 DIeMeHThl MHOXKe-
cTBa S u sHavenua pynakuuu f Ha npomexyTke [0,7). Kpome
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TOT'0, KaK MBI BU/IE/IH, BCE 3TH BEKTOPHI He3aBUCUMBI. Takmm
o6pa3oM, UCKOMBIN Gasznc HaljaeH. >

Ha camom jgesie MOXHO O0GOUTHCH Ge3 MHOXKECTBA GO
el MOIIHOCTH, YIOPAA0YNB camo mpocTpancTBo V. Ilpm
5TOM Ha KaXKOM IIare peKypcuu Ha o anbo 1o6aBIaTh ote-
PeTHON daeMeHT K GyjyiieMy Gazucy (ecim oH He BbIpaxa-
eTcd depe3 MpebIAYIINe), JU60 OCTABAATH 6a3nuc 6Ge3 u3Me-
HEHUN.

112. [TpoBeauTe 5TO paccykaeHue MOAPOGHO.

Basuc Tamens mMoxkeT GHITH UCIOAB3OBAH A TOCTPOE-
HHA Pa3sHBIX DK30THYECKUX TpuMepoB. BoT HekoTOphie u3
HUX:

Teopema 27. CymectByeT (Bclogy ompejeiéHHasn) QyHK-
A f: R — R, qaa koropon f(z +y) = f(z) + f(y) npn
BCEX T W Y, HO KOTOpad He eCTh YMHOXKEHNE Ha KOHCTAHTY.

< PacemoTpum R Kak BEKTOPHOE TPOCTPAHCTBO Ha I TIO-
aem Q. B #ém ectn 6asmc lamens. Ilycth a — oamn u3
BekTOpOB Gazuca. Pacemorpum dyukumio f, kKoTopas ¢ Ka-
KABIM 9nCIOM T (paccMaTpUBaeMBIM KaK BEKTOP B MPO-
crpancTie R Ha 1 modeM Q) comocTaBifgeT ero a-KOOpANHATY
(ko3 puuMeHT TP o B ¢IMHCTBEHHOM BRIDAKEHUW Z HYepes
BEKTOpH Gasmca). JTa pyHKuna auneina Hajg Q, mosTomy
flz+y) = f(z)+f(y) anaBeex z,y € R. OHa oTanyHa OT HY-
ag (f(e) = 1) uw npuHEMaeT JUIIb palHOHAIBHbBIE 3HAYEHHA,
TMOATOMY He MOXET OBITH YMHOKEHNEM Ha KOHCTAHTY. [>

113. Ilokaxwure, 9T0 BCesikasas GYHKIMA, o6aagaomas yKa3aH-
HBIMUW B TeOopeMe 27 CBOIU/ICTBB.MI/I7 HE€ OrpaHUY€Ha HU Ha KaKOM
OTpE3Ke u, boaee TOro, eé Fpa(l)I/IK BCIOAY IIJIOTEH B R2.

Teopema 28. A xauTusabie rpynnsl R u R GR mzomopdHbl
APYT IPYTY.

< Paccmorpum R kax BekTOpHOE mpocTpaHcTBO Hag
u BbiGepeM Gazuc B 5ToM npocTpatcTBe. O4ueBUIHO, OH Gec-
konedeH. baznc B R @& R MoxeT 6BITH cocTaBAeH W3 JIBYX
qacTel, Kax/Iad M3 KOTOPHIX MpejcTaBiseT cobonl Gasmc B
omHOM m3 sk3eMmiaspoB R. Kak Mbl yBuamm 49yTh mozxke
(M. pazgen 2.9), masa mo6oro 6eCKOHEUHOTO MHOXKecTBa B
Y/IBOEHHAA MOIIHOCTH B (MOIIHOCTH 0ObeJUHEHNA BYX He-
TepeceKarIInXca MHOXKECTB, PaBHOMOIIHBIX B) paBHa MOII-
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vHoctu B. Hakownern, ocTanochk 3aMeTHTh, 9YTO MPOCTPAHCTBA
Ha OJHUM W TEeM XKe TIOJeM C PaBHOMOIIHBIMEU Oazmcamu
n30MOP(QHBI KaK BEKTOPHBIE TPOCTPAHCTBA W TeM 6oJece KaK
TpyUne. >

114. /lokaxnTe, 9T0 0601 6a3WC B MpocTpaHCTBe R Ha[ Io-
aem (Q umeeT momsocTs KouTHHYyMa. (IIpu gokasarenscrse npu-
TOASATCA pe3yabTaTH pasfgena 2.9.)

Mui Bugean, 9To TpaHC(PUHUTHASA MHAYKIHAS TTO3BOJSAET
JOKa3aTh CylleCTBOBaHMe (Gasnca B JIO60OM BEKTOPHOM IMPO-
crpancTBe. [Ipogonaxas 3Ty JWHUIO, MOXHO JOKa3aTh, ITO
aio6bIe aBa 6a3Mca BEKTOPHOTO MPOCTPAHCTBA PABHOMOIIHEL.
(Taxum o6pa3oM, IOHATHE PA3MEPHOCTH KaK MOIIHOCTH Ga-
3Mca KOPPEKTHO OTpeeseHo W 1A HECKOHEYHOMEPHBIX BEK-
TOPHBIX TPOCTPaHCTB.) MBI BepHEMCA K DTOMY MO3XKe, Ha
c. 95 (Teopema 36).

OTMeTuM, ¥TO cyiecTBoBaHme 6Gazmca [amens MOXKHO
HCTIOJIB30BATH U «B MUPHBIX [ENAXY, a HE TOJBKO /IS TIOCTPO-
€HUA DK30TUYeCKNX TPUMepoB. M3BecTHAs «TpeThbs mpobie-
Ma ['mabGepTas cocTosiia B OKa3aTEAbCTBE TOTO, 9TO MHO-
TOTPAaHHUKH PAaBHOTO 00BEMA MOTYT He OBITH PAaBHOCOCTA-
BAEHBL. (DTO 3HAYNT, YTO OJMH U3 HUX HEMb3sd pazpesaTh Ha
MEHBIIINE MHOT OTDAHHUKH U CJIOXKUTD U3 HUX APYTOU MHOTO-
rpaHHuK.) [18 MHOTOYTOABHUKOB HA TIOCKOCTH CHTYalusd
WHAA: €ClW Ba MHOTOYTOJbHIKA DABHOBEINKH (MMEIOT paB-
HYIO TIIOMIAh), TO OHH PABHOCOCTABIEHHI.

Teopema 29. Ky6 Henb3s paspezaTh Ha 9acTH, U3 KOTO-
PHIX MOXKHO GBIIO 6B COCTABUTE MPaBWIBLHEIN TeTpasap (He-
3aBUCHMO OT 00BEMA MOCIEHETO).

<1 Beegém nonaTue ncesdoobvéma MHOrorpannnka. Kax
1 06bEM, TICEBI006BEM By IeT alANTHBEH (eC/M MHOTOTpaH-
HUK pazbuT Ha 9YacTH, CyMMa HUX TCEBA00OBEMOB paBHA
MCEBT00GBEMY MCXOJHOTO MHOTOTPAHHIKA); TICEBAO0GHEMBI
PaBHBIX MHOTOTPAHHUKOB GyayT paBubl. OTciona cienyer,
9TO TICEBAOOGBEMBI PABHOCOCTABIEHHBIX MHOTOT'DAHHUKOB
6yayT paBHBI. MBI TOA6EPEM TICEBAOOOHEM Tak, ITOOHI ¥
ky6a OH paBHAJCA HYJI0, a y TeTpasdjpa HET — W JoKa3a-
TeABCTBO OYIET 3aBEPIIEHO.

IceB1006BEM MHOTOTPAHHUKA MBI OMPEIEIUM KaK CyM-
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My Y lip(a;), rae cymma GepéTes o BceM péGpaM MHOTO-
rpaHnuka, l; — gamHa i-To pebpa, a; — ABYTPaHHBIM YT o
npu 5ToM pebpe, a ¢ — HekoTopasA GpyHKIuUA. Takoe ompe-
JeleHne aBTOMaTHIeCKW TapaHTUPYeT, 9TO paBHbIEe MHOTO-
TPaHHUKHA WMET paBHBIE MCEBA006BEMBI. UTO HYXHO OT
dyHKIIN ©, 9TOOH TceBA006BEM ObLI agauTuBeH’ [Ipen-
cTaBnM cebe, ITO MHOTOTPAHHNK pa3pe3aeTcA TJOCKOCTHIO
Ha JBe 9acTH, W TMOCKOCTh MPOXOAUT Yepe3 yKe MMEOMIeecH
pebpo aawnbl [. Toraa AByTpaHHBIN IOl o TIPU 5TOM pebpe
pas6uBaeTca Ha ABe 9acTh 3 1 v. [[03TOMy B BHIpaXKeHWN 1A
HCeBT006BEMA BMECTO caaraeMoro lp(a) mosBIA0TCA crara-
emete lp(B) +1p(v), n ¢(a) gonxno pasuaTeea ¢(8) + (7).
Kpome Toro, paspesaromas IJIOCKOCTh MOXeT 06pa3oBaTh
HOBOe pe6po, epeceKInch ¢ KaKol-To Tpanbio. O6ozHaInm
nauny >Toro pebpa 3a l’. Torga B nceBaoo6bémMe MoABATCA
cnaraemblie !'p(a) + U'p(m — a) (aBa o6pasoBaBmmxca IBY-
PPaHHBIX yTJIa JOMOJHUTENBHBI), KOTOPHIE B CYMMe [TOJIKHBI
PaBHATLCA HYJIO.

Tenmepb AcHO, KaKMMHU CBONCTBaMH JO/KHa O6JIa1aTh
dbyukuna ¢. Hyxuo, 9to6sl ¢(8 + ) = ¢(8) + ¢(v) un uro-
661 @(7) = 0. Torja nceB1006bEM GyIeT U BIPAMB a I ANTH-
BeH. AKKypaTHad mpoBepka TpebyeT TOYHOTO ONMpe/leJeHuA
MOHATHA MHOTOTDAHHWKA (4TO He Tak W MPOCTO), W MBI €é
NpoBOANTL He OyjaeM. HaraagHo ajguTHBHOCTH KaXeTcA
OYEBUIHON, OCOBEHHO €CIM Y9YeCTh, 9TO BCE PA3pe3bl MOXK-
HO TMPOBONTH TUIOCKOCTAMHU (MPW 5TOM MOTYT MOXYIHTHCA
GoJlee MelIKUe 4acTh, HO 3TO HE CTPAIIHO).

WTak, ana 3aBeprieHMa paccyk/eHUA JOCTATOTHO MO-
cTpouTh pyHKIHLO ©: R — R, 11 kKoTopon

o v(B+7) =¢(B) +¢(7) ana beex B,y € R;

e o(m) = 0 (3To CBOWCTBO BMecTe ¢ MPEABIAYIIAM Ia-
PaHTHUPYET aAUTHBHOCTD MCEBAOOOBEMA);

e o(m/2) = 0 (nceB0OGHEM Kyba paBeH HYJIIO; 5TO CBOT-
CTBO, BIPOYEM, JETKO CAeTyeT U3 ABYX MPEABIIyIINX);

e ©(f) # 0, rae § — ABYrpaHHBIN yroJ npu pebpe mpa-
BUJILHOTO TETPa’pa.



86 Ynopadouennvie muodcecmea [ra. 2]

CymecTBeHHO 37lech TO, 4TO OTHOUIeHUe §/7 uppamu-
onanbHo. [IpoBepum 5T0. BBICOTHI ABYX COCEIHHUX TpaHEH,
OTyIlleHHBIE Ha 06mIee peGpo, 06pazyoT paBHOOEIPEHHBIN
TPEyroIbHUK co cTopoHaMu V3, V/3, 2; Ha1o 10Ka3aTh, 9TO
YTJIBI TOT0 TPEYT OAbHUKA HECOM3MEPUMEI ¢ 7. Y To6Hee pac-
CMOTpeTh He f, a ApYro# yroa TpeyroibHuKa (JBa APYrux
yria TpeyroabHWKa paBHBI); 0603HaYNM ero (. 1o yroa
IPAMOYTOILHOTO TPEYToMbHIKA co cTopoHamu 1, v/2 m /3,
Tax uTo (cos B+ isin f) = (1 ++/—2)//3. Ecau 651 yrox 6
OBLI COM3MEPUM C T, TO U [3 GBI GBI COM3MEPUM, TIO3TOMY
HEKOTOpasg CTENEHb HTOT0 KOMILIEKCHOTO HCJAa PaBHAIACH
661 equHaUIe. MOXHO MPOBEPUTH, OJHAKO, YTO BTO HE Tak,
TIOCKOMBKY KOJBIIO Yhced Bua m+ny/—2 (m,n € Z) epxan-
OBO W pazjoXKeHne Ha MHOKWUTEIN B HEM OJHO3HAYHO.

Jlanbreliiee mpocTo: paccMoTpum unciaa m u 6. Onnm
HE3ABUCHMBI KaK 3JeMeHTHI BEKTOPHOTO MPOCTPaHCTBa R
majx Q, gonmoaunm ux g0 6asuca m paccMoTpuM Q-THHEAHBIT
dyukumonan ¢: R — ), paBubin kosdpdpunuenty npu 6 B
paszjoxenun mo stomy 6azucy. OdueBugHO, BCce TpebGoBaHUA
pH >TOM 6y YT BBIMOJHEHBI. [>

115. [TokaxwuTe, 9T0 HEKOTOPOE YCJIOKHEHHE ITOIO PACCY XK jIe-
HHUA ITIO3BOJAET O6OIU/ITI/ICB 6e3 6azmca FaMeJIﬂ: AOCTAaTOYHO OIpe-
AeJATh @ HE Ha BCEX rZ[eIU/ICTBI/ITeJIbeIX qUcjiax, a TOJbKO Ha Ji1-
HENHBIX KOMOWHAITMAX YIJOB, BCTPEYAIONINXCA IIPH Pa3pe3aHnn
Kyba m TeTpaspa Ha 9acTH.

2.8. Nlemma LopHa u ee npumeneHus

B coBpemeHHBIX ydeGHUKAX pPeIKO BCTpedaeTCs TPaHC-
(puHUTHAA MHAYKINA KaK TaKoBasd: OHA 3aMeHAeTCS CChIIKOH
Ha Tak HazbiBaemyio Jemmy llopra. Cenitac MBI mokaxeM,
KaK DTO jleflaeTcs, Ha MPUMEPe TEOPEMBI O CYIIECTBOBAHUH
6a3nca B IMHEHHOM MPOCTPAHCTRBE.

Teopema 30 (nemma Llopra). TlycTs 7 — wacTudno ynops-
JOYMEHHOE MHOXKECTBO, B KOTOPOM BCAKAA eNb NMeeT BEPX-
HioI0 Tpanuiy. Torga B 3TOM MHOXECTBe eCTh MaKCHMaJb-
HBIH DIEMEHT, 1, 60/lee TOTO, /1A AI060T 0 BJeMeHTa @ € 7 Cy-
IeCTBYET BAEMEHT b > @, ABAAIOMINNCA MaKCUMATLHBIM B 7.
(ITenb — 5T0 TOAMHOXKECTBO, JIOOBIE [1Ba JIEMEHTa KOTOPO-
TO cCpaBHUMBI. BepxHAA IrpaHUIa HeNd — DIEMeHT, GOMbITIH
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WM PABHBIHN JI060T0 3IeMEHTA TEMH. )

< Ilpex e Bcero OTMETUM, YTO 7 JUIIb YaCTUIHO YTIO-
pATOYEHO, TIOXTOMY HA IO PA3aAWvaTh MAKCUMAJbHbIE U HAW-
Goublnme jaeMeHTHI. [0 5Tol Xe MpUYnHE MBI BBHIHY XK JCHBI
yIOTpebAATH TPAMMATIIECKN HEKOPPEKTHYIO KOHCTPYKITUTO
«GOMBIINI WIN PABHBIH JI060TO (MI060My? ), TOCKOABKY CKa-
3aTh ¢HE MEHBIIIE J060T0» (CTAH AP THBIN BBIXOT U3 TTOJ0XKE-
HUA) 03HAYANO0 6Bl M3MEHUTH CMBICT.

JloxazaTeabCcTBO MOBTOPAET PACCYXK TEHUA TTPHU TTOCTPOE-
Hun 6aszuca, HO B GoJee obluell cuTyanuu (Tenepb y HAC He
JUHEWHO HE3aBUCUMBIE CEMEUCTBA, a MPOU3BOIbHBIE BJeMEH-
TH 7).

MycTte maH Tpom3BOJLHBIN 3deMeHT a. [Ipeamosoxum,
9TO He CYMIECTBYET MAaKCUMAJBLHOTO 3JAeMEHTa, GOBIIETO
WM PaBHOTO @. ODTO 3HAYUT, UTO /1A Jio6oTo b > a Hai-
nércs ¢ > b. Torga ¢ > a w moTomy Haugércsa d > ¢ U T. 1.
IIpoaoaxasa 3TOT mMpolecc AOCTATOYHO AOJATO, MBI HCYEPIIa-
€M BCe JEMEHTHI / W NMPUAEM K TTPOTHBOPEIHIO.

TIpoBeiéM paccyk/eHne akKypaTHO (MOKa 9TO MBI Ja-
e He WMCTOMb30BAIN YCIOBHE JEMMBI, Kacalolleecs TeTel).
BozbMém BriosHe ynopsqodeHHOE MHOXKECTBO [ 10CTaTOYHO
GOJIBIIION MOIIHOCTH (Goablel, 4eM MolrHoCTh 7). TlocTpo-
UM CTPOro BospacTammyo dyakuuio f: I — 7 mo Tpamc-
durUTHON pekypcun. Eé 3Hadenne Ha MUHIMAIBHOM BJIeMEH-
Te | 6yneT paBHO a. [IpeanonoxuM, 9TO MBI ykKe 3HAEM BCe
€€ 3HadYeHUs Ha BCEX DJIEMEHTAX, MEHBIINX HEKOTOPOTO 1?.
B cuay MOHOTOHHOCTHW 5THW 3HAYEHUA TIOMAPHO CPABHUMBI.
TTosToMy cymmecTByeT WX BepXHAA TpaHUIA S, KOTOpad, B
YaCTHOCTH, GOJbINE WIN PaBHA . BO3BMEM KaKOU-TO BJe-
MeHT ¢ > s u nonoxuM f(i) = t; Mo MOCTPOEHUIO MOHOTOH-
HOCTBH coxpaHuTcA. Tem caMbiM [ paBHOMOIITHO 9acTH Z, YTO
TIPOTUBOPEYUT €70 BHIGOPY.

B sTom paccyx aennn, popMaabHO TOBOPA, €CTh MPoHe:
MBI OJTHOBPEMEHHO OmpefenseM (GYHKIWIO IO TpaHCHUHUT-
HOW PEKYyPCHUU W JOKA3bIBAEM €€ MOHOTOHHOCTH C TIOMOIIBIO
TpaHC(UHUTHON WHAYKIUHU. Harle pekypcuBHOE ompejee-
HIEe UMeET CMBICI, JUITh €CTU YXKe TIOCTPpOeHHad 9acTh PYyHK-
MM MOHOTOHHA. POPMATbLHO T'OBOPSA, HA O BOCTIOIB30BATHCA
Teopemon 19, cunras, 4TO creAyioliee 3HAYEHUE HE OMPee-
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JIEHO, €CJTA Y2Ke TIOCTPOEHHBIH YIacTOK He MOHOTOHEH, 1 TI0-
JAy9nTh (QyHKIUIO, OTIPeIeIEHHYI0 Ha BCEM | MM Ha Hadadb-
HOM oTpeake. Ecim oma ompejeseHa Ha HEKOTOPOM Havadb-
HOM OTpe3Ke, TO OHa MOHOTOHHA Ha HEM TO TMOCTPOEHWIO,
TOBTOMY clefiylolliee 3HAYEHNE TOXKEe OMpeIeleH0o — TPOTH-
Bopedue. >

Kak u npm moctpoennn 6Gasuca Tamens (sanada 112,
c. 83), MOXHO 0GOUTHCH 6€3 MHOXKECTBA GOMBIIEH MOIIHO-
ctr. BriosHe ynmopAgo9nM MHOXKECTBO / ¢ MOMOIIBIO Teope-
Mmbl [lepMeso. OTOT MOpAJOK HUKaK He CBA3AH C MCXOTHBIM
TIOPAAKOM Ha /7 ; MBI GyjfeM 0603Ha9YaTh €ro CAMBOJOM .
ITocTponM ¢ ToOMOMbIO TpaHC(PUHATHON peKypcun QyHK-
wnio f: 7 — Z ¢ takumu cponctBamu: (1) f(z) > a ana
mo6oro z € 7; (2) f MOHOTOHHA B CJeIYIONIEM CMBICTE: €C-
m z <y, o f(z) < f(y); (3) f(z) He MoxeT 6HITEH CTpOTO
MeHBbIIIE z (B CMBIC/E HCXOHOTO MOPAJKa <) HU TPH KAKOM Z.

Henaerca sro Tak. 3HaueHue f(zg) AnA <-HAMMEHBIIETO
SIEeMEHTA Zg MBI TOJIOKUM PABHBIM JHG0 a, 1160 zg (TMocae-
Hee — ecamn zg > a). 3HadeHwe f(z) AAA OCTANBHBIX Z €CTh
6o BepxHAA rpanuia 3nadenui f(z') mpm 2’ < z (Mo mpen-
TIOJTOKEHNIO WHAYKITAN MHOXKECTBO TaKNX 3HAYIEHNN JUHEHO
yTIOPA09EHO W TIOTOMY WMeeT HeKOTOPYO BEPXHIOI TPaHM]-
uy a), am6o camo z (MoclefHee — ecin z > ).

B cnry MOHOTOHHOCTH MHOXeCTBO 3HaYeHNI QyHKIUN [
JWHEHHO YTOPAJOYEHO W WMeeT BEpPXHIOK TPaHWIy. JTa
rpannua (o6osHaunM eé ) Goablile WM paBHA @ (KOTOPOE
ecth f(z0)) W ABAAETCA MCKOMBIM MaKCUMAaJIbHBIM HIeMeH-
Tom: ecn B < z s HekoToporo z, To f(z) < B < z, 94To
MPOTHBOPEYNT CBOUCTBY (3).

116. [IpoBeauTe 5TO paccykjaeHue MOAPOGHO.

Teneps MOBTOPHUM JOKA3ATEIBLCTBO TEOPEMBI O Gasu-
ce, ucnoab3ya aemmy lopra. [lycts V' — mpomsBoabHOe
BEKTOPHOE TTPOCTPAHCTBO. PaccMOTpUM 9acTUYHO yIOPS 10~
YeHHOE MHOXKECTBO Z, COCTOAIIEE W3 JUHENHO HE3ABUCUMBIX
moaMHOXKecTB mpocTpancTBa V. Ilopsamox wa 7 3amaérca
OTHOIIIEHNEM (OBITH TIOMHOXKECTBOMS .

ITpoBepuM, 9TO ycJIOBUSA JTEMMBI BEITTOMHEHBL. [lycTh nme-
eTCcsl HEKOTOpas IeNb, TO €CTh CEMENCTBO JNHENHO He3aBU-
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CUMBIX MHOXECTB, IPUYIEM JIOOBIE [Ba MHOXKECTBA 3TOTO Ce-
MelicTBa cpaBHUMBL. OOBe IMHUM BCE 5TH MHOXKECTBA U MTOKa-
JKeM, ITO MOJYyIeHHOEe MHOXKECTBO Oy 16T JUHENHO HE3ABUCH-
MBIM (TE€M caMBbIM OHO Gy/leT BepXHeH TDaHUIEH HJIEMEHTOB
uenu). B camMom [ene, HeTpuBHMAIbHAA JUHEHHAA KOMOWHA-
U BKJIIOYAeT B ce0s KaKOe-TO KOHEYHOE HYHCIO0 BEKTOPOB,
KaXbIl W3 CBOErO MHOXKECTBA. JTHUX MHOXKECTB KOHETHOE
YUCA0, W TIOTOMY CPEeIN HUX €CTh HambGOJbIllee 1O BKIIOYe-
HWIO (B KOHEYHOM JIWHENHO YIOPAOYEHHOM MHOXECTBE €CTh
HanGOMBIINN 2AEMEHT). DTO HambobIllee MHOKECTBO COJIEP-
JKHUT BCE BEKTOPHI HETPUBUAJILHOW JUHENHOW KOMOWHAINH,
7 JUHEHHO HE3aBUCHUMO IO TPEATONOKEHNIO, TaK YTO Hallla
HEeTpUBHUATbHAA JUHEHHAA KOMOWHAINSA OTJANYIHA OT HYJIA.

Takum o6pazoMm, MoxHO TpuMeHuUTH Jemmy llopma u
3aKIOYATh, ITO JA000e JUHEWHO HE3ABUCHMOE MHOXKECTBO
BEKTOPOB COIEPKUTCSA B MAKCUMAIHLHOM JUHEWHO HE3ABUCH-
MOM MHOXKECTBE BeKTOpOB. K HeMy yiKe Heib3s mo6aBUTh
HU OJHOT'O BEKTOpA, HE CO3/aB JUHEWHOU 3aBUCUMOCTH, U
OHO ABJAAETCA UCKOMBIM 6a3MCOM.

AHaJOTUYIHBIM 06GPa3zoM MOXKHO J10Ka3aTh CYIIECTBOBa-
HIEe OPTOT OHATBLHOT'O 6a31ca B THIBLOEPTOBOM IMTPOCTPAHCTBE
(Tam onpejeneHue Gasmca Apyroe: paspemanTcs 6eCKOHEY-
HBIE JUHEUHBIE KOMOWHAIINN, TOHUMAaeMble KaK CYMMBI PSi-
JIOB) WM CYIIeCTBOBaHue 6aznca TPAHCIEH IEHTHOCTH (Mak-
cuMaabHas arrebpandeckKn He3aBUCUMasd CUCTEMA DIEMEHTOB
B PACIIUPEHUN TIOJEN).

Mui ipuBeIEM ApyToN npuMep npuMmenenus aeMmbr [op-
Ha, Tjle QUTYPUPYIOT yXKe M3BECTHBIE HAM TOHATHA.

Teopema 31. Beakuit 9acTUYHBIA TOPAJOK MOXET GBITH
MPOIOJIKEH 0 JUHENHOTO.

< Mycts (X, <) — 9acTHUHO yMOPAJOYEHHOE MHOKECT-
Bo. Teopema yTBepkgaeT, ITO CYIIECTBYET OTHOIIEHUE TIO-
paaka <’ Ha X, mpofomkaiollee MCXOAHOE (TO 3HAYNT,
gro ¢ L Yy = ¢ <’ y) W ABAAOMIEECA OTHOIIECHUEM JTNHEHHO-
ro nopajgka. (Keratn, oTMeTnM, 9TO CJIOBO (THHEHHOTO» B
GopMyaIUpPOBKE TEOPEMBI HEMb3ST 3aMEHHTH Ha CIOBO (ITOJ-
HOT'O» — HAMPUMED, €CJIU UCXOTHLIA TOPSA 0K JUHEUHBIN, HO
He TIOJMHBIH. )

TFoTossack k npumenennto gemmer [lopua, paccmoTpum 4a-
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CTHYHO YIOPAJOUYEHHOE MHOKECTBO 7, DAEMEHTAMH KOTOPO-
ro 6yAyT YacTWYHble MOPAAKH Ha X (TO ecTh TMOAMHOXKe-
cTBa MHOXecTBa X X X, o6Jajatomne cBONCTBaAME pediek-
CHBHOCTHW, TPaH3WTUBHOCTH W AHTHCHMMETPUIHOCTH), YO~
PANOYEHHBIE TIO BKJIOUEHHIO: 1 CUNTACTCA MEHBITUM WIN
paBHBIM <3, ecinm g TpogomkaeT <1 (M3 z <1 Y caeny-
er z <2 ¥).

Jlerko mpoBepuTh, uTO ycaosue demmbl [lopra BEIMOMHE-
HO: €C/IN § HAC €CTh CEMENCTBO YaCTUYHBIX TOPAIKOB, JMHEH-
HO YTIOPAJOUEHHOE TI0 BKAKUEHWIO, TO OOBEIMHEHUE HTHX
TMOPANKOB ABAACTCA YACTHIHBIM TMOPAJKOM, W STOT TMOPA-
oK GyjAeT BepxHenl rpanuiein cemericta. (TTpoBepnwm, Ha-
TpuMep, 9To 06benHeHNe 061a TaeT CBORCTBOM TPAH3NTHB-
HocTH. [TycTh 2 <1 ¥ B OJIHOM M3 MOPAAKOB ceMelcTBa (K1),
a y <2 z B IPYrOM; O/INH U3 TOPAIKOB (HampuMmep, <1) Opo-
JomKaeT Apyrow, Torga ¢ <1 Yy <1 2 W MoTOMy & < 2
B o6beiuHeHNN. PedaeKCHBHOCTh M aHTHCHMMETPHIHOCTD
MPOBEPAIOTCA CTOMB Ke TPOCTO. )

CaenoBaTenbto, no jgemme [lopHa Ha mMHOXKecTBe X Cy-
[IECTBYET MAKCUMAJbHBIA 9aCTHUHBIA TOPATOK, TPOAOIKA-
ot uexoaubii. O6ozHaunM ero kak < (MyTaHHUIB C HC-
XOJIHBIM TIOPATKOM He BOZHHWKHET, TaK KaK MCXOJHBIA Ham
Goubliie He HyXKeH). Ham Hajo mokasaTh, 9TO OH Gy/eT Jn-
HerHbIM. [lycTh z,y € X — 1Ba HECDABHUMBIX DJEMEHTA.
Pactumpum mopsok 1o HOBOTO MopAaka <, IpU KOTOPOM
z < y. DTOT HOBHIM MOPAAOK ompeneiseTca Tak: a < b,
ecin (1) a < bwm (2) a < z mw y < b. Hecaroxuo mpo-
BepuTh, 9To <’ 6yJeT Y9acTUIHBIM MOpANKOM. Pediekcus-
HOCTh o4eBuAHa. TpamsutuBHOCTh: ecam a <’ bu b < ¢,
TO €CTh YeTHIpe BO3MOXKHOCTH. Ecan B oGonx ciaydasx nme-
eT Mecto cay4an (1), To a < b < ¢ u Bcé oveBngHo. Ecan
a<'bwceuny (1), ab<encemny (2), oa < b zmn
y < ¢, mak 9ro a <’ ¢ B cuay (2). AnamormuHo paccma-
TPUBAECTCA W CHMMETPUYHBIN cayvan. Hakonen, nBykpaTHasn
cchika Ha (2) HeBo3MOXKHa, Tak Kak Torjaa (a < z), (y < b),
(b < 2z)m(y <c¢), mnonywaeres, 9to y < b < z, a MBI Ipej-
moJaraiu, 9TO & W Y He CPABHUMBI. AHTHCHMMETPUIHOCTD
noKasbiBaeTcA aHajgorudHo. Takum o6pazom, oTHomeHne <’
6yeT 9aCTUUHBIM TOPAJIKOM, CTPOTO COMEPKAINM <, ITO
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MPOTUBOPEYUT MAKCUMAJIbHOCTH. [>

117. IlokaxwuTe, wTO At060€ GUHAPHOE OTHOIIEHHE (€3 IMUKJIOB
(uuxa o6pasyercs, ecmn ¢ Rz, wm t RyRz, wmn t RyRzRz n . 1.)
MOXeT GBITH HMPOJOIKEHO A0 JHHENHOro mopsifka. (s xoned-
HBEIX MHOXKECTB TIOMCK TAKOT'0 MPOAOMKEHNSA OOBYHO HA3HIBAIOT
«TOMOIOIMIECKON COPTUPOBKOMY. )

118. MuoXkecTBO Ha TIOCKOCTH HA3BIBAETCS 6bINYKAbLIM, €C-
JIN BMECTE C JIOOBIMHU IBYMSA TOYKAMH OHO COTEPKUT COEUHSIIO-
i ux oTpe3ok. l[lokaxwuTe, 9T0 JMIO6BIE BA HEMEPECEKAIOIINX-
Cfl BHIIYKJBIX MHOXECTBA MOXHO pa3JelnTh NOpAMON (KaXjoe
MHOXKECTBO JIEKUT [0 OJHY CTOPOHY OT MPAMOHN, BO3MOXKHO, TIe-
pecekasch ¢ Hel). (Ykasanne. Wcnoassys nemmy llopra, MoxHO
pacIIMpUTh UCXOTHBIE HETEpeCeKAoNmecs MHOXeCcTBA A m B no
B3aMMHO JOMOMHATETHHHIX BHIYKILIX MHOoXKecTB A’ m B'. 3aTem
MOXKHO y6eJuThcd, 9To rpanmnma Mexiy A’ m B’ mpeacrtaBiser
co60l TIPAMYIO. )

2.9. CeoicTBa onepauun Haj MOLIHOCTSIMH

Teneps MBI MOXeEM [OKa3aTh HECKOABKO YTBEPKJAEHUN O
MOIIHOCTSIX.

Teopema 32. Ecim A Geckonewrno, To MHOXKecTBO A X
x N paBrHOMOIITHO A.

< Bunonne ymopsijounm mHOXKecTBO A. MBI yXe 3HAEM
(cM. c. 66), 9TO BCAKHUI BIEMEHT MHOXeCTBa A 0JHO3HAYHO
MPEeCTABAAETCA B BUJIE 2+ N, Tjl€ 2 — TMPEAETbHBIN DIEMEHT
(He MMeONMIT HEMOCPEICTBEHHO MPEABIAYIIET0), a N — Ha-
TypaJbHOEe YHCI0. JTO O3HaYaeT, 9To A paBHOMOIHO B X
x N, rre B — MHOXeCTBO TIpeenbHbIX daeMeHTOB. (TyT
ecTb HeGoablllag TPYAHOCTb — MOCAEHAA TPYINa BIeMeH-
TOB KOHEYHA, €CJAU B MHOXKECTBE €CTh HANOOABIINN DJEMEHT.
Ho mB1 yke 3HaeM, 9T0 q06aBiIeHNE KOHEYHOTO WA CIETHO-
T0 MHOXKECTBA HE MEHSET MOIIHOCTH, TaK YTO DTHUM MOKHO
npene6peds. )

Teneps yTBepXK JeHue Teopembr oueBuaHO: A X N paBHO-
motao (B xN) XN, 1o ecth B x (N xN) u Tem cambiv B x N
(mpousBeficHNe CIETHRIX MHOXKECTB CUETHO), TO ecTh A. [>

ITo Teopeme KanTopa—Bepumrenna oTcioga ciaeayer,
9YTO MPOMEKYTOYHBIE MOIIHOCTH (B WacTHocTH, |A| + |A|,
a Takxe a060e TponsBefieHne A U KOHEYHOTO MHOXKECTBA)
cosnagaioT ¢ |A|. Emé ogHo caecTBUE MONE3HO BHIJEAUTh:
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Teopema 33. Cymma aByX 6€CKOHEYHBIX MOIIHOCTEN PaB-
Ha UX MaKCUMYMY.

< TIpexjge BCero HANOMHUM, 9TO Ji0OBIe JBE MOITHO-
ctn cpaBHUMBL (Teopema 25, c. 80). MycTh, ckaxem, |A| <
< |B|. Torma |B| < || + |Bl < 1Bl + |B| < |B| x Ro =
= |B]| (nmocreHee HEPABEHCTBO — YTBEDXKJEHHE TPEIbIIY-
e Teopembl). OcTaéTea BocmoabzoBaThes TeopemMon KaH-
Topa— Bepuirreiina u sakao4unTh, uto |B| = |A+ B|. >

Tenepb MOXHO OKa3aTh GoJiee CHIBHOE YTBEPK IEHUE.

Teopema 34. Ecan A 6eckoneuno, To A X A paBHOMOIII-
Ho A.

< 3aMeTHM, 9TO A CYETHONO MHOXeCTBa (Kak, BIIPO-
94eM, U UL KOHTHHYYMa — HO 5TO Celidac He BaXKHO) MBI 3TO
yxe 3naeMm. [losToMy B A ecTh MOAMHOXKECTBO, PABHOMOIII-
HOe CBOeMY KBaapaTy.

PaccMoTpuM ceMencTBO BCEX TaKUX TOMHOXKECTB BMe-
CTe C COOTBETCTBYIONINMU OGUEKITUAMHA. DJEMEHTAMU 3TOTO
cemeticTBa GyayT mapwl (B, f), raie B — moaMHOXKecTBO A,
a f: B — B X B — B3amMHO O/IHO3HAYHOE COOTBETCTBHUE.
BBeéM Ha 5TOM ceMelicTBe YacTHYHBIA opAnok: (B, f1) <
< (Ba, f2), ecim By C Bz m orpanuyenne oTo6paxkeHus fo
Ha Bj coBmapmaer c fi (puc. 6).

By

By

By

Puc. 6. OTo6paxenne f; — B3aMMHO OJHO3HAYHOE COOTBET-
CTBHE MeXJy MaabiM KBajpaToOM U ero CTOPOHOI; fo go6a-
BJAfAET K HEMY B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY
By \ Bz u «yroakom» (By x Ba) \ (By x Bi).

Teneps npumenum gdemmy [opua. /lag aToro Hy)HO y6e-
AUTHCA, 9TO M0G0 IMHEHHO YIOPA0YeHHOE (B CMBIC/E OTH-
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CaHHOTO TIOPAJKA) MHOXKECTBO Map YKa3aHHOTO BHAa MMe-
eT BepxHIOIO TpaHuly. B camMoM nesne, o6beJUHUM BCe Tep-
Bble KOMIIOHEHTHI DTHUX Map; MycTh B — WX 0ObelUHEHHE.
Kak 06BIHO, cOracoBaHHOCTE OTOGPAKEHNN (TapaHTHpye-
Maf OTIpe/Te/IeHNEM TOPATKA) TO3BOMAET COEMHUTE 0TOOpa-
KeHWsA B OJJHO. DTO oTo6pakeHne (HazoBéM ero f) oTobpa-
xaeT B B B X B. Ono 6yjaeTr unbekiuen: 3Hadenud f(b')
u f(b") npn pasanuneix b’ u b’ pasaudHbl (BO3BMEM 6OMB-
Iee M3 MHOXKECTB, KOTOPHIM NMpuHaaaexaT b’ n b”; ma mém
[ aBaseTca nubekmen o npeanogoxennio). C apyroi cro-
poHBI, f ABAAeTCA clopbeKumen: mad aoboin napsl (b, b)Y €
€ B x B B03bMEM MHOXKECTBa, M3 KOTOPBIX Mpousonuin b’
u b", BoiGepeM u3 HuX Goabllee W BCIOMHUM, 9TO Mbl HMe-
JM B3AUMHO OJIHO3HAYHOE COOTBETCTBHE MEXKAY HAM W €ro
KBapaTOM.

Ilo aemme IlopHa B HaleM YacTHYHO YTOPAAOYEHHOM
MHOXECTBE CYIIEeCTBYeT MaKCAMAJAbHBIN »aeMeHT. IlycThb
5TOT aMeMeHT ecTh (B, f). Mbl 3Haem, uTo f ecTh B3a-
WMHO OJHO3HAYHOE COOTBETCTBUEe MeXay B m B x B n
notomy |B| = |B| x |B|. Tenepb ecThb jgBe BO3MOXKHOCTH.
Ecan B pasaomomuo A, To B X B paBHomomtHo A X A u
Bcé pokazano. Ocranoch paccMOTpeTh caydall, Korja B He
PaBHOMOIITHO A, TO eCTh UMeeT MEHBIIYIO MOITHOCTD (60ab-
el OHO UMeTh He MOXeT, Oy Ay«H NojgMHOKecTBOM). [TycTh
C' — ocrapmmascs 9actb A, To ecth A\ B. Torna |A| = |B|+
+ |C| = max(|B|,|C]), cregoBarensro, C' paBHOMOIHO A 1
6oabmie B mo mommroctn. Bozemém B C' wacte C’, paBHoO-
Momayto B, n noaoxum B’ = B + C' (puc. 7). O6e wactn

A

B c’

Puc. 7. Ilpopomxenne coorBeTcTBua ¢ B ma B’ = B + C".
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MHOXecTBa B’ pasHomomue! B. [lostomy B’ x B’ pas6usa-
eTcd Ha 4 9acTH, Kax fas n3 KOTOPHIX paBHOMOIIHA B X B i,
ClIeIOBATENBHO, PABHOMOIIHA B (HATIOMHHUM, 9TO Y HAC €CTh
B3aMMHO OJ[HO3HAa4YHOEe cooTBeTCcTBHE f Mexay B u B x B).
CooTBeTcTBHE [ MOXHO MPOJOMKHATHL 10 COOTBETCTBUA [’
Mexay B’ mw B’ x B’, 1oNOAHUB ero COOTBETCTBHEM MeXK-
ay C'n (B’ x B')\ (B x B) (»Ta pasHOCTEL COCTOUT U3 TPEX
MHOX€eCTB, PAaBHOMOIIHKIX B, Tak wTo paBHoMomua B). B
uTOore MBI TodydaeM 6Oablyto mapy (B’ f'), 4To mporn-
BOPEYUT YTBEpKJeHWIO JeMMEI [lopHa 0 MaKCHMaIbHOCTH.
Taxum o6pazoM, 5TOT caydall HEBO3ZMOXKEH. [>

BriBefieM Temeph HEKOTOPHIE CAECTBUA U3 JOKA3AHHOTO
YTBEPK ICHUA.

Teopema 35. (a) Tpousseaerne ABYX GeCKOHEYHBIX MOII-
HOCTelN paBHO Goubliell n3 HuX. (6) Ecan mHOXecTBO A Gec-
KOHEYHO, TO MHOXKeCTBO A™ Beex MociefoBaTeILHOCTEN [ITH-
Hbl n > 0, cOCTaBACHHBIX W3 DJAeMeHTOB A, paBHOMOIIHO A.
(8) Ecim mHOXecTBO A GECKOHEYIHO, TO MHOXKECTBO BCEX
KOHEYHBIX MOCJEI0BATEABHOCTEN, COCTABICHHBIX U3 DJIEMEH-
TOB A, paBHOMOIITHO A.

< TlepBoe yTBepXkIeHUEe [JOKA3BIBACTCA MPOCTO: €CIH
|4 < IBJ, o |B| < |4] % |B| < |B| x |Bl = |B.

Bropoe yTBepXkjaeHUe JETKO NOKA3BIBACTCA WHIAYKIUEH
mo n: ecam |A"| = |A], To |[A"TY = |A?| x |A] = |A| x |A] =
= |A].

TpeTbe TO)e TPOCTO: MHOKECTBO KOHEYHBIX TIOCAEOBA-
TexpHOCTEH ecTh 1+ A+ A% + A% 4 ... kaxgadg u3 dacTei
(kpoMe TIepBOl, KOTOPON MOXKHO TpeHeGpedb) PaBHOMOII-
Ha A (MO jgOoKazaHHOMY), M MOTOMY BCE BMecTe ecTh |A| X
X NO = |A| >

3aMeTnM, YTO U3 TOCAeTHErO YTBEPKAEHUA TEOPEMBI
BBITEKAET, UTO CEMEHCTBO BCEX KOHEYHBIX IO IMHOKECTB
6EeCKOHEYHOT O MHOXKeCTBa A MMeeT Ty e MOIIHOCTh, YTO
n A (moaMHOXecTB He GOMBIe, YeM KOHEYHBIX MOCTEN0Ba~
TeJILHOCTEN W HEe MEHBINE, YeM OJHOIIEMEHTHBIX TIOIMHO-
KECTB).

119. TIycte A Geckomeuno. Jokaxmre, aro |[A%] = [24].

120. PaccmoTpum morHOCTh o = N 4-2R0 +2(2ND) 4. .. (cqéT—
HadA CyMMa). IIOI(H.}KI/ITG7 b9TO & — MUHMMAJbHasgd MOIITHOCTBH, KO-
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Topas 6oabire MomHocTen mHOXkecTs N, P(N), P(P(N)), ... Io-
KaxXuTe, 9ro a0 = 2% > a.

Temepb MBI MOXeM [JOKa3aTh YIOMHHAaBIIEecA paHee
YTBEpXKIeHNE O PABHOMOIIHOCTHU Ga3MCOB.

Teopema 36. Jlo6Gble gBa Gaszmca B GeCKOHEWHOMEPHOM
BEKTOPHOM TIPOCTPAHCTBE UMEIOT OJMHAKOBYIO MOIIHOCTb.

< IlycTh mambl gBa Gasmca — MepBBIM W BTopon. [las
KaXJOoT0 BEKTOpa W3 TepBoro Gasmca (PUKCHPYyEM KaKOU-
an6o crmoco6 BBIPA3UTh €r0 Yepe3 BeKTOPhI BTOPOTo 6asmca.
B 5ToMm BBIpakeHUHN y9acTBYyeT KOHEYHOE MHOXKECTBO BEK-
TOpOB BTOporo Gasmuca. Takmm o6pazom, ecTh HEKOTOpas
QYyHKINA, KOTOpasa KaXkJOMY BEKTOPY TEepBOTo Ha3mca cTa-
BUT B COOTBETCTBHE HEKOTOPOE KOHETHOE MHOXKECTBO BEK-
TOpoB BTOporo. Kak Mbl TOABKO 9TO BHUIENH, BO3MOXKHBIX
3HAYEHUN STON (PYHKIINNA CTOIBKO XKe, CKOTBLKO 5JeMEHTOB BO
BTOpOM Gasmuce. Kpome Toro, mpoo6pas KaxIoTo 3HAMCHUAA
COCTOUT M3 BEKTOPOB TEPBOT0O Ha3mca, BHIPAKAOIINXCA de-
pe3 MaHHBIN (KOHEYHBIN) HaGOP BEKTOPOB BTOPOTO, N MOTO-
My KoHedeH. BBIXOUT, YTO NMEepBLIN 6a3nuc pa3buT Ha TPYII-
TIBI, KaXgad TPYIna KOHeYHa, a BCEro TPYI He 60JbIIe, 9eM
BEKTOPOB BO BTOpoM Gaszuce. [TosToMy MOIIHOCTH MEepBOTO
6a3nca He MPEBOCXOANT MOIIHOCTH BTOPOT'O, YMHOXEHHON
Ha Ny (0T 4Wero, Kak MBI 3HaeM, MOIIHOCTH GECKOHEYHOTO
MHOXecTBa He MeHAeTcs). OcTanoch MPOBECTH CHMMETPHY-
HOE pPacCyXkIeHUe U cocIaThca Ha TeopeMmy KanTopa— Bepn-
mrTedHa. >

2.10. Opaunans

Kak MBI yxke ToBOpWIn, opduHa.aom Ha3bIBAeTCA TIOPAJ-
KOBBIU THI BIIOJHE YHIOPAJOYEHHOTO MHOXKECTBA, TO €CTh
KJIacC BCeX M30MOP(QHBIX €My YTOPAJOYECHHBIX MHOXKECTB
(ecTecTBeHHO, OHUM GYAYT BIOJHE YIODANOUECHHBIMHA).

Ha opannasax ecTecTBEHHO ONpejesie TCA JUHEMHBIA 11O~
pAaaok. YTo6wl cpaBHUTH ABa OpAWHAIA & U 3, BO3BMEM UX
npeactapuTean A u B. Ilpumenum Teopemy 22 m mocmo-
TpUM, Kakoll M3 Tpéx cayvaeB (A mzoMopdHO HawaILHOMY
oTpe3ky B, oramdnoMmy oT Bcero B; muHoXecTBa A m B n3o-
MOp(pHBI; B m30MOp(pHO HadaIBLHOMY 0TPe3Ky A, oTaumaroMy
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ot Bcero A) umeer mMecto. B mepBom ciydae o < f3, BO BTO-
poM a = f3, B TpeTheM a > f3.

M&l oTBAEKaeMcA OT TPYAHOCTEN, CBA3ZAHHBIX C OCHOBa-
HUAMH TE€OPUH MHOXecCTB (cM. pasjen 1.6); kak dbopmarbHO
MOXHO OMpaB/aTh HAIIM PACCYXKJIEHUA, MBI €lé 06CyIuM.
IMoka 4TO OTMETHM HEKOTOPBIE CBOUCTBA OPAMHAJIOB.

e Mu ompejgenaman Ha opAWHAJAX JWHEWHBIN MOPSIOK.
OTOT MOPAAOK Oy €T MOJHBIM: JI000€ HEMTYCTOE CeMEN-
CTBO Op/IMHAJOB UMeeT HAWMEHBIINH BJIEeMEHT (Teope-
Ma 23; pa3HUIla JUIIb B TOM, YTO MBI He YTIOTpeOAAIN
TaM CJOBa «OPAMHAI, & TOBOPUIAN O TPEICTABUTENAX).

e Ilycth o — HekoTOpHI opguHaI. PaccMoTpuM Ha-
qaabHbI 0Tpe3ok [0, &) B kaAacce opanHanoB (06pazo-
BaHHBIN BCEMM OpAMHAJAMH, MEHBLIINMH « B CMBIC]E
YKa3aHHOTO TOPAIKA). DTOT OTPE3OK YTOPATOUEH MO
Tuny @ (TO ecTh M30MOpQEH TPEACTABATEIAM OP/IH-
Hama «). B camom gene, mycth A — oawH W3 mpei-
cTaBuTenein opauHana «. OpaAnHATH, MeHbIINE A, CO-
OTBETCTBYIOT COGCTBEHHBIM (He coBmajamommm c A)
HadalbHBIM OTpeakaM MHoxkecTBa A. Takme oTpesxn
nmeroT Buj [0,a) B TeM caMbIM HAXOJATCA BO B3AUMHO
O/THO3HAYHOM COOTBETCTBUM C BJeMEHTaMH MHOXe-
ctBa A. (Jlerko TMPOBEPUTH, YTO 3TO COOTBETCTBHE
COXpaHfAeT MOPAIOK. )

CkazaHHOE MOXKHO epeOPMYINPOBATEH TaK: KaXK ABII
OpAWHAJ YTOPANOYeH KaK MHOXECTBO MEHBIINX OP/IH-
HauoB. (B oHOM U3 (hOPMATBHBIX TOCTPOEHHUN TEOPHN
OPJMHAJOB KaX bl OPAWHAJN paBEH MHOXECTBY BCEX
MEHBIINX OP/MHAJIOB. )

o OpuHAM HA3BIBAETCA HENPEIEAbHbIM, ECJIU CYIIECTRY-
€T HEMOCPEACTBEHHO MIPEIECTBY O eMy (B CMbICIe
yKa3aHHOTO TopAiKa) opauHal. Ecau Takoro HeT, op-
UHAJ HA3BIBAIOT NPedeabHblm.

e Jlio60e orpaHWdeHHOE CEMEWCTBO OPJAMHAIOB WMeeT
TOYHYIO BEPXHIO I'PaHb (HANMEHBIIHUI 0P INHAI, G0Mb-
AW WAW paBHBI BCEM OpAMHaJaM ceMeiicTBa). B
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caMoM Jiejie, BO3bMEM KaKOW-TO opAuHal (3, ABJIAIO-
mmiAcA BepxHel rpanutenn. Torjga Bce opaMHAIBI ce-
MeHlcTBa M30MOP(HBI HAYAABLHBIM OTpE3KaM MHOXKE-
crBa B, mpepcrasasiomero opaunana 3. Ecau cpenn
STUX OTPE3KOB eCTh caMo B, To 3 6y1eT TOYHON BepX-
Hell TPaHbIO (M HAMGOMBIINM BIEMEHTOM CEMEHCTBA).
Ecan HeT, To 5T oTpesku umetor Bug [0,b) nas pas-
AUYIHBIX daemMeHToB b € B. PaccmoTpum MuOXecTBO S
Bcex Takux »jieMeHTOB b. Ecan S He orpanmveno B B,
TO 3 6yaeT ToYHOW BepxHel Tpanbio. Ecam S orpa-
HHUYEHO, TO OHO MMeeT TOYHYI0 BEPXHIOI I'paHb §, U
[0, s) 6ymeT TOYHON BepXHEN MpaHbio CeMeNCTBRa.

MoxXHO ckazaTh, 9TO CEMENCTBO OPAMHAJOB — 3TO KaK
6Bl yHWBEpCaAbHOE BIOJHE yTIOPAJOTIEeHHOE CeMeNCTBO; JITo-
60e BIOJHE YMOPAJOYEHHOE MHOXKECTBO M30MOP(HO HEKO-
TOPOMY Ha9aJhbHOMY OTPE3KYy 2TOro ceMmelicTBa. IloaToMy
MBI HEMEJIEHHO TPHAEM K TMPOTHBOPETMIO, €CAW 3aXOTHM
pPaccMOTPeTh MHOXECTBO BCEX OPAMHAIOB (Belb IA BCA-
KOT'O BIIOJHE YMOPAJOYEHHOTO MHOXECTBA €CTh eIé 60Jb-
mee — 106aBUM K HEMY HOBBIN BJAeMEHT, GOMBIINN BCeX Mpe-
ABIAYIINX). DTOT MapajoKc HasbiBaeTcA napadokcon Bypa-
Au-Popmu.

121. [lokaxwuTe, 9TO TOYHAA BEPXHAA I'PaHb CIETHOIO YTHCIA
CYETHBIX OPJAWHAIOB CYETHA.

Kak xe paccyxaaTh 06 opgnHagax, He Bafad B TPOTH-
Bopeuna? B mpuWHIUIIE MOXHO 3aMeHATL yTBepXKIeHUA 00
Op/MHaAaX YTBEPKJECHHAMH O WX TPEJACTAaBUTENAX W BOC-
NPUHAMATEL YIOMUHAHNA OPAMHAIOB KaK (BOJBHOCTH Pevms.
Jlpyroli moaxoj TPUMEHAETCA TIPA AKCHOMAaTHIeCKOM TO-
CTPOEHNN TEOPUH MHOXKECTB, U COCTOUT OH TIPUMEPHO B CJle-
OYIOIIEM: MBI O6BABIAEM KaX bl OPANHAT PABHBIM MHOXKe-
CTBY BCEX MEHBINX OpANHAIOB. TorJja MUHNMAILHBIN Op 1-
Haa 0 (MOPAAKOBBIN THII MYCTOTO MHOXKECTBA) 6y 1T MYyCTHIM
MHOXECTBOM @, CJIeYIONINT 32 HUM opAnHaa | (MopsAIKOBbIT
THI OTHORAEMEHTHOTO MHOXKecTBa) GyneT {0} = {@}, saTem
2= (0,1} = {2,{2)}, 3 = {0,1,2) = {2, {2}, (2, {2}}},
4 = {0,1,2,3} u 7. 1. 3a HUMH caegyeT OpAWHAN w (MO-
PAJKOBBIM THI MHOXECTBA HATYPATbHBIX 9WUCET), PaBHBIN
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{0,1,2,3,...}, notomw +1=10,1,2,3,...,w}, norom w +
+2={0,1,2,3,.. . ,w,w+ 1} u 7.1

Mbr He 6yfeM TOBOPHUTH TOAPOGHO 06 aKCHMOMaTHYeC-
kol Teopun MHOXKecTB l[lepmesno— Ppenkenas, HO aBa 06-
CTOATENBCTBA CAEYyeT WUMETh B BHUAY. Bo-TepBBIX, B HeH
HeT HWKaKWX OOBEKTOB, KpOME MHOXECTB, W €CTh aKCu-
OMA IKCMEHCUOHAALHOCMU (MAU 06BEMHOCMU), KOTODasd
TOBOPUT, ITO ABa 06BEKTA, COMEpKAIINE OTHA U Te XKe dJe-
MeHTHI, paBHBI. [lopTOMy cyliecTByeT JHWIIL OMUH OOBEKT,
He COJIEPXKAIINI BJIeMEHTOB (TycTOe MHOXeCTBO). Bo-BTO-
PBIX, B Hell eCTh akcuoma Pynduposanus, KOTopasd IOBOPHT,
9TO OTHOIIeHWEe € (PYHAMPOBAHO: BO BCAKOM MHOXecTBe X
€CTh DJIEMEHT, ABAAIONIMICA E-MUHUMAJIBHBIM, TO €CTh HJe-
MenT ¢ € X, masa kortoporo X Nz = @. Orciona cirenyer,
9TO HAKAKOe MHOXKECTBO & He MOXKeT OBITH CBOUM JJeMEH-
ToMm (MHade 1A MHOXeCTBa {z} Hapylazachk Obl aKCHOMa
dbyHAMpOBaHUA).

122. BuiBegure m3 akcuombl GYHANPOBAHUSA, 9TO He CYyIIe-
CTByeT MHOXECTB ¥, Y, Z, A1 KOTOPDHX £ € Yy € 2z € ¥.

Punocodckn HACTPOEHHBIN MaTEMATHK OOBACHUI OBl
CMBICJ aKCHOMBI (pyHIMPOBAaHNAA TaK: MHOXECTBa CTPOATCA
U3 paHee IMOCTPOEHHBIX MHOXECTB, Ha4YMHadA C IIyCTOr'o, U
MO3TOMY BO3MOXKHA WHIYKIIUA MO0 TOCTPOEHUIO (AOKaabIBaﬂ
KaKoe-aub0 CBOMCTBO MHOXKECTB, MOXKHO paccyXjaTh WH-
AYKTUBHO M TpefnojaraTh, 9YTO OHO BEPHO [IJIA BCEX €ro
SIEMEHTOB).

Tenmepb MOXHO OmpenenTh OpAWHAABI Tak. Bygem rTo-
BOPUTH, YTO MHOXKECTBO & MPAH3UMUBHO, €CJU BCAKUN HJre-
MEHT MHOXECTBa & ABJAETCA II0IMHOXECTBOM MHOXECTBA X,
TO eCTh ecin U3 z € y € x caenyer z € x. Hazosém op-
Juna.iom TPAH3UTHBHOE MHOXECTBO, BCAKUN IEMEHT KOTO-
pOTrO TPaH3UTHUBEH. JTO TpeGoBaHWe rapaHTUPYET, YTO Ha
aJeMeHTaX JI060T0 OpAnHAaIa OTHOIIEHNE € ABMACTCA (CTpo—
I‘I/IM) JaCTUYHBIM HOPAJTKOM.

AxcmoMa (PyHAUPOBAHUA TaPAHTUPYET, YTO YaCTUIHBIN
TIOPANOK € Ha J1060M OpAnHaAe ABAACTCA (PYyHAMPOBAHHBIM.
TTocae 3TorO MO MHAYKIINN MOXKHO NOKA3aTh, YTO OH ABJA-
eTCs TUHENHBIM (I/I, ClIeJOBATENHHO, TTOJHBIM ).
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123. (a) Mcrnoabays omnpejeleHne opAWHala KaK TPAH3UTUB-
HOI'O MHOXKECTBA C TPAH3UTHUBHBIMU 3JEMEHTAMH, TOKAKUTE, 9TO
aJIeMeHT opauHana ecTb opamHal. (6) Ilycte o — opawnan (B
CMEICJIe JAaHHOI'O HaMu ompegeienus). [lokaxure, 4T0 OTHOLIe-
HHUe € Ha HEM SBJIAETCH YacTHYHBIM mopsifkoM. (B) [lokaxwure,
9TO A JIOOBIX BJEMEHTOB a,b € o BEpHO POBHO OJHO M3 TPEX
cooTHomeHu: 6o a € b, mbo a = b, mmbo b € a. (Ykaszanue:
WUCTIOJB3YUTE ABOUHYIO MHAYKINIO MO (PYHAUPOBAHHOMY OTHOIIIE-
HUIO € Ha «/, a TaK¥kKe aKCHOMY 3KCTeHcHoHambHocTH.) (T) /loka-
KHUTE, 9TO OJMH OpAWHAT U30MOPQPEH COGCTBEHHOMY HAYAMbLHO-
MY OTPE3Ky APYroro TOrja W TOABKO TOTAa, KOrja ABIAETCA ero
snemerToM. (Takum o6pazoMm, oTHoueHne < Ha OpAMHANaX Kak
YTIOPAAOYEHHBIX MHOXKECTBAX COBMAJAET C OTHOIIEHUEM TPUHA-
nexHocTu.) JlokaxuTe, 9TO KaX /B OpJUHAT SBIAETCH MHOXE-
CTBOM BCEX MEHBIIUX €I'0 OPAUHAJOR.

3aMeTUM elIé, 9TO eCAu KaXAbli OPJAMHAI €CTh MHO-
JKECTBO BCEX MEHBINHUX €r0 OPAUHAJOB, TO TOYHAA BEPXHAA
TpaHb MHOXKECTBA OPANHAJIOB €CTh UX 0OhBEJUHEHNE.

Mer He 6yjgeM TOAPOGHO pa3zBUBAThL ITOT TOAXO] U
mo-TpekHeMy 6y/1eM HAWBHO MPEACTaBIATE cebe OpAMHAIbI
KaK TIOPAJKOBBIE TUTHI BIOJAHE YIIOPAJOUYCHHBIX MHOXECTB.

IMpex e deM MepelTH K CAOKEHWIO M YMHOXKEHUIO OP/IH-
HAJOB, OTMETHM TaKoe CBOUCTRO:

Teopema 37. TlycTh A — TOAMHOXKECTBO BIIOJHE YHIOPS-
nodeHHoro MHoxectBa B. Torjga mopsAAKOBBIN TUT MHOXe-
cTBa A He MPEBOCXOAUT TOPAJAKOBOTO THIIA MHOXKeCTBa B.

<1 OT™MeTnM cpa3sy ke, IYTO PABEHCTBO BO3ZMOXKHO, Maxke
ecan A ABafeTcA cO6CTBEHHBIM MoAMHOXKecTBoM B. Hamnpu-
Mep, 96THBIE HATYPAJIbHbIE YUCAA UMEIOT TOT XK€ TOPAIKO-
BRI THI W, 9TO U BCe HATYPAJbHBIE YHCIA.

Paccyxkas oT TpOTUBHOTO, TPEATOJOKUM, ITO TTOPAI-
KOBBIN TN MHOXKecTBa A Goabiie. Torga B maomopdHo He-
KOTOPOMY HavaJbHOMY OTPe3Ky MHOXecTBa A, He coBmafa-
foinemy co Bcem A. TlyeTh ag — BepxHsas rpanuna (B A)
aTOTO OTpeska, a f: B — A — cOOTBETCTBYIOIINHA M30MOp-
duzm. Torga f crporo Bospactaer u moromy f(b) > b ana
Bcex b € B (Teopema 17). B wacTHocTn, f(ag) > dg, HO Mo
[penoJoKeHno Mo6oe 3HadeHue f(b) MeHBIle ag — MPOTH-
BOpevne. >
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2.11. ApudpmeTuka opauHanos

Mu1 onipefiennan cyMMy U TPOU3Be€HUE JUHEMHO YIOPS-
JOYEHHBIX MHOXecTB B paszjeine 2.1. (Hanomuum, 4to B A +
+ B naemenTHl A mpeamecTByioT saemenTam B, a B A X B
MBI CHadYajga cpaBHUBaeM B-KOMIOHEHTHI Tap, a B CAydae Ux
paBeHCTBa — A-KOMIIOHEHTHI. )

Jlerko mpoBepUThH CJAeAYIONUINE CBOUCTBA CJAOXKEHUS:

o Cuoxenne accounatusao: o + (8 +v) = (e + ) +7.

o Croxenne He KOMMYTATHBHO: Hampumep, | + w = w,
HO w+ 1 # w.

e Ouepngno, a+0=04+a =a.

¢ CyMMa BO3pacTaeT TIPH POCTE BTOPOTO apryMeHTa;: ec-
am B < P2, To a+ B < a+ Ba2. (B camom gene, mycTh
31 m30MOp(hHO HAYATBLHOMY OTPE3KY B (2, OTIANTHOMY
oT Bcero (3. [lo6aBuM K 5TOMy M30MOPHU3MY TOXK /le-
CTBEHHOE OTOGpaXeHNe Ha ¢ U TIOJIY UM HU30MOP(U3M
MeXKIY & + 1 M HaYaAbHBIM OTPE3KOM B « + f32, OT-
JANYHBIM OT & + f35.)

e CymMma HeyOBIBaeT TIPU POCTE TIEPBOT'O apTyMeHTa: ec-
m a; < as, 7o a1 + 3 < az + B. (B camom jgene,
a1 + B n30MOpHHO TOAMHOKECTBY B a2 + 3. DTO MOj-
MHOX€ECTBO He ABJIAETCA HAYAILHBIM OTPE3KOM, HO MBI
MOXKeM BOCHOMb30BATHLCA TeopeMon 37.)

o Ompefenenne cyMMBbI COTIIACOBAHO ¢ 0603HAYEHNEM v+
+ 1 ana caepyromero 3a a opanHaaa. (3aeck 1 — mo-
PAJKOBHIN THII OTHODIEMEHTHOTO MHOXecTBa.) Caeny-
oM 3a « + 1 opanHamoM 6yaeT opauHamI (a + 1) +
+l=a+(1+1)=a+2ur.a

e Ecim a > B, To cymecTByeT eIWHCTBEHHBIN OpIH-
Haa vy, aad koToporo f + v = a. (B camom pere,
3 nzoMopdHO HAYAILHOMY OTPE3KY B (¢ OCTaBINAACA
qacTh a W 6yJeT NCKOMBIM opanHagoM vy. EamHcTBeH-
HOCTH ClelyeT W3 MOHOTOHHOCTH CJAOKEHUA TIO BTOPO-
My apryMeHTY.) 3aMeTHM, YTO 3Ty ONEPAIHNI0 MOXKHO
Ha3bIBAThH «BBIYTUTAHUEM CIEBAY.
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o (BrrunTaHme crpaBay, HATTPOTHUB, BO3MOXKHO He BCETIA.
[ycts o — wmekoTopwil opaunai. Torga ypaBHeHue
B+ 1 = «a (orHoCUTEAbHO ) MMeeT pellleHHe TOT1a
U TOJBKO TOra, KOTJa (o — HENPEAeIbHBIN OpIHHAT,
(T.e. Korjga o MMeeT HANGOMBIINH BIEMEHT).

Omnpegeneane CyMMBI BYX ODJUHAIOB B CHJIY AaCCOIH-
aTUBHOCTH MOXHO PACHPOCTPAHUTH Ha M1060e KOHEYHOE
9UCJAO OPANHAIOB. MOXKHO ONPeIequTh U CYMMY 1 + a3 +
+ ... CcYETHOW MOCHENOBATENLHOCTH OPAWHAIOB (DJEMEH-
THL @; TPEJMECTBYIOT dIeMeHTaM a; IpHu ¢ < j; BHYTpH
KaX/I0T0 «; TopAIoK npexHuit). Kak Jerko mpoBepuTh, 5T0
MHOXECTBO [TEHCTBUTENBHO 6yIeT BIOJHE YIOPSIOYEHHBIM:
4TOOB HAUTH MUHUMAJBHBIA DIEMEHT B €70 MO IMHOXKECTBE,
pPaccMOTPUM KOMIIOHEHTHI, KOTOPHIE 3TO TMOAMHOXECTBO 3a-
nmeBaeT, BRIOEpEM M3 HUX KOMIIOHEHTY C HAWUMEHBIITUM HOMe-
POM ¥ BOCIIOJIB3YEMCS €€ MOJHOU YIOPSJOUEHHOCTHIO.

B sToMm mocTpoeHnn MOXKHO 3aMEHUTH HATYpAJIbHbIE HH-
cl1a Ha BAEMEHTHI TTPOM3BOJBHOTO BTOMHE YTOPATOYECHHOT O
MHOXecTBa | W ompeeanTs cyMMy y . A; ceMellcTBa BIOMHe
yOOPAOYEeHHBIX MHOXKECTB A;, WHIEKCHPOBAHHOTO BJIEMEH-
TamMu [, Kak TOPSAJKOBBIA THI MHOXKECTBa BCEX Map BHa
(a,1), nns koropwix a € A;. Tlpn cpaBHeHUN map cpaBHUBa-
IOTCA BTOPble KOMIIOHEHTHI, a B CIyYac paBEHCTBA M TEePBBIE
(B cooTBeTcTBytomeM A;). Ecan Bce A; mzoMopdHBI 01HO-
MYy W TOMY JKe MHOXeCTBY A, moiydaem yxe U3BeCTHOE HaM
ompejiefenne mpounsBeaeHus A x I.

Teneps TepenéM K YMHOXKEHWIO OPINHAIOB.

e YMmHoXeHne acconmaTuBHo: (af)y = a(fy). (B camom
Jeqe; B 060UX CIydasdX 10 CYIIeCTBY MOMYy9IaeTcA MHO-
KeCTBO TPOEK; TPOUKH CPABHUBAIOTCA CIIpaBa HANEBO,
MoKa He OGHAPYKUTCA Pa3audne. )

o YMHOXKeHUEe He KOMMYTATUBHO: HAIPUMED, 2w = W, B
TO BpeMA Kak w - 2 # w.

e OueBngno, - 0=0-a=0na-1=1-a=a.

¢ BrimoanseTca ofHO W3 CBOWCTB AWCTPUGYTHBHOCTH:
a(f +v) = af + ay (HemocpeJCTBEHHO CleayeT W3
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onpejenenns). CHMMeTPHYHOE CBONCTBO BBITIOJHEHO
He Beerga: (14 1) w=w #w+w.

IMpousBeenne cTporo BozpacTaeT MPHU yBEAUTEHUN
BTOPOTO MHOXWTENA, eciu TepBuiil He pased 0. ([las
pasHoO6pasud BHIBEJEM 5TO W3 paHee [MOKa3aHHBIX
cBOCTB: ecau 33 > 31, To By = By + I, Tak UTO

afBs = a(f1+0)=ap +ad > apfr.)

IIpoumaBeseHne He YOEIBAET MPH BO3PACTAHUH HEPBOTO
muoxkuTeas. (B camom gene, ecam ay < vz, TO v § m30-
MOp(HO TOAMHOKECTBY aaf3. DTO MOAMHOXKECTBO He
ABJACTCA HAYATLHBIM OTPE3KOM, HO MOXKHO COCIAThLCA
Ha Teopemy 37.)

JlroGon opauHam, MeHbINNN a3, OJHO3HAYTHO MpEICTa-
BuM B Buje a3 + o', rae f' < fua < a.

(B camom pgere, mycTs MHOXecTBa A 1 B ynopsanodeHs!
no Tunam a u 3. Torga A X B ymopajodeHo mo THUILy
af. Beakuit opinHAag, MEHBIIANA 3, eCTh HAYaJbHBINA
oTpe30K B A X B, orpaHNYeHHBIN HEKOTOPBIM HJAeMEH-
Tom (a, b). Haganabuwiit orpesok [0, (a, b)) cocTour us
nap, y KOTOPBIX BTOPOH WJIeH MeHbINe b, a TakKxkKe W3
map, y KOTOPBIX BTOPOH 9JeH paBeH b, a ePBBIA MEHb-
me a. OTcloa cieyeT, 9To 3TOT HadaldbHBIN OTPe30K
msomopden A x [0,5) + [0, @), Tak ¥T0 ocTaéTeA MoIO-
xuTh ' =[0,b) m o’ = [0, a). Temeps mpoBepnM OTHO-
s3Ha9HOCTS. llycTh a3’ + o' = af”’ +a'. Ecm ' = 3",
TO MOXHO BOCTIOJB30BATHCA OJHO3HATHOCTHIO JEBOTO
BBEIYMTAHUA W TOMyaInTh, 910 o' = a'. OcTaérca mpo-
BepHUTh, 9TO /3’ He MOXeT 6BIThL, cKaxeM, MeHbIe 3.
B s>Tom cayuae 3 = 3’46, u coxkpamas a3’ cresa, mo-
ayanm, 9To o’ = ad + o, 9To HeBO3aMOXKHO, TaK Kak
JeBad 9acTh MeHBIE (v, a TIpaBafd 9acTh GOJbINe WA
paBHa a.)

AHamoruvyHoe ¢JefeHne ¢ OCTATKOM) BO3MOXKHO W A
a0661x opauHaaoB. [lycts a > 0. Torga mo6ou opau-
Hal v MOXHO Pa3JeJUTh C OCTATKOM Ha «, TO €CTh
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npeCcTaBUTh B BUAe aT + p, TAe p < &, U TPUTOM
€TMHCTBEHHBIM 06pa3oM.

(B camom fieste, CyIIecTBOBaHUE ClEAYET W3 TPEABIAY-
ero yTBepXKJeHUA, HAJO TOJBKO B3ATH JOCTATOYHO
6oabioe 3, 9To6H aff GbLTO Goabllie ~, cKaxeMm, 3 =
=~ + 1. EquHCTBeHHOCTE JOKa3bIBaeTCA TaK XKe, KaK
U B IPeJbIAYIIEM TYHKTE.)

o TloBTOpsAs nereHme ¢ ocTaTKOM Ha & > 0, MOXHO TIO-
CTPOUTH TIO3UIUOHHYIO CUCTEMY CUUCICHUA NIA OP/IW-
HasOB: BeAKWl opauHAT, Menbmmi oftl (agech k —
HATYpaJbHOE YHCI0), OHO3HAYHO TPEACTABAM B BHE
aF B+ 1B 1+ +api+Bo, tae B, ..., B, Bo—
Op/IMHAJIBI, MEHBIINE (.

124. /[lns kakux opauHaisoB 1 + o = a?

125. /I kakux opauHAIOB 2 - o = 7

126. Kakune opanHaIbI IpeACTABUMBI B BUAE W -

127. [lokaxwure, ¥T0 o + 3 = 3 Torja m TOABKO TOr'Aa, KOrjia
aw < B (3geck a u § — opauHanh).

128. /lokaxuTe, wT0 eciii o + 3 = 3 + @ AJIsi HEKOTOPHIX Op-
IUHATOB o U [3, TO HAUAETCSA TAKOU OPAWHAJI Y W TaKue HATy-
paibHBIE 9HUCIA M W N, 9T0 @ = Ym u 3 = yn.

129. OmpegennM omepanuio «3aMeHBI OCHOBaHuWs» ¢ k > 1
Ha | > k. YTo6H TIpUMEHWUTH 5Ty OMEpAInio K HATYPATHHOMY
HUCIy 1, HAAO 3alKUCATh N1 B k-MYHOU CHCTEME CUYHCJEHWUS, a 3a-
TEeM MPOYECTh 3Ty 3anuch B l-waHol cucreMe. (O4eBHAHO, 9HCIO
IIPU 5TOM BO3PACTET, eClr OHO GBLIO Gomblie mim paiHo k.) Boab-
MEM TPOM3BOJBHOE HHUCIO0 N U OyAeT BHIIOIHATH HAJ HAM TaKWe
OTIepaITii: 3aMeHAa OCHOBAHWUA C 2 HAa 3 — BEYUTAHUE €IUHUITH —
3aMeHa OCHOBaHUA C 3 Ha 4 — BEIYUTAHNE €IWHAITHL — 3aMeHa OCHO-
BaHuA ¢ 4 Ha 5 — BEIYNTaHNe eqUHATH — . .. [lokaxwnTe, 9TO pano
WIN TO3AHO MBI TOJYYIAM HYJIb W BHYECTH €IUHUITY HE YIACTCA.
(YkasaHme: 3aMeHHTe BCe OCHOBAHHA Ha OpAUHAI Ww; IIOJLY9HTCH
yOBIBatoIIas [OC/IE0BATEIBHOCTE O AUHAIOB. )

2.12. NuaykTuBHbIE onpeaeneHnsi U CTENEHMU

M=1 orpeieTnan cAoXeHNe U YMHOXKEHTE OP INHAJIOB C TI0-
MOIITBIO ABHBIX KOHCTPYKIUH MOPA KA Ha COOTBETCTBYIOIMINK
MHOXecCTBaX. BMecTo 3Toro MoXHO 6BLIO 6Bl NX ONPECANTh
HHAYKTUBHO.



104 Ynopadouennsie MHodtcECMEA [ra. 2]

Teopema 38. Cioxkenne opanHagoB 0642 aeT CJIEYOIIH-
MU CBOMCTBaMMU:

a+0=aqa;
a+(B+1)=(a+8)+1;
a+vy=sup{a+ | B < v} aaa npeneasroro v # 0.

OTH CBOUCTBA OJHO3HAYHO OMPEAEIAOT OMEPAlNI0 CJIOXKe-
HUA.

<1 /IBa mepBBIX CBONCTBA OYEBWIHBI; TPOBEPUM TPETHE.
Eciu B8 < v, To a+ 8 < a+7, Tak 9T0 o + 7 6y 1eT BepxHen
rpanuien Bcex cymm Buga o + 3 npu 3 < . Hago mpoBe-
pUTH, YTO 5Ta TpaHuna ToYHadA. [lycTh HEKOTOPBHIN OpIu-
HaJ T MEHBINE « + . YOeauMcs, 9TO OH MeHbIle a + 3 nis
HekoToporo 3 < v. Ecan 7 < a, Bcé oveBuano. Ecim 7 > a
mpejcTaBUM ero B Bujge 7 = a + o. Torma a4+ o0 < a +
4+ v u motomy o < 7. Ilockonbky opaumHas v TpeaeTbHBIN,
0 + 1 Takke MeHBIIE Y U OCTAETCA MOJOKUTE 3 = o + 1.

YxkazaHHBIE CBOUCTBA OJHO3HAYHO OTPENENAIOT OTepa-
U0 CJAOKEHUS, TaK KaK MPEACTABIAIOT COO0N PEKYPCHBHOE
ompejeeHne o § (ecan ecTh B ONepalny CIOKeHNs, 06aa-
AoIe 3TUMH CBOUCTBAME, BO3bMEM MUHUMAJbHOE (3, 1
KOTOPOTO OHU PA3IWYaroTca W T. 1.). >

AHaJTOTUYIHO MOXKHO ONPEIEJUTh U YMHOXKEHUE:

Teopema 39. YMHOXeHHME OpAUHAJIOB 06JaTa€T CJETYIO-
[IUMU CBOWCTBAMHT:

a0 = 0;
a(B+1) =aB+ o
ay = sup{af | B < v} maa npegeasuoro vy # 0.

OTH CBOWCTBA OJHO3HAYHO OMPEICAAIOT ONEPAIUI0 YMHOKe-
HUA.

< [lokazaTeabcTBO aHAJOTUYHO, HYKHO TOIBKO MPOBE-
pUTB, 9TO ecau T < «ay A OpeledbHOro v, To T < af
mas HekoToporo 3 < 4. Kax mur Bugean uva c. 102, opan-
Haa T WMeeT BuAg T = avy + o' mpm v < 7v; pocraTtouHo
nogoxuth B = +1. >
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BosnukaeT ecTecTBeHHOe KeMaHWE ONpENeaUTH OIepa-
1IN0 BO3BEAECHNA B CTeNeHB. MBI yXKe TIO CYINeCTBY ONpeIeau-
JM BO3BEJIEHNE B IEMYIO TOJOKUTEILHYIO CTeNeHb (a” ecTh
MPOM3BEJIEHUE N COMHOXWUTENEH, paBHbIX «). [Ipyrumu cio-
BaMu, ecan A ymopsago€¥eHO TO THTY «, TO MHOXecTBO A”
ToCIe I0BATENbHOCTEN JIMHBL 1 ¢ DJeMeHTamMu u3 A ¢ o6pat-
HBIM JEKCHKOTPAQUIeCKUM TMOPATKOM (CpaBHEHHE ClpaBa
HAJEBO) YIOPAJOYEHO 1O TUIY ™.

Caenytormn mar — onpegeantb o . [leppaa uges, npu-
XOJAMIAA B T'OJOBY — B3ATH MHOKecTBO AN GecKOHEeTHBIX
TMOCAeI0BATENLHOCTEN W OTPEAETUTh Ha HEM TIOJHBIN TOPS-
nok. Ho xak ero BBecTn — HedAcHo. [loaTomy MoxHO mompo-
60BaTh OMPENETUTh 6036€JeHUE 6 CMeneHb WHIYKTHBHO C
TTOMOIIIBIO CJAETYIOMIAX COOTHOIIEHWH

al =1;
WPt = 0 o

)

o) =sup{a’ | B < v} ana npegeasbroro y # 0.

Teopema 18 (0 TpaHCGHUHUTHOW PEKYPCHH) TapaHTHPYeT,
9TO 3TH COOTHOIIEHUSA OMHO3HAYHO OTIPENENAIOT HEKOTOPYIO
oTepalnio Haj OpJAWHAJAMHU, KOTOpPAd M Ha3bIBAETCA BO3Be-
MEHNEM B CTETIEHb.

3ameuanune. TyT onaTh MBI TIOAXOAUM K OMACHOU TDAaHU-
le TapaJOKCOB M BBIHYXKJeHBI BbIpaKaThcs yKJAOHUYMBO. Ha
CaMOM jlejile TeOpeMa O TPAaHC(HUHUTHOU PEKYPCHH TOBOPHUIA
06 ompeeneHNN (GYHKIINNA HA BIOJTHE YIOPAJTOIEHHOM MHO-
JKecTBe, a OpJAMHAJIBI He 06pa3yIioT MHOKECTBA — WX CJIWIII-
KoM MHOTO. Kpome Toro, B Hell Iwia pedb o (PYHKUHUAX CO
3HAYEHUAMN B HEKOTOPOM 3aMaHHOM MHOMXKECTBE, KOTOPO-
o 37ech ToXKe HeT. [lomo6HBIe MHAYKTUBHBIE ONpPEAeTeHNA
MOXHO KOPPEKTHO 060CHOBATH B TE€OPUH MHOXKECTB C HC-
MOJB30BAHNEM TaK HAa3bIBAGMOW aKCUOMbL NOJCMAHO6KU, HO
MBI 06 3TOM TOBOPHUTB He OyjaeM. BMecTo 3TOTO MBI AaJUM
ABHOE OMUCaHWe BO3BENEHUA B CTENEHBb, CBOGOTHOE OT DTUX
mpobaeMm.

YTo6BI MOHATHL CMBICA BO3BENEHUA B CTeTEHb, TOCMO-
TPUM, KaK BHITAAAUT opAuHas o (11 HEKOTOpOro «).
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ITyctb A — MHOXecTBO, ymnopsaodenHoe mo Tuny a. Op-
TUHAT o TIO OTIPeIeEHHIO €CTh TOYHASA BEPXHAA I'PaHb o
A HATYpadbHBIX n. OpanmHanr «” ecThb TOPAJAKOBBIH THTI
MHOXKecTBa A", yHIOpAIOYeHHOTO B 06PATHOM JEKCUKOTPa-
Puveckom nopaake. YTo6b1 HANTH TOYHYIO BEPXHIOK T'DaHb,
mpeAcTaBUM MHOXKecTBa A” kKak HadalbHBIE OTPE3KUW JAPYT
apyra. Hanpumep, A? coctout uz map (a1, az) u 0TOX1e-
CTBAAETCA C HAYaTbHBIM OTpeakoM B A3, cocToammm ms
Tpoek (ai, as,0). (3aech 0 — HanMeHbIINI >aeMeHT B A.)
Temepb BUIHO, 9TO BCe MHOXKecTBAa A” MOXHO paccMaTpwu-
BaTh KaK HavYalbHble OTPE3KH MHOXKecTBa A%, coCTOAIIErO
n3 GECKOHEYHBIX TOCAEOBATENLHOCTEN dg, d1, ..., DJAEMEH-
THI KOTOPHIX TPUHAAIERKAT A M B KOTOPBIX JWIIb KOHETHOE
YHCII0 WieHoB oTandHo oT Hyas. (locaennee TpeGoBanue fe-
JAeT KOPPEKTHBIM OTpe/efeHne 06paTHOTO JeKCHKOT padu-
9EeCKOT0 TIOPATKA — MBI HAXO UM CaMyTo TPaByo TO3HUIINIO,
B KOTODOW MOCTEJOBATENHHOCTH PA3IAYIAOTCA, W CPaBHU-
BaeM WX 3HAYeHWA B TOH MO3MIUH.) B o6beWHEHHN >TH
HavaJbHbIE OTPE3KN MAKT Bcé A Tak 9TO 3TO MHOXKECTBO
C ONMMCAHHBIM TOPAJKOM UMeeT THl o

AHamoruvHoe yTBepXKJIeHUE BEPHO M s JIOGOTO TMOKa-
3aTelNs CTETeHH.

Ilyctb A m B — BHoAHe yHOPAIOYEHHBIE MHOXKECTBA,
UMeIINe TOPAAKOBbIe THNH o 1 3. PaccMoTpuM MHOXKeCT-
Bo [B — A] cocrosinee s orobpaxkenni B B A, nMeromux
(KOHEYHBIH HOCUTENb) (PaBHBIX MIHUMAILHOMY DaeMeHTY A
BCIOIY, 3a MCKIAIOYEHWEM KOHEYHOT'O MHOXeCTBa). BBeaém
Ha [B — A] mopsaaok: ecan fi # fo, BeIGepeM HaMGOMBIINI
snemenT b € B, nas xoroporo fi(b) # f2(b) n cpaBuum fi(b)

Teopema 40. YkazauHoe MpaBWIO 3aJa€T MOMHBIA TOPS-
0K Ha MHOXecTBe [B — A] u mOpAAKOBBIM TUTI 3TOTO MHO-
KecTBa ecTh af .

<! Ham Ha 10 TpOBEPUTH, YTO YKA3AHHBIA TIOPATOK ABJIA-
€TCA TIOMHBIM U YTO BHITIOMHEHB! TPeGOBAHNA NHIAYKTHBHOTO
OTpeleleHuA CTETEHH.

Hazosém nocumesem snementa f € [B — A] mMHOXKecT-
Bo Tex b € B, maa koropwix f(b) > 0 (3geck 0 oGosHada-
eT HaWMeHBINN baeMeHT MHOoXecTBa A). Hazomém panzom
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dbyHkunyu f HanGOMBIINH BJIEMEHT HOcUTedA (MO ompejele-
HUIO HOCHUTENb KOHEWeH, TaK UTO HAMOOMBIIUN DJIEMEHT Cy-
mwecTByeT). PaHr onpefesén 1is Beex QYHKINI, KPOME TO-
K ECTBEHHO HYJIEBOH, KOTOPAad ABIAAETCA MUHUMAILHBIM 3JIe-
MeHTOM MHOXecTBa [B — A]. Yem 6oablie padr GpyHKINN,
TeMm Goabllle caMa (DYHKIUA B CMBIC/IE BBEIEHHOTO HaMW TO-

pAaKa.
ITycTs mopsaok na [B — A] He sBageTca noausim u fo >
> f1 > fo > ... — yObIBaoomas mocae[oBaTEAbHOCTD BJe-

MmenToB [B — A]. Bee saeMenTnl f; ortauunsr ot 0; paccMo-
TPUM WX PAHTH. DTH PaHTH OGPasyioT HEBO3PACTAMIIYIO
MOCAEIOBATENBHOCTD, TIODTOMY HAadYHHAA ¢ HEKOTOPOTO Me-
cTa cTabmam3npyroTca (MHOXeCTBO B BIOMHE yHOPAAOtde-
HO). OT6pocuM HaYATBLHBIN OTPE30K U OyjJeM CIUTaTh, 9TO
€ caMOro Hadvaja PAHTH BCEX DIEMEHTOB yOBIBAIOMIEN MOCITeE-
JOBATEILHOCTH OJIMHAKOBHI M PABHBI HEKOTOpoMy b. B cooT-
BETCTBUM ¢ ONpeleienneM, snadenus fo(b), f1(b), ... o6pasy-
0T HEBO3PACTAOIIYIO MOCIE[OBATENHLHOCTD, TOXTOMY HatW-
Hasd ¢ HEKOTOPOTO MecTa cTabuamsupyiorcsa. OTépocuB Ha-
YaJdbHBIN OTPE30K, 6yNeM CUMTATh, 9TO BCe f; MMET OIu-
HAKOBBIN PaHT b n ogmHakoBoe 3HaueHue f;(b). Torja 3Ha-
4yenus f;(b) He BANAIOT Ha CpaBHEHWA, W MOTOMY WX MOXKHO
saMeHnTh Ha (. [Toay+aum yEBIBAOIIYO TTOCAEIOBATETBHOCTE
snemenToB [B — A] ¢ panramu Menbie b. YTo6wI 3aBepIInTh
paccykIeHne, OCTAETCA COCIATHCA Ha TIPUHIWIT WHIYKIHH
o MHOXeCTBY B.

(Boaee hopManbHO, pacCMOTPHM Bee GECKOHEYHO YORIBa-
FOIITNE TIOCAeIOBATENLHOCTH. Y KaXkIOW M3 HUX PAcCMOTPUM
PAHT TepPBOTO 3IeMeHTa. PaccMOTpUM Te U3 HUX, Y KOTOPHIX
STOT PaHT MHHUMAJIBLHO BO3MOXKHBIN; TYCTh b — 5TO MUHU-
MaJbHOe 3HadeHne. B o601 TaKol mocae10BaTeMbHOCTH BCE
SMEMEHTH UMeIOT paHr b. V3 Bcex Takux mocieqoBaTelbHO-
creit fo > fi1 > ... BHGepem Ty, y KoTopol 3HadeHne fq(b)
MUHUMAaJALHO; BCE CIEAYIOININE €€ WIeHB MMEIOT TO ¥Ke 3Ha-
vyenne B Touke b (T.e. fi(b) = fo(b)). 3aMenun 3HaueHWE B
TO4YKe b HYJIEM, TIOAYINM GeCKOHETHYIO YOBIBAIOMIYIO MOCITE-
JOBATEIBHOCTD M3 DJIEMEHTOB MEHBIIIETO PAHTa, YTO MPOTH-
BODEYUT MPEJIOI0KEHNIO. )

Tenmepb MoKaX)eM, ITO Takoe ABHOE ONMpEJEIeHNE CTEMme-
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HHU COTVIAaCOBAHO C MHAYKTUBHBIM onpejaeneuneM. [/Iasd KoHed-
HBIX 1 5T0 odeBuHO. [TycTh v = f+1. KakoBo (aBHOE) ompe-
nenenne a¥? Ilycts B ymnopsagodeno mo tuny 3. Torga mbr
JOJKHBL T06aBHTH K B HOBBIN HaAHGOABIINN BJeMeHT (060-
3HAYNM €r0 M) U paccMoTpeTh oTobpaxenna BU{m} — A ¢
KOHEYIHBIM HOCHTeNeM. ACHO, 9TO TaKoe 0ToGpa)eHte 3a 1a-
éTcs Tapoll, COCTOAIIEN M3 €ro CyKeHnd Ha B (KoTopoe Mo-
KeT GBITH MPOU3BOILHBIM HJIEMEHTOM MHOXecTBa [B — A])
n 3HadeHna Ha m. [Ipu ompejeneHnn MOpAAKa MBI cCHadaIa
CpaBHMBAaeM 3HaYEHWA Ha M, a MOTOM CyxXeHus Ha B, To
eCTh MOJYyYeHHOe MHOXKeCTBO uzoMopduo [B — Al x A, uTo
n Tpe6oBaIOChH.

ITycTh Temepb v — HEHYJIEBOW MpeAeNbHBIN OpAUHAT U
muo)KecTBO C' yropsagoteHo mo tumy v. Kak ycTpoeHo MHO-
xectBo [C'— A]?7 DaeMeHTBI, paHT KOTODPBIX MEHbIIE ¢ €
€ (', 06pa3yoT B HEM HAaYaJbHBIM OTPE30K, W DTOT HAYAIb-
HBIH oTpe3ok msomopden [[0,¢) — A]. A camo MHOXKecT-
Bo [C' — A] saBagerca obbeJuHeHNEM DTUX HAYAJIbHBIX OT-
PEe3KOB (MOCKOIBKY KaXK B BIEMEHT 3TOT'0 MHOKECTBA NMe-
€T KOHEYHBIH HOCUTENh) W TIOTOMY €ro MOPAJKOBHIA THIT
ABAAETCA TOYHOW BEPXHEW T'PAHBIO WX MOPATKOBBIX THIOB,
“TO U TpeGOoBaATOCh. [>

HemocpecTBEHHBIM Clle[CTBUEM DTON TEOPEMBI ABASETCA
TaKoe YTBepX JeHWe:

Teopema 41. Eciu o u 3 — cuéTHBIE OpAWHAJIBL, TO @+ 3,
af n af caérumL

< las cyMMBI W TIPOM3BEEHUA YTBEPXK JeHUE OUEBHTHO.
Jl1s cTeneHu: ecam MBI TPOHYMEPOBAJN BCE DIEMEHTHI BIIOJ-
He YmopsAToveHHBIX MHOXecTB A m B, To @060 dJIeMeHT
MHOXKecTBa [B — A] MoxkeT 6bITH 3ajjaH KOHEUHBIM CITHC-
KOM HATYPAJIbHBIX dices (HOCHTENb W 3HAYEHNA HA DIeMeH-
TaX HOCHUTENA), a TAKUX CIUCKOB CYETHOE HYHCIO. [>

130. Jlokaxure, uro a7 = of - a” aBymsa cnocobamm: 1o
WHAYKIAKA W C UCHOJh30BAHNEM SBHOT'O OIPEIENEHNsT CTEMEHN.

131. lokaxuTe, w10 (f)? = P,

132. JlokaxuTe, 910 ectu a > 2, 7o o > af.

133. JokaxmuTe, 9T0 eciiim w” = o + [ AAA HEKOTOPHIX OPAH-
HaJOB «/, 8 m v, To mabo B = 0, mbo B = w”.
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134. Kakwme opamHanbl Heab3s MPEACTABATH B BHUIE CYMMEI
IBYX MEHBIINX OPIMHAIOB?

135. [okaxuTe caéTHOCTE @ A1 cIéTHBIX o 1 8, HCIOAB3Y A
WHAYKTHUBHOE OIpefeJeHne CTEMEHN.

136. /lan HekoTOpHM opamHAL v > 1. YKaXnTe HaMMEHBITHI
opguran (3 > 0, auas xoroporo afl = . (Ykazanue: 9ro 6yjer,
€CJ1 YMHOXWTL & Ha CTemneHHOn panl+ax+ x? —+ z° —+ ... ?)

OTMeTnM BaXHYIO Pa3sHUIY MeXy OTepalunell BozBeme-
HUA OPJWHAJOB B CTeTeHb W paHee PACCMOTPEHHBIMH OIle-
pPAIUAME CJOXKEHUA W YMHOXeHHs opjamHatoB. Ompemenss
CYMMy W TpOW3BENEHUE OPANHAIOB, MBI BBOAUIN HEKOTO-
PBIN TOPAOK HA CYMMeE U TTPOM3BEIEHUN COOTBETCTBYIOITHX
MHOXeCTB (B OGBIMHOM CMBIC/E), 371€Ch XK€ CaMO MHOXKECT-
Bo [B — A] ompegenseTrca ¢ y4éTOM TOPAJKA U OTINIHO
ot AB. (B wactmocTn, mpm cuétHEx A m B MHOXKecTBO
[B — A] caéTro, a AP — mer.)

AsHoe onucanme MHOXKecTBa [B — A] mo3BoJIse T MOHATS,
KaK YCTPOEHBI €r0 HavYaJdbHBIE OTPE3KHU, TO €CTh KaKOW BHU
HMEIOT OpJUHAILI, MEHBIIHE A .

PacemoTpum mekoTopyio pyukuuio f € [B — A]. Hycrs
OHA OTJAWYHA OT HYJA B TOUKax by > by > ... > by m mpu-
HUMaeT TaM 3HAYEHUS 41, dg, ..., G. Hac MHTEpECYIOT Bce
pyuKIMM, MeHbIAe QyHKIIA f.

Bce onm paBubl Hymo B TouYKax, Goabmmx bi. B ca-
MOU TOYKe b; OHUH MOTYT OBITH JAUOO MEHbINE @1, JTUOO
paBHBI a1. Jlto6asg (PYyHKIUA MEPBOTO THNA MEHBINE JIO60U
¢yukumn BTOporo Tumna. PYHKIWN TEpBOTO THUIA MOTYT
MPUHAMATEH JM00ble 3HAYEHWA B TOYKaX, MEHBIIMX by, a B
Touke by umeroT 3nadenue u3 [0,a1). TeM caMbiM UX MOXKHO
OTOXKJECTBUTH ¢ dleMeHTamMnm MHOXecTBa [[0,01) — A] x
x [0,a1), W IpHU BTOM OTOXKJECTBICHAN COXPAHAECTCA TOPHA-
TOK.

PyHKIUM BTOPOro TuMa (paBHBIE a1 B TOYKe by) CHO-
Ba paszbuBalOTCA Ha JBE KATETOPUU: Te, KOTOPHIE B TOY-
Ke by MeHBbINlE as W Te, KOTOpPble B by paBHBI ay. PyHKIUU
TMEPBON KATETOPUU OTOXJAECTBIAAIOTCA C DJIEMEHTAMU MHO-
xectBa [[0,b2) = A] x [0,a2). PyHKUNH BTOPOH KaTer opun

CHOBa pa306béM Ha YaCTU B 3aBUCUMOCTU OT UX 3HAYEHUA B
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Touke by u T. 1. Takum o6pazom, [0, f) Kak ymopsoueHHOE
MHOXEeCTBO M30MOP(MHO MHOXKECTBY

[[0,61) = A] x [0,a1) + [[0,b2) = A] x [0,a2) + ...+
+ ([0, bx) — A] x [0, ax).

Tepexoaa K opauHanaM (HadadbHble OTPE3KH — HTO MEHBb-
IINe OP/NHAJHI), TTONYyYaeM TaKoe yTBEPK IeHNE:

Teopema 42. Beakmuit opaumal, MeHbIITi o | mpeacTaBIsa-
eTca B BU/Ie

aﬁlal + aﬁ2a2 +. ..—}—aﬁ"ak,

rae B> 1 > P2 > ... > P, a ar,as, ..., ar < a. Takoe
MpejICTaBAeHNE OIHO3HAYHO U JI06ad CyMMa YKa3aHHOTO BH-
1A ABIACTCA OPAMHAIOM, MEHBIIM af .

<! BO3aMOXHOCTH TAKOrO MpeCTABICHUS MBI YKe J0Ka-
saqu. [locaegHee yTBepXK IeHne CIeyeT U3 TOTO, 9TO dobas
CyMMa TaKOT'O BH/a ABAACTCA HAYAILHBIM OTPE3KOM B MHO-
xectBe [B — A] (rge A m B ynopsajotdeHbl MO THTAM &
u ) M pasHBIM CyMMaM COOTBETCTBYIOT Pa3Hble HadalbHbIE
OTpEe3KU. >

OTo yTBepkKjeHune 0606IIaeT OMUCAHHYIO HAMU paHee
(c. 103) ¢mo3umoHHy0 CHCTEMY 0GO3HAYEHUN ¢ OCHOBAHWEM
@» I OPMHAJIOB, MEHBIIAX af; Temepb BMecTO k MOXKHO
HCTIONB30BATH JI0G0N Op IUHAJ.

MoxHo 610 6bI Cpa3y CKa3aTh, 9TO DJAEMEHTAMHU MHO-
xecTBa [B — A] aBasioTcs popMaibHble CYMMBI BHIa

aﬁ1a1+aﬁ2a2+...+aﬁ"ak

(rpe B>P1>...> P mwag,...,ar < @) C eCTECTBEHHBIM
MOPAIKOM Ha HUX.

Teneph ye MOHATHO, KAK YCTPOEHHBI OPWHAIBI B MOCTE-
OBaTeILHOCTH

w (w*)
wY W\
TTepBHIlt 3 HUX 06Pa30BaH «OTHOITAKHBLIMIAY BHIPAKEHUAMNI
BH/A
by by b
w'tay +w?ar+ ... +wrag,
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rjae a; u b; — HaTypaabHble yncia (u by > ... > bg). Ecan B
KadecTBe by, ...,b; paspemuTh NUCATH JIOOLIE «OTHOSTAXK-
HBIE) BBIPAXKEHUA YKa3aHHOTO BHUa, TO MOMYyYEHHBIE «BYX-
5TaXKHBIey BBIPAKEHNA yIopsAt0deHbl o tumy w(@ ). Paspe-
B B TIOKA3aTEMAX JBYXOTAKHBIC BHIPAKEHUA, MBI TIOTY IUM
Tpexs>TaXHble BBIpaXKeHNA, KOTOPble 06pa3yoT Cley o
opaunays u T. 1. Ecin o6beUHUTEL BCe 3TH MHOXKECTBa, TO
eCTh He OTPAHNYNBATH YUCIAO dTakel (KOTopoe I Kaxk A0
IO BHIDAXKEHHUA T€M He MeHee KOHEYHO), TO MOMYYNTCA MHO-
JKECTBO, YIOPAJOYECHHOE IO THUTLY

sup(w,ww,w(ww), o)

ITOoT opAuHAT 0603HATAECTCA £Q.
137. /lokaxuTe, 9TO

50:w+ww—|—w(wu)—|—...

138. Onpegennm Ajis HATYPAIBHBIX YHCEN OIEPAITUIO «TOTAIb-
HOU 3aMeHBl ocHOoBaHus k Ha I» (3geck k m | — HarypanbHBIe
ancna, npuaeM [ > k) caegyommm o6pazoM: JaHHOE €HCIO 1 3a-
nunieM B Ak-WMHOU CUCTEME, TO €CTh Pa3JoXuM 10 cTerneHsam k,
[I0Ka3aTeNn CTENEHeN CHOBA 3alMileM B k-M9HOU CUCTEME, HOBBIE
MOKA3aTeNN TAKKe PA3JIOXKUM U T. . 3ATE€M Ha BCeX YPOBHAX 3a-
MEHUM OCHOBaHWEe k Ha OCHOBAHWE | M BHIMHUCINM 3HAYEHUE TIOJY-
quBIIErocs BeIpaxkenus. [[okaxuTe, 9To HA4YaB C 10600 N U BHI-
MOJHSAA TOCAE0BATENLHOCTD OMEPAIAN (BBIYUTAHUE EUHUITHL —
TOTAJbHASA 3aMEHA OCHOBAHWUS 2 Ha 3 — BHIYMTAHWE €JIWHUIIHI —
TOTAJbHAS 3aMeHA OCHOBaHWUS 3 Ha 4 — BHIYMTAHWE €JIWHUIIHI —
TOTAJbHAS 3aMEHA OCHOBAHUA 4 HA 5 —...», MBI PAHO WU MO3HO
3alIEM B TYIUK, T.€. MOJAYIUTCA HYJb W BHIYECTH €IUHUIY Oy-
AeT Hembas. (YKasaHWe: 3aMEHNM BCe OCHOBAHWS Cpa3y Ha OpJAu-
Ha/l W; TMOJYIUTCA yOBIBAIOIIAA [TOCJAEN0BATEILHOCTh OPAHHAIOB,
MEHBIINX &g.)

2.13. MpunoxeHus opauHanos

B 6oasmmHCcTBe crydaeB paccyXJeHUA C WCHOAB30OBAHU-
eM TpaHCHUHUTHON WHAYKIUW W OpAMHATOB MOXHO 3aMe-
HUTH CCHIAKON Ha JeMMy 1lopHa; Tpr 3TOM paccy ik aeHne cTa-
HOBHUTCSA MeHee HalldJHbIM, HO hopMalbHO 60Jee IPOCTHIM.
Tem He MeHee GBIBAIOT CHTyalWM, KOTJa 3TOTO CAeTATh HeE
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ynaétea (mo KpaliHel Mepe, HEACHO, Kak ObI HTO ClIe/loBa-
70 J1efaTh), W MPUXOANTCA TOAb30BATHCA BIIOMHE YIODAIO-
YEeHHBIMU MHOXKeCTBaMU B ABHOM BHe. B 5ToM pasjgere Mbl
TMPUBENEM [Ba MOTOGHBIX TPUMEpPA.

TlepBHIT U3 HUX KacaeTcA GOpeneBCKUX MHOXKecTB. ([las
MPOCTOTHI MBI PACCMATPUBAEM TIOMHOKECTBA [ENCTBUTENb-
HOWM mpAMoi.) CeMelCcTBO TMOAMHOXKECTB [TeMCTBUTENBLHON
MPAMON HAa3BIBAETCA O-a42e6poti, €CAU OHO 3aMKHYTO OT-
HOCUTENBHO KOHEYHBIX W CYETHBIX TepecevdeHul u o06beu-
HEHUU, a TaKXe OTHOCHTEIHHO TEPeXofa K [JOTOJHEHUIO.
(DTo o3HAUAET, YTO BMECTE C KakJbIM MHOXKeCTBOM A 5To
ceMelicTBO ColepKUT ero jgomodnenue R \ A, u BmecTe ¢
J06BIMI MHOXKecTBaMu Ag, A1, ... ceMeNcTBO COMEPKUT UX
obweannenne Ag U A; U ... u mepecedenne Ag N A3 N...)
Tpumep: cemeiictBo P(R) Bcex MOAMHOXKECTB MPAMON, Ote-
BUTHO, ABAAETCA 0-aIreOpOn.

Teopema 43. CymiecTByeT MUHUMaJAbHasA o-aarebpa, co-
Jep¥kKalliasg Bce OTPE3KN [a, b] Ha mpAMOI.

< PopMaTbHO MOKHO PACCYy XK AaTh TaK: PACCMOTPHUM BCE
BOBMOXKHBIE 0-aJdrebphl, cojepxkalime oTpeskn. Ux mepece-
qeHne OyjgeT o-aarebpon, n Toxe OyaeT comepkaTh BCe OT-
peaku. (Booblue mepecedeHne M060r0 ceMelicTBa g-aire6p
6yaeT o-aareGpoll — BTO OYEBUHOE CJEACTBUE OIPEETe-
HUA.) DTa o-aarebpa u 6y1eT HCKOMOH. [>

MHuoxecTBa, BXOJAAIINE B BTY MAHUMAJILHYIO 0-airebpy,
Ha3BIBAIOT GOPEAEECKUMU.

139. /lokaxuTe, 9TO BCAKOE OTKPHITOE M BCAKOE 3aMKHYTOE
10 {MHOKECTBO LPAMON SBIseTCH GopeaeBCKUM. (YKasaHue: 0T-
KPBITOE MHOXKECTBO €CTh O6’beﬂI/IHeHI/Ie ComepxKalmxcs B HeM oT-
PE€3KOB C palliOHaJbHBIMU KOHHaMI/I.)

140. okaxuTe, 49T0 mpoobpas M060ro GOpEeIeBCKOrI0 MHO-
KeCTBa IIPpU HETIPEPBIBHOM 0T06pa}KeHI/II/I ABJIAETCA 60peﬂeBCKI/IM
MHOXKeCTBOM.

141. [Iycts fo, f1, ... — mocaeoBATENLHOCTH HEMPEPBIBHBIX
YHKITNI C JeACTBUTEIbHLIMI apryMeHTaMu W 3HadeHnamu. [lo-
KaXHuTe, 9TO MHOXECTBO TOYEK ¥, B KOTOPHLIX IIOC/EAOBaATEIb-
HocTh fo(%), fi(%), ... uMeeT upenen, sBisgeTCH GOPEIEBCKUM.

BopeaeBckue MHOXeCTBa WTPAlOT BaXHYIO poiab B de-
ckpunmueHoti meopuu mHoxcecme. Ho MBI XOTUM JUIITH TTPO-
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JEMOHCTPUPOBATH UCIOJBb30BaHNE TPAHCHUHATHON WHIYK-
unu (BpAJ AW JETKO 3aMeHAEMOW Ha WCTOJb30BaHUE JeM-
mel [TopHa) Ha TpuMepe CleAYIOIER TeOPEMBI:

Teopema 44. CemelicTBO Bcex GOPENTEBCKUX MHOXKECTB
UMeEeT MOITHOCTH KOHTHHYYMA.

< Kaacc 60pesieBCKUX MHOXKECTB MOXHO CTPOUTH TIO-
creneHHo. HavHéM ¢ OTpe3KoB W JOMOJHEHUN K OTPE3KaM.
Ha caegyrommem mare pacCMOTPHUM BCEBO3MOXKHBIE CYETHBIE
nepecedeHna U o6beJUHEHUA YKe TOCTPOCHHBIX MHOXKECTB
(OTPe3KOB W MOTOMHEHWI K HUM).

142. [lokaxuTe, 49TO IPU 3TOM HOLyHaTcs (Cpeiu HPOHEro)
BC€ OTKPLBITHIE U BCE€ 3aMKHYTHIE TTOAMHOXKECTBa IIPAMOU.

[lajee MOXHO pacCMOTPETh CUETHBIE OOBeNHEHHUA T TTe-
pecedeHus yxe MOCTPOEHHBIX MHOXECTB U T. 1.

Boaee dopmanabho, nycTh By — ceMelcTBO MHOXKECTB,
COCTOSAIIIEE W3 BCEX OTPE3KOB M fAomoaHeHmn K HuUM. Ompe-
nemuM B;41 o MHAYKINT KaK CEMERCTBO MHOXECTB, ABIAIO-
IUXCA CIETHBIME OObeIMHEHUAMHA WIN TIEPECeIEeHNAMEI MHO-
KecTB u3 B;.

Bce cemeiictBa B; cocToAT m3 GopeneBCKMX MHOXKECTB
(mockoabKy cuéTHOe O0GheMHEHNe WM TepecedeHne Gope-
JEBCKNX MHOXKECTB ABAgeTcA GopeneBcknM). McdepnriaioT
Ju OHU Bce GopeneBckue MHOXecTBa? Boobine roBops, HeT:
€C/IU MBI BO3BMEM TTO OTHOMY MHOXKECTBY M3 KaXJI0T0 Kiaac-
ca B; mna Bcex ¢ = 0,1,2,... ¥ pacCMOTPUM WX CUYETHOE
mepecedenne, TO OHO BIOJHE MOXET He TPWHAIEXKATh HU
ofHOMY m3 KaaccoB. [TopToMy MBI paccMoTpuMm Kaacc By,
MpeCTaBAAIONINNA co6oi 06beIuHEeHNe BCexX B; 10 BCceM Ha-
TypaabHBIM %, 3aTeM By, 41, Byyo n T. 1. O6benunenne 3Ton
TOC/IeI0BATENBHOCTH KJAACCOB €CTECTBEHHO Ha3BaThb Bz u
TPOIOMKNATH MOCTPOEHNE.

Maanm hopmanbHoe onpeaenerne B, s M060T0 Opan-
HaJa . JTO JeNaeTCA ¢ MOMOIIbI0 TPAHC(PUHUTHON PEKYP-
cun. Umenno, npu a = S + 1 saremenTamn xaacca By 6yayT
CYETHBIE OOBeINHEHNA W TepecedeHns MHOXKECTB M3 Kaac-
ca Bg. Ecim o — mpefenbHBIN opAnHad, OTAWYHE oT 0,
To KIacc B, mpeicTaBageT cobon o6benHeHNE Beex Bg mo
BceM 3 < a. (Knace By MBI yKe ompegennan.)
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W3 ompenerenna creayet, aTo B, C Bg mpn a < 3, Tak
YTO MBI TIONYYaeM BO3PACTAIOIIYIO IeMb KJIACCOB. Kax Ibii
KJIACC 3aMKHYT OTHOCHTEIBHO TIEPEXo1a K NOTOMHEHNIO (/IS
HAYaJBHOTO KJAACCA MBI 06 5TOM TI03a60TIINCE, TaJjee 10 WH-
aykuun). Bee kaaccwt B, cofepkarces B kKaacce 60peNeBCKUX
MHOXECTB, TaK KaK Mbl NPUMEHAEM JHIIh OTePAll CUéT-
HOTO O6be/IMHEHUA U TIePeCedeHusl, OTHOCUTEALHO KOTOPHIX
Ka1ace 60pedeBCKUX MHOXKECTB 3aMKHYT.

BosuukaeT BompocC: Kak JajJeKo HYKHO TPOAOIKATH ITY
koHCTpyKumio? OKasbiBaeTcs, 9TO AOCTATOYHO MOUTH O
MEPBOrO HECYETHOTO OPAUHAJA.

TMycTh Ry — HAMMEHBIMH HECIETHBIN OpanHAL. (DTO —
cTaHjJapTHOe Ui Hero o6o3HadeHue.) JIpyrumu croBamu, Nq
eCTh CEMEHNCTBO BCEX CUETHBIX OPAMHAJOB, YIIOPAJOUCHHBIX
OTHOIIIEHNEM < Ha OpjUHAJIAX.

Jlemma. Kanacc By, 3aMKHYT OTHOCHTEIBHO CIETHHIX 06B-
eJIMHEHUN U TIePECedeHnl M TIOTOMY CONEPKUT Bce GopelieB-
CKMe MHOXEeCTBA.

JlokazareabcTBO JeMMbl. [lycTh mMeeTcs cYETHAA MO-
CeJOBATENBHOCTL MHOXeCTB Bg, By, ..., TpuHaIeKAIINK
By,. Opjaunan 8y — mupefeiabHblt, U kiaacc By, ABIAeT-
csi o6beIMHEHNEM MEHBIINX KJaIaccoB. [lopToMy Kaxaoe u3
MHOXECTB B; TpPHHAIEKUT KaKoMy-To Kaaccy Bg,, Tje
(; — HEKOTOPBIA OPAWHAJ, MEHBIINHA Ny, T.e. KOHeIHBIH
nm caeTHBIA opaunad. [loaoxum S = sup; a;. Opaunan
eCTh TOYHAA BEPXHAA TPaHb CYETHOTO YUCAA CUETHHIX Op-
QUHAJOB W TOTOMY cuéTeH. B camom felle, paccMoTpum
OpAMHAJBI [3; Kak HavaJbHBIE OTPE3KH B KAKOM-TO GOJb-
meM opnHale (HanpuMep, B X1 ); UX TOYHAA BEPXHAA IPaHb
6yaeT o6beIUHEHNEM CUETHOTO YNCAa CIETHHIX HAYATLHBIX
OTPE3KOB U MOTOMY 6yeT CIETHBIM Op JUHAIOM.

Tenepsb mepBoe yTBEpXKIeHHE JeMMBI OYEBHIHO: Bce B;
nexaT B Bg, a IoToMy UX o6beInHeHNe (MM [epecetdeHNe)
1eXUT B Bgy1 1 TeMm Gomxee B By, (mockoabky 3 + 1 ectb
CIETHBIN OpAWHAT W MeHbIIe V).

Takum o6pazom, kiracc By, ABIAeTCA o-aareGpon, cogep-
Kalllell OTPe3KH, W TOTOMY COAEPKUT Bee 6OPENeBCKIE MHO-
x®ecTBa. Jlemma nokazana.

Kax mMbI yke oTMewann, Bce KAacChl By, COCTOAT U3 Gope-
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JIEBCKUX MHOXK€ECTB, TaK 9TO KJacc By, COBMAIaeT ¢ KJIaCCOM
BCeX GOPENEBCKUX MHOXKECTB.

Y7o MOXHO cKazaTh MPO MOMIHOCTH KaaccoB? Kaace By
MMEET MOIHOCTh KOHTHHYYMa (OTPe3KH 3a1afoTcs CBOUMMU
kouunamn). Ecan kmace B, mMeeT MOIHOCTH KOHTHHYYMA,
TO M CAeAYIOMNN Kaacc By 41 WMeeT MOIHOCTh KOHTHHYYMa
(Kax BT ero BAEMEHT 3aJaéTCA CIETHON TOCAeI0BATENBHO-
CTBIO DJEMEHTOB TIPEIIIeCTBYIONEro Kaacca, a ¢ = ¢). Ka-
KB MPEJENbHBIA KAaCC €CTh 0OheTUHEHNE TPeIB TYIINX,
W TIOKa MBI HE BBIXOJHM 33 TIPEIETbl CIETHBIX OpAMHAJIOB,
obheIuHeHne BTO GyAeT CUETHO, a ctNg = ¢, TaK 9TO MBI He
BBIXO/TUM 3a TIpejleabl KoHTHHYyMa. Hakonen, By, ecTb 06b-
e/IMHEHNe HECIETHOTO YUCAA TIPEABI YN KAaccoB (a MMeH-
HO, N KaaccoB), HO Tak Kak Nj < ¢, To ¢y = c.

Taxum o6pazom, kaacc By,, OH XKe KaIacc Bcex Gopesen-
CKHX MHOXECTB, IMeET MOIIHOCTh KOHTHHYyyMa. [>

O6Br4vHO TTOCTpOeHNe GOPENTEBCKUX MHOXKECTB HAaMNHAET-
cAl HeMHOTO WHadve. VIMeHHO, Ha HUXKHEM YPOBHE paccMaTpH-
BafOTCA JBa KJIACCA: OTKPHITHIE W 3aMKHYTHIE MHOXKECTBA.
Ha crenytormem ypoBHe HaX0ATCA KAACCH Fyy (CIETHBIE 06
e/IMHEHNA 3aMKHYTHIX MHOXeCTB) n G5 (CIETHBIE TIepecede-
HUA OTKPLITHIX MHOXKecTB). EIIé Ha ypoBeHb BHIIIE JeXKAaT
CUETHBIE TIEpeCeTeHN MHOXKECTB U3 F, W CI€éTHBIE 00beIN-
HeHuda MHOXKecTB m3 (5, m T. 1. Takon moaxoa sBaseTca 6o-
Jiee eCTECTBEHHBIM C TOYKH 3DEHUA TOTMOJOTHH, TOCKOMBKY
OTPE3KN Ha MPAMOW HHYEM He 3aMedaTelbHbl. MOXHO Tpo-
BEPHUThH, UTO Pa3HUIA MEXKJYy TAKAM TOAXOJOM W HAIIAM
ompeleleHneM HeBETHKA.

143. /lokaxnTe, 9TO MepecedenHne IBYX Fo-MHOXECTB SBJSAET-
cst Fo-muOX)ecTBOM (1 BOOGIIE KiaaccH Fi, G§, a TakXKe KIacchl
CAEAYIONINX YPOBHEN, 3aMKHYTH OTHOCHUTENHHO KOHEYHBIX 06h-
€/IMHEHNUN U [IEpECETEHNH ).

144. [lokaxwure, uT0o Fy- n G5-MHOXKeCTBaA JeXkaT B Kiaacce Ba
B COOTBETCTBHH C HAIIEW KJIACCUDUKAITHAEN.

145. /lokaxwuTe, 9TO BCAKOE MHOXKECTBO KJjacca Bz oTiamda-
eTcs oT HeEKOTOporo Fs- mmm (5-MHOXKecTBa He Gojee 9eM Ha
CYI€ THOE MHOXKECTBO.

146. /[lokaxwuTe, 9TO BCAKOE MHOXKECTBO Kiaacca Bs ABiseTcs
CIETHBHIM TI€pecedeHneM F,-MHOXeCTB Wi CYETHHIM 00heINHe-
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HreM (5-MHOKECTB U ITO AHAJOTMYHOE YTBEPKJIeHWE BEPHO IS
60Jiee BHICOKHX YPOBHEU HAIEl WepapXumu.

147. JlokaxuTe, 9TO CYIIECTBYET OTKPHITOE MHOXKECTBO HA
IJIOCKOCTH, CPEH BEPTHKAJIBHBIX CEYE€HUI KOTOPOI'0 BCTPEYAOT-
Cs BCE OTKPBHITHIE TI0MHOXKECTBA TpsaMoi. [lokaxuTe, 9T0 cyiie-
crByeT (G5-MHOXKECTBO Ha IUIOCKOCTH, CPEAH CEYEHUH KOTOPOIro
BcTpedaoTca Bce Gs-moamMHoxkecTBa npamon. Jlokaxure anano-
TUYHBIE YTBEPXKAEHUA IJA CAeAYIONINX YPOBHEN.

148. Tlokaxwure, wTo cymecTByeT (5-MHOXKECTBO, HE SBJISA-
forteecs Fy-mHOKecTBOM. [loKaxkmTe, 9TO CyIIeCTBYET CYETHOE
o6wreauHenne G 5-MHOXKECTB, HE SBIAOIIEECT CIETHRIM TEpeCcete-
HueM F-MHOXecTB U T. . (YKaszaHHe: BOCHOJB3YHTECH MPEJbI-
AyLIEN 3ajadel. )

OpanHaJBl 9aCTO MOABAATCS TTPU KAACCHUPUKANN DJIe-
MEHTOB TOTO WJIH WHOT'O MHOXeCTBa Mo «paHramy. Hampu-
Mep, MOXHO KJIacCU(PUIUPOBATH IEMEHTHI (DYHIAPOBAHHO-
o MHOXKeCTBA.

Teopema 45. Ilycts X — QyHAUpPOBAHHOE MHOXKECTBO.
Torja cymecTByeT u eluHCTBeHHA (PYHKIUA TK, onpeneaéH-
Had Ha X W TPUHUMAIOIIAA 3HAYEHUA B KJAACCE OP/UHAJOB,
I KOTOPOH

rk(z) = min{e | @ > rk(y) ana awo6oro y < z}

(mpm m06om = € X).

<1 OnpeieuM MHOXKECTBO X, PEKYPCHEN TI0 OPAUHATY
X, COCTOMT M3 BCeX dJAeMeHTOB & € X, Ui KOTOPHIX BCE
MeHbIIHe uX (B X)) blIeMeHTH IpHHA1IeXAT X3 ¢ MEHBIINMA
nHAekcamn 3:

r€Xo & (Vy<z)(3B<a)(ye Xp).

3aMeTnM, 9TO 3/ech (Kak W B (OPMYINPOBKE TEOPEMHI)
3HAK < MCTOAb3yeTCA B JABYX Pa3HbIX CMBICAAX: KaK TOPS-
MoK Ha X ¥ Kak MOpATOK Ha OpAnHaIax.

OdeBnIHO, 9TO C POCTOM @ MHOKECTBO X4 PAcCTéT (TOY-
Hee, He y6bIBaeT). [lokaxeM, 4TO TPH JTOCTATOYHO GOMb-
oM « MHOXecTBO X, mokpbiBaeT Bcé A. Eciu 5To He Taxk,
To m3 3 < vy caepyer Xp C X, (IPOM3BOJBHBIN MHHIMATD-
HBEIH BJIEMEHT, He Jexaumu B Xg, npuHaniexuT X ). Ilo-
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sToMy oTo6paxenne o — X, 6yjeT WHBbeKINel, ITO HEBO3-
MOXKHO (BO3HMEM OpAMHAMN, MO MoImHOCTH Goabmuit P(X);
MPE/IIECTBYONNX €My OPANHAIOB YKe CIUIIKOM MHOTO).

Teneps onpegeanm rk(z) Kak MUHEMAaIbHOE &, TPH KOTO-
pom z € X,. Ecim rk(z) = any < z, o rk(y) < a. (B ca-
MOM jeqie, TIo onpejenennto X, m3 * € X, n y < T crefyer,
4T0 y € X mpn HekoTopoM f# < a.) HaoGopoT, ecim s
HEKOTOPOT O OpINHAJA 7 BHITIOJHEHO HepaBeHCTBO Tk(y) < 7y
npu Beex y < z, To rk(z) < 4. B camom jene, Torja mo-
6Ol BIeMeHT Y < & NPHHALIEKHUT HeKoTopoMy Xg ¢ < v
(monoxum B = rk(y)) n moromy = € X, u rk(z) < ».

WTak, nocTpoennaa Hamn gpyHKua rk obaagaeT Tpeby-
€MBIM CBOMCTBOM. EIMHCTBEHHOCTH JOKa3aTh COBCEM JIETKO:
ecam ecTh ABe Takue (PyHKINH, PACCMOTPAM MHHAMAILHYTO
TOYKy B X, Ha KOTOPOU OHU Pa3iNvdaloTCA, U Cpa3y XKe Io-
JY9UM TPOTUBOpEYHE. [>

B wacTHOCTH, CIETHBIE OpAMHAILI MOXKHO MCIIOJL30BATh
I KJACCH(PUKAIAN ePEBLEB, B KOTOPHIX HET 6ECKOHETHBIX
nyTeli. MbI 6y1leM paccMaTpUBaTh KOpHESble JepesbA ¢ Ko-
HEUHBLM UAU CHEMHBIM 6emEAeHueM (Y KaXKTOH BEPIINHBI
KOHEYHOE MM CYETHOE YNCIO CHIHOBEN ), B KOTOPHIX HET Gec-
KOHEYHON BeTBU (TOC/AeI0BATENBHOCTH BEPIIUH, B KOTOPHIX
KaxK/lafd eCTh ChIH TPeJbIIYIIEN).

PopMaaLHO TaKoe MepeBO MOXKHO OMpeNequTh KaK TO/I-
MHOXkecTBO T MHOX)ecTBa N* KOHEYHBIX MOCTE0OBATENBHO-
CTell HaTypaJbHBIX IHCE], 3AMKHYTOe OTHOCUTENBHO B3ATHA
npedukca (ecan MOCAeI0BATENBHOCTD MpUHALIEKAT T TO
M0G0l €€ HavalbHBIN OTPE30K NpUHAIEKAT T'). DIeMeHTHI
MHOXecTBa T’ MBI HA3BIBAEM 6E€PUUHAMU TePEBA; BEPIINHA Y
€CTh CbiH BEPIIMHBI T, €CJAW Y MOIy9IaeTCA W3 T MPHUIACHIBa-
HUeM clipaBa KaKoro-TO OHOT 0 uncia. Bepmmna y aBadeTca
NOMOMKOM BEPITAHBI T, €CIU Y TIOAY9IaeTCA T06ABIEHAEM K T
OJTHOTO MM HECKONBKUX TUCE.

MEu1 roBopuM, 9TO B gepese T nem Heckoneunoti 6emsu,
eCJM He CYMIeCTBYET GECKOHETHOW TOCJAe0BaTelbHOCTH Ha-
TypaJbHBIX 9HCEN, Bce Havdada KOTOpol mpuHaaexaT 7.
B 5ToMm caydae oTHOmeHNe TTOpAIKa

Yy < ¥ < Y ecTb MOTOMOK &
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GyHAUPOBAHO U MOXKHO MTPUMEHUTH TPEABIAYIINYIO TEopeMy,
OTIpe/IeJIMB paHTW BceX BepllmH fepeBa 1. Paur ero kophs
(mocrenoBarenrbHocTn qauHbl 0) U Gy1eM Ha3BIBATH PAH2OM
depesa.

Teopema 46. (a) Panr mo6oro nepesa (onmcaHHOT o BUA)
ABJIAETCA CIETHBIM OPAUHAJIOM.

(6) BeAxuil cHETHBIN OpANHAM ABIAETCA PAHIOM HEKOTO-
poro nepesa.

< (a) TlycTh paHr HEKOTODOrO [epeBa, TO €CTh DaHI
ero KOpHSA, ABAAETCA HECUETHHIM opjaumHatoMm. Torpga paur
OJIHOTO M3 CHIHOBeN KOpHA Takke HecuéreH. (B camom je-
Jie, TOYHAsd BEPXHAA T'paHb CYETHOTO MHOXKECTBA CUYETHBIX
OPAMHAJOB ABAACTCA CIETHBIM OPAMHAJIOM; 3TO CTAHOBUTCA
ACHBIM, €CJIU PACCMATPUBATEL 3TU OPAVHAIL KaK HaYAIbHBIC
OTPE3KN GOMBIIEr0 — TOTa TOYHAA BEPXHAA T'PaHb OyaeT
06beINHEHNEM. ) Y 5TOT0 CHIHA B CBOIO OY€PE/b €CTh ChIH He-
CYETHOTO paHra u T. . DTOT MPOIEeCC He MOXKeT 060pBaTh-
cAl, U MBI TIONy9aeM G6eCKOHEYHYIO BETBb B MIPOTUBOPEUUN C
TPeINOAOKEHUEM.

(6) D10 yTBEpKACHUE JOKA3BIBACTCA WHAYKIUEH: TyCTh
 — HAUMEHBIIUN CIETHBIN OPAUHAN, A KOTOPOTO TaKOT O
nepeBa HeT. Torga A BceX MEHBINIUX OPAUHAJOB IePEBbA
ecTh. Bo3bMEM 5THU jJepeBbA U ClleAaeM UX MO/ IePEBbAMHI C
o6IIMM KOpHEM (MX KOPHU CTaHYT CHIHOBBAMM 5TOTO O6IIET0
kopH#). HoBoe mepeBo Takke WMeeT CYETHOE BeTBICHHE W
paHr ero KOpHA paBeH . [>

149. [TycTh nMeeTcsi CIETHOE JepeBO, He UMelollee 6eCKOHe -
HBEIX BeTBed. [IpeAnonokumM, 9To B KaXJIOM €ro JUCTe HAXOAUT-
CA OTPE30K WM [OTOJHEHHE 10 OTPE3Ka, 4 B KaXKJI0U BHYTPEH-
HEl BEpIIMHE CTOMT 3HAK TepecevdeHus win obbegunenus. Kak
COTIOCTABUTH TAKOMY AePEBY HEKOTOPOE GOPENEBCKOE MHOXKECT-
Bo? (YKasaHHe: MOKaXWUTE, 9TO B KaX /O BEPIINHE MOXHO €UH-
CTBEHHBIM 00pa3oM HalHMCaTh HEKOTOPOE MHOXKECTBO, COIIAco-
BaHHOe ¢ moMeTkamu.) [TokaxuTe, 9T0 Bce GOPENEBCKUE MHOXKE-
CTBa MOT'YT OBITH MOIYYEeHB TAaKUM CIOCOGOM.

JlepeBba ¢ TOMeTKaMM, pacCMOTPEHHBIE B DTOU 3ajade,
MpPeICTaBAAIOT cO60U KaK Obl 6eCKOHEYHBIE (POPMYJBI, CO-
CTaBJIEHHBIE U3 OTPE3KOB W IOMOJHEHUN K HAM C MOMOIIBIO

orepanuil CIETHOTO 0OheINHEHNUA T TIepecedeHns (KOHETHbBIe
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JIePEBBA COOTBETCTBOBAIN 6B KOHEYHBIM (hopMyaam). Mox-
HO YCJIOBHO CKa3aTh, 9TO OOpedeBCKME MHOXECTBA — 3TO
MHOXeCTBa, BBIPAXKAIONINECA C TTOMOIIBIO TaKuX (popmy.T.

B zakmiodenune mpuBesEM cKopee 3a0aBHBIN, YeM BaX-
HBIH, TPUMep UCTONb30BaHUA TPAHC(UHUTHON PEKYDPCUH H
OPINHAJIOB.

Teopema 47. CymuiecTByeT MHOXKECTBO TOUEK Ha ILTOCKO-
CTH, KOTOPOE TepPeceKaeTCA ¢ Kaxk 10 MPAMON POBHO B IBYX
TOYKaX.

< TpeboBaHuA K MHOXECTBY MOXHO C(HOPMYIMPOBATH
TakK: HUKaKWe TPH TOYKHM He JeKaT Ha OJTHOH TPAMOIH, HO
qiobad mpsaMas epecekaeT ero He MeHee ¥eM B IBYX TOYKaX.

Bynmem cTpouTh 3T0 MHOXECTBO TPaHCHUHUTHON PEKYP-
cuent. IlycTh o — MUHUMAJBLHBIN OPAMHAJA, HMEFOIIMHA MOIII-
HOCTh KoHTHHYyMa. (Ecam koHTHHYyM-rumoTe3a BepHA, TO
OH coBmajaeT ¢ Ny, HO 3To HaM He BaxHo.) Tor1a MHOXKeCT-
BO BCEX MEHBIINX OPJAMHAJIOB MOXKHO MOCTaBUThH BO B3AWMHO
O/THO3HAYHOE COOTBETCTBHE C MHOKECTBOM BCEX TIPAMBIX Ha
maockocTn. IlycTs lg — mpaMad, cooTBeTCTBYIONMAA OPIH-
Haay 3 < a.

[na xaxaoro 3 < o mocTponM MHOXecTBO Mg, B KOTO-
POM HHWKaKWe TPH TOYKH He JeXKaT Ha OJHOU MPAMOI, ClIeay-
oM o6pazoM. O6BeIMHAM BCe TTOCTPOEHHBIE paHee MHO-
xecTBa M., mipm Bcex ¥ < (3. MoryT Jm B 3TOM MHOXeCTBe
(o6oznaunm ero T) Kakme-TO TPH TOYKH JeKATh Ha OJHOM
npsaMoin? Ecan na, To oTH Toukm GepyTcA U3 KaKUX-TO MHO-
xeetB M.y, , M,,, M,,; BO3bMEM HaMmGOMBIINH N3 OPAMHAIOB
Y1, Y2, ¥3; B COOTBETCTBYIOIIEM MHOXeCTBe OYAyT TPHU TOU-
KW, Jexallne Ha OMHOW MPAMON, ITO TMPOTUBOPEIUT TPE-
TTOJIOXKEHNIO MHAYKIIWHN.

ITocMoTpPIM, BO CKOMBKNX TOYKAX TlepeceKaeT TpaMad lg
muOXkecTBO T. Takux Todek (Mo AOKazaHHOMY) He GOMBIIe
aByX. Ecin uxX poBHO JBe, TO BCE XOPOIIO W MBI HOBBIX TO-
4uek He fgobaBadgeM, cuuTad, uTo Mg = T. Ecim ux MeHb-
Iie, TO MBI JTOJKHBI 106aBATH HOBBIE TOYKHU (/10 IBYX), HO
TOMBKO TaK, YTOOKI TPH DTOM He 06pazoBaloch TPEX TOUEK,
JeXanmx Ha OJHONW mpAMOn. [IpyruMu cjloBamMu, HEAb3S 10-
6aBIATH TOYKW, KOTOPHIE JeXaT Ha TlepeceMeHnn lg ¢ mps-
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MBIMH, IPOXOJAIIIAMHE Yepe3 Maphl yiKe UMEIOINXCA TOYEK.

CKOJIBKO TaKHUX MPAMBIX (TO €CTh CKOMBKO Map yXKe NMe-
fotnmxea Touek ) ? Tlo mocTpoeHno BUIHO, 9TO BCe YKe HMEo-
Mmyecs TOYKH JeXKaT Mo TBe Ha Kaxk oM mpaMoi [, mpny < 3.
(CTporo romops, 3To cleyeT BKIAOYUTH B WHAYKTHBHOE
npejnosoxenne.) Takum o6pazom, MHOXKecTBO T MO MoII-
HocTH ecTh 23 = 3, a map Todek He Goabime 32 = B < c. Tlo-
STOMY 3aMpEIIEHHBIE TOYKA COCTABAAIOT JUIIL Maayio (1o
MOIIIHOCTHN) 9acTh IPAMOH [g, I MOXKHO BHIGPAThL [Be paspe-
MMEHHBIE TOYKI.

Teneps ocTanoch 06beJUHUTL MHOXKECTBA Mg 114 Bcex
opanHanoB < « W TMoAyunTh McKoMoe MHoxkecTBO. (TTo
YCIAOBUIO TPHU TOYKU HA OJHOU MPAMOU B HEM TOABUTLCA HE
MOTYT, a BCAKad mpAMas OyAeT paHO WM MO3JHO PacCMO-
TpeHa W j{Be TOYKW Ha Hel GyyT obecnedeHbl.) >
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