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[peaucnoeue
pepakTopa nepesofd

Dra RHHra, NpuHajAexallas nepy Jgaypeata HoGesepckoil npemun, npodeccopa
KanugopHuicKoro Te XHOIOrHUECKOTO HHCTHTYTa Pruapia QPefinvmara, He Hyxaaer-
cs1 B cneuHanbHolt pekomeHjauuu. Kak H Bce HanucanHoe QPeliHMaHOM, OHA OTJH-
4aeTCs OPHTHHAJ/JIbHOCTBIO, ICHOCTHIO H3JIOXKEHHs! H OOraTtcTBOM (PH3HYECKOro cConep-
XKAHAA.

B OCHOBY KHUTH TNOJCKEH KYypC JIeKUHH, NPOYHTAHHLIX NS COTPYAHHKOB
ucc/Ie ioBaTeIbCKO 1aGopaTOPUy, UTO B 3HAUUTENBHOH CTENeHH ONpeNesHJo ee Xa-
pakrep. B 3TUX JeKIHsAX aBTOP OCHOBHOE BHHMaHHE YJesseT He OOCYXKAEHHIO
NPUHLMIOB CTATHCTHYECKOH MeXaHHMKH, a IOKasy TOro, KaK OHHM MPHMEHSIOTCA B
JleHCTBHH, TPH pEIIEHMH KOHKPETHBIX 3ajauy. PaccMarpuBaeMble 3ajaud perlaioTcs
MaKCHMAJIbHO NMOJAPOGHBIM 06pPa3oM, TaK YTO YUTATesNb MOMKET NPOCTAeAHTH 3a BCEMM
Hera/IAMU BBIKJIZJI0K, [IO9TOMY KHMI'a MOXeT ObITb N0JIe3Ha H cTyjaeHTaMm. Boibop ca-
MuX 3ajad B 3HaYHTENLHOH Mepe onpeje/isieTcsl HAyYHBIMH HHTEpecaMy aBTopa, Ko-
TOpble JOCTATOYHO WIMPOKH, — M3BECTHO, HTO OH BHEC 3HAYMTe/bHHIH BKJaj B CTa-
THCTHYECKYIO GHBUKY (MeTOJ MHTErPHPOBAHKS MO TPACKTOPHSAM, TEOPHS MOJSPOHOB,
TEOpHSI CBEPXTEKYUYecTH).

Jlekuun HaynHawTCa ¢ QOPMYJHPOBKH pacnpeienenus ['m66ca kak BeplIWHbE
CTATHCTHYeCKOH wMexanmkn. [Janee asropa Oonblie HHTEPECYET, TNOAB3YSCh €ro
TePMHHOM, He ,,BOCXOXJeHHe Ha 3Ty BepIUHHY* (06 OGOCHOBAHMH CTATHCTHYECKOII
MeXaBHKH TOBOPUTCS OYeHb KPaTko), a ,CHycK ¢ Hee“ —npuMeHenHe OOmMHX NpHH-
LMIOB K pelIedHio KOHKDeTHBIX 3ajay, YTo JAejaeTcsi ¢ GOJbLUHM MacTePCTBOM.
Unrateny, KoTopble NPHCTYNAIOT K H3YUEHHIO CTAaTHCTHUECKOH (QUIWKH MO Kuure
QeiinMana, JOKHBl yXKe HMETb NPEJCTaBJeHHE 06 OCHOBHBIX HAESX MCTOLA CTATH-
PTHYECKXHX aHcaMOned ['H66ca, MO3HAKOMHTBCA C KOTODBIM MOKHO IO OXHOMY H3
Cy IEeCTBYIIHKX yueOHuKOB [l —3].

H3yuenne craTucrnueckoil MeXaHHKH Tpe6yeT OT YHTaTeJisl aKTHBHOTO OBJaje-
HH A ee JOBOJbHO aGCTPAKTHBLIMH METOJaMH, OCOGEHHO METOAOM BTODHUHOIO KBaHTO-
BaHHU, YTO CJAYXKHT CePbe3HHIM NpPENATCTBHEM MJS HauHHawomero. B npemnaraemi x
aekuusax defiHMana H3N0KEHHIO OOIEH TEODHH NOYTH BCerja npejllecTBYeT NOAPOs-
HOe pellleHHe NPOCTHIX KOHKPETHEIX 3ajlay, YTO 3aMeTHO 0O6Jeruaer yCBOGHHE TeCpPHil.
Hanpumep, nposegensoe B ra. 1 paccMOTpeHHE CHCTeMbl FaPMOHHYECKHX OCLHJIIS-
TOPOB, pPaBHOBECHOTO TENJIOBOTO H3JYueHHs!, Je6aeBCKOH TEOPHH KDPHCTAJJIHYeCKoil
pelueTKH NO3BojiseT Gosiee eCTECTBEHHO NOAOKHTA B ra. 6 X ob6CyXAchHHIO popManns-
Ma BTODHYHOro KBaHTOBauHfl. M3joxeHHe TEOPHH MaTpHUbL IJIOTHOCTH HJJIOCTPY-
pyercsi Ha NPOCTHIX 3afadyaX, B KQTODBIX NMPOBOJUTCH SBHOE MOCTPOSHHE MaTPRIUL
NJIOTHOCTH AJIS1 MPOCTHIX CHCTEM. 3TH NMpHMepbl, ¢ OAHOH CTODOHBI, NOMOTaioT YHTa-
TeJII0 JYYIle OCBOHTHCS CO CJOXKHBIM IOHATHEM MaTpPHUbI IIOTHOCTH, a ¢ Apyroi —
OKa3LIBAIOTCSl NOJE3HBIMH B I'J1. 3 IPH PACCMOTPEHHH METOAA HHTErPaJIOB MO Tpaek-
TOPHAM B NDHMEHEHHH K 3ajayaM KBaHTOBOH craTHcTHKH. [lojo6unas TecHas CBS3b
MeXJAy Ppa3JHYHBIMH pasjenaMu xapakTepHa JJIs pcell KHHrM. Doabiioe BHUManue
B JIeKUHSX YAEJICHO METOAY QYHKUHOHANbHOTO HHTerPHPOBAHHS, KOTOPbIH OOGLIUHG

5



Mpeaucnosue peaaktopa nepesofa

HE BRJHOMAETCA B yueCIUKH MO CTATHCTUYECKOH Mexanuke. DTH pasieJibl, Ile MeTon
(eAHMAHOBCKHX HMHTErpaJioB Mo NYTAM H3NAraeTcs CAMHM aBTODOM, OCOGEHHO HHTe-
pecubl, KaK H €ro NpUJIOKeHHe K 3ajave O NoJspoue.

B nexumsax comepxutcs u CoJee TPAARLHOHHBIA MaTepHaJ: TCOPHS K/acCHUec-
KHX HEHJeaJbHBIX rasoB, MaHepOBCKHe PasnoXKeHUs NO CTENEHAM NAOTHOCTH, UeNoy-
ku ypasrenuit Boromo6osa— Bopua — I'puna — Knpxsyna— Hsona (rn. 4), Teopusn
(hasoBbIX MEpPexoJ0B NOPAAOK — GecnopsioK, OIHOMEpHAast M JBYMepHAas 3aJauf
WMaunura (ran. 5).

Bonbuoe A0CTOUHCTBO KHHIH — O4YeHDb SicHOE noapo6Hoe ofCcyxaeHHe MeTona
BTOPMYHOrO KBAHTOBAHHSA, OCHOBHOTO A3BIKA KBAHTOBOW CTATHCTHYECKON MEXaHUKU.
B yueGuoit nutepatype eme He 610 CTOML KHBOFO H IOXOXUHBONO HSJIOKCHHS
3TOro MerToja. B kauecTBe npuMepoB npuMEeHEHHR OGILET0 MeTona paceMoTpens
ONepaToOPL! 3NEKTPOH-POHOHHOrO B33aHMOJEHCTBHS H B3aHMOIEHCTBHS 3JIEKTpOMar-
HUTHOTO NOJR C 3EKTPOHAMM, a Takxke Auarpammbl Qefinmana. Uurarteds necom-
IeHHO, CMOXET OUEHHTb KPAacCOTy STOrO METOZA B W3JNONKEHHH ,H3 MepPBLIX pPyK*.

Ans cayuas B3auMOACHCTBHI, BBIDAKAEMBIX UEDE3 CHHOBLIE onepaTopkl, pac-
CMOTpeHE O0MeHHble 3(hheKThl, NpUBOAALIHE K (eppomarreTnamMy u anTudeppomar-
HeTHSMY, ¥ 1npoGJeMa CIHHOBBIX KoMIjekcoB Bete (ra. 7).

HoBonbHo 101po6HO ocBemena npobaema TOJSIpOHA B IUJEKTPHUCCKOR cpefe,
KaK aas c/yuast ¢j1a60# CBA3H, TaK H 05 NPOMEKYTOUHOH CBSISH, HA OCHOBE Me-
TOLa QYHKUHOHAILHOFG MHTErPHPOBAHHS, MO PAaGOTaM aBTopa (ra. 8).

B ra. 9 wagoxena Teophsi aJeKTPONHOrO rasa, maasMeHHLIX KoseGanuii u pac-
IPOCTPAHEHHR 3BYKa B HOPMAJILHLIX MeTaARax, a B ri. [0—TeopHs CBEPXNPOBOAH-
MOCTH, BKJIOYas shdekt [lxosedcona.

[focnepuns, ra. 1l nocesaumena TEOPHA CBEPXTEKYUeCTH MHAKOrO reJiHs, AByX-
KHIKOCTHOM TEOPHH 3TOro 3hpeKTa W ONUCAHHIO BHXPEBOFO JBHKCHHS B reJiug,
B sroil ofnacri Pefiumany npuHAANeKAT BaKubie pe3yJdbTaThl ((peliHMaHOBCKHe
BUXPH, CBA3b CNEKTPAa 9SJeMeHTapHBIX Bo3GyxieHHI KOppeIsIUHOHHOH (YyHKIHel
UNOTHOCTe, H3Mepsiemoli MeTonamu judpakuuy HeHTPOHOB;).

B sexnuax cogepxuTcs JAMIL HeBOJBLIIOE KOJHYECTBO CCBUIOK, B OCHOBHOM
ta8 OpHI'HHaJbHHE cTaTbH. Ilpu nepesose 6blyin D0GaBAEHB! CCBIIKH Ha yueGHHK 1
# MOHorpaduu, u3fanneie 8B CobeTckoM Cowae, rjle UHTATONb MOXKET HAHTH 06Cy K-
/leHHe HEKOTOpHIX feTaNell, CBA3aHHBIX C pPacCMaTpHBaeMbIMU 3ajauamMu, U GoJiee
NOMLIC CCBIKE Ha OPHIHHAJBHYIO JIATEDATYDy.

Ocraercsa saMeTuTb, UTO KHHra He JIHWEHA OTHAEIbHBIX HeJOCTaTKOB; H3JIOXKeHHe
OTIHYAETCA H3BECTHOH ()PArMEHTAPHOCTBIO; HE BCETNa YAAuEH 1enecoobpasen BhI-
G0p 0GOsHaueHHIl, He OCBELIEHbI HEKOTODHE HHTEDECHbIE COBPEMEHHBIE METOJIbI.

Bumecte ¢ tem kuura sBnsercs ueNHLIM NOCOGHeM, OTPaXKaIOLUM ,,TBOPUECKYIO
Na6opaToOpHIO® OZHOTO H3 KPYNHeHIIHX COBPEMEHHLIX (H3MKOB, H Mbl Hafeemcs,
HTO OHA C WHTEPECOM OYNET BCTPeYEHA LUMPOKHM KDYTOM YHTaTedel, Kak H3y1ao-
lUMX CTATHCTHYECKYIO (H3HKY, TAK M AaKTHBHO paGOTAIOLMX B TOH O6GJACTH.

Ilepesoa Beimosnuan 10. T. Pygofi (ra. 1--5) w H. M. Ilaaguna (ra 6—11).

A. H. 3y6apes

. JNIUTEPATYPA
1. Xyanz K., CraTucrnveckas mexanuka, u3g-so »Mup«, 1966.
2. Kybo P., CraTucTuueckast MeXaHHKa, H3J-BO »Mup«, 1967,
3. Hcuxapa A., CrarncTuueckasn {usuka, usg-eo ,Mup“, 1973.



Beepenve

B CTATUCTUYECKYIO
MEXAHUKY

$ |
Cratuctuueckas
CyMMa

OcHoBHOW MPUHIUN pPaBHOBECHOH CTAaTHCTHUECKOH MeXaHHKH

COCTOMT B CJCAVIOUIEM.
Ecan paBHOBeCcHas CHCTEMa MOXKET HaXxOoAUTbCAd B OHHOM H3 N
COCTOHHI’Iﬁ, TO BEPOATHOCTL TOTO, YTO OHA HAXOJHTCA B COCTOAHHH n

¢ sueprueii E,, paBHa'
1
9 e—E,./kBT,

rjae

N
Q= 2 e-EnkpT:

n=1
spech kp—rmocrosinHas Boabumana, T —rtemnepatypa. Beanuuny Q
HAa3bIBAIOT CHAMUCIUMECKOU CYMMOLL.

Ecan |i> —cocrosinue ¢ sneprued E; a A-—KBaHTOBOMEXaHH-

yecku#l omepatop HaG/ojaeMoHd (H3ndecKOH BeHUHHBI, TO CpejHee
sHayeHHe (MaTEMaTHYeCKOe OMKMIaHHe€) 5TOH BeJHUHHBI PaBHO

ay = LS il alpesita

D10 dyHAAMEHTaJlbHOE COOTHOLIEHHE SBJASIETCs BePUIHHON cTaTue-
THUECKOH MeXaHHKH; OCTaJbHOe ee coAepkaHue ecTb JHO0 clycK
€ BEpIIMHBI, KOIJa OCHOBHble NDHHUMNLI IPHMEHSIOTCH K YacTHBIM
BOonpocaM, JuG0 BOCXOXKAEHUE Ha Hee, KOT[Aa BBIBOAATCS OCHOBHBIC
COOTHOILIEHHS! M YTOYHAIOTCH TIOHSATHS TEIJIOBOTO paBHOBECHS W
Temnepatypbl. Mbl HauHeM ¢ BOCXOXKAEHHS.

1) Dro pacnpejeseHHe HasblBaeTCs KAHOHHUECKHM pacnpenejenneM I'm66ca u
cnpaseJauBO Aas cuctemel B Tepmoctate (eM. [1], ra. IH).— Hpun. ped.

7



Fn. 1. BeepeHHe B CTATMCTHUBCKYIO Mexauuky

Ecau cucrema oueHb ¢j1abo cBsi3aHa C TEPMOCTATOM NPH JaHHON
wyTeMIleparype“, ecjd XapakTep 3TOH CBA3H ABJASETCS HEONpeleseH-
HbIM HJIM TOYHO He H3BECTEH, €CJH CBA3b ZeHCTByeTr B TeyeHHe JJH-
TEJBHOTO BPEMeHW H, HAKOHell, eclH Bce ,OBICTPHIE" IPOLECCH yxKe
Opox3ollib, a ,MelJieHHble“—elle Her, TO TFOBOPAT, YTO CHCTEMA
HaXxOIUTCsS B COCTOAHUM MeNnao8020 pasHosecus.

Hanpumep, ecau cocyn ¢ rasoM MnoMecTHTb B T€PMOCTAT, TO Tas
B KOHI€ KOHIOB MOXET pas3pyliuTb 060.104KYy, OAHAKO 3TOT Npoliecc
NMPOUCXOAUT CPABHUTEALHO MeAJeHHO, U A0 TeX Iop, noka o6oJ0uKa
He paspyIlUueHa, rad HaxXOAUTCSH B TEIMJOBOM DaBHOBECHU.

§ OUr. L.1.
e —— Hy —
Hpe —
Er
Es
YpoBHH 3HEPTHH
B CHCTeMe S
Ey=Hs +Es=Hpn+Ep u TepMoctarte H.

PaccmoTpum fABa pasjiH4HBIX COCTOSIHHA 7 H S CHCTEMBI, HMEIO-
mue pasuble sHeprun E, = E;. Torha cucrema ¢ 0aAMHaKOBOH BeposT-
HOCTBIO MOXKeT HAXOAUThCA B JIOOOM H3 3THX COCTOSHHH; AeficTBu-
TeJIbHO, JiIo0O€ CKCJb YTOAHO MaJjOe BO3MYILEHHE MOXKET 3aCTaBUTb
CUCTEMY MNepeliTH H3 COCTOSIHHA r B ADYIrO€ COCTOSIHHE S ¢ TOH xe
sHepruell (TO e BepHO H AJs Tepexoja u3 r B §). Ilockoabky
CHCTEMA HaXONUTCH B KOHTAKTe ¢ TEPMOCTATOM B TeUeHUE [JJIHUTE/b-
HOTO BPeMEHH, MOXKHO OXKHJaTh, YTO COCTOSIHHS C OJIMHAKOBOH 3Hep-
rueil_OynyT __DaBHOBEDOSITHHL AHaJloTHYHO CAELyeT OXKHaTh, 4TO
COCTOSIHUS € pa3/nuHof SHEprueil GyAyT MMeTb pa3dHuHbie BEpOST-
HOCTH.

[lockoabky fABa cocTOSIHHSL C OFUHAKOBOH sHepruell paBHO-
BEPOSATHLL, BEPOATHOCTH TOTO, 4TO CHCTeMa OyAeT HaXOAUThed B COC-
TOAHUM ¢ dHepruedl E, 3aBHCHUT TOJBKO OT SHEPIHH 3TOr0 COCTOSIHHS
P = P(E).

Paccmotpum Temepb cucreMy S, HaxoAsiuylocs B PaBHOBECHH
¢ OospmuMm Tepmocratom H (dur. 1.1). OublT noxasciBaer, uro
fI0BeJIeHHe TaKOH cHCTEeMBl He 3aBHCHT OT NPHPOAB TEPMOCTATa;
flI03TOMY TEpPMOCTAT U €ro MNOJHYI 3HEPruioc E MOXKHO CUHTATH
oueHb GOJbUIUMH, a paspelleHHble YPOBHH 3HEPrHH TepMOCTaTa —
KBa3HHeNpPephIBHLIMH,




§ 1. Cratncruueckas cymma

O603HauuM YPOBHM 3HEpPruM TepMmocrata depes H,; oHu, 10
NPeAnoJIoKEeHHIO, paclpeneNeHbl KBasuHenpepuiBHO. Ilyets E,—
YPOBHH 3Heprun cucrembl S; Toraa H; 3> E; nas Bcex SHaueHHH i, |.
CHcTeMy BMeCTe C TepMOCTATOM MOXKHO NpPeACTaBAsATL Ce0e KaK HOBYIO
cicremy T, TakKe HAXOAAMYIOCH B COCTOAHHM TEIJIOBOI'C PABHO-
BecHd.

Cucrema T o6lajaeT HEKOTOpO# 3Hepruefl, He HMeKIEd CTPOro
(bUKCHPOBAHHOTO 3HAUYeHHs, TAK KakK TePMOCTAaT B3auMOJeHcTByer
¢ BHELIHMM OKpYyXXeHueM. [To3ToMy MBI MOXKeM cUMTAThb, 4TO 3IHEp-
THs CHCTeMBl 3aKJjioueHa B uHTepBaste E,+ A. Ecam Bennuuna A
JAOCTATOYHO Ma/ia, MOXKHO CUHTATh, UTO COCTOSHMS TEPMOCTATa B WH-
tepane H,+ A pasHoseposTHb V. ITyctb M (H,)—uHCI0 COCTOAHUA
tepmocTata H, NPUXOAANUXCA HAa €IMHHUHBIA HMHTEpBaJ 3HEpruu
s6ausu H,, T. e. IJOTHOCTb COCTOSIHHH.

BepostHocts P (E,) toro, 4To cucreMa S HaxOoAuTCsl B COCTOsI-
Huu c sHeprueil E,, NpONOPUHOHATbHA UHCIY CIOCOOOB, KOTOPLIMH
cHCTeMa MoOXKeT MOJYYuTh COOTBETCTBYIouYo 3Hepriio. Hubivu
cJ0BaMH, OHa MpoNOpUHOHA/JbHA BeauunHe 2An(E,—E,)—uucay
cocTosiHMH TepMocrata H, NpU KOTOPBIX cuUcTeMa T MOMET yMeTb
3Heprul0 B uHTepBate E,+ A; Torza

P(E E,—E

pret = M — exp [Inn (B, —E ) —lnn (E,— ).
Bcrnomuum rtenepw, uto E, <L E;. Ecam NpHHATB, 4TO BeJHYHHa
(d/dE)Inn (E) =0 (E) noutu He 3aBucur or E B paccmMarpuBaeMoH
o6aacTu 3HepTHH ), TO MOXHO 3anucaTh

P(E,) —e~B(E, = Ep);

P(Er)

1) Taxoe pacnpefeJieHne Ha3bBAETCH MUKPOKAHOHHUYCKHM pacipejesiennes
F'v66ca W CpaBeiHBO /s SHEPreTHYECKH W30JMPOBAHHOA (C TOYHOCTBIO no A}
cucreMmsl.— [ pum. ped. .

2) OcHOBHOE NPEANoJOkKeHHe, CleJJaHHOe 3]1eCh, COCTOUT B TOM, YTO paccMmarpH-
paeMas cucreMa 06jafaeT KBasHHENPEPHIBHBLIM CIEKTPOM B JaHHOH o6jacTd snep-
rHii § He MMeeT KaKOil-JuG0 XapakTepUcTHUeckod sHepruH. Ecaum & © &,—nBa
3HAYeHHs] SHEPLHM TakKoH CHCTEMBI, ONpeje/eHHBle C TOYHOCTBIO JO aAXMTHBHOI

MIOCTOSTHHOH &, HMeeM
fler) _fle+e)
fes) — T(eo-t-e)’

rae f(e)— BepOATHOCTh peaJH3anH# cocTosiius ¢ suepruedl €. [lonaras
f(e)=g(e—¢2)

g(e)g(e;—es)=g(0)g (8 —es-+8);
9T0 (QyHKIHMOHANBHOE YDaBHEHHE MMEET eJHHCTBEHHOE pellleHHe
g(e)=g(0)e-Be (B =const),

noayuaem

Tak YTo
f(z1) — =B (e1-ea)

(e2)

~
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[n. 1. BeegeHne B CTATUCTUHRCKYIO MeEXaHHKY

Toraa
P(E;) ~e-BEp,

U3z ycioBus HODMMDOBKH AJs BeposTrocTell caenyer, uto P(E)) =
= (1/Q) e BE, rae Q= je~BEi.
[

Taxum o6pasom, dyHJaMeHTa bHOE COOTHOIEHHE Ka2KeTCsl BIIOJIHE
npasionofo6ueiM. OfHAKO IJd TeX, KTO COMHEBAETCS B IIOCTOSHCTBE
¢yukuui f(E), npuBeaeM HeKOTODHIE MpHMEPHL.

Ilpexkae Bcero OyaeM cuuTaTh, 4YTO TEPMOCTaT COCTOMT H3 N

HE3aBHCHUMBIX TAapMOHHYECKHX OCHHAAATOPOB. Toraa ero 3sHeprus
paBHa

N
F = nJiw;,
i=1

TA€ MBI MpeanoJaraeM, YTo 4YHCJAa 1, OoueHb BeJHKH, U He YUHTHI-
BaeM 9SHEPruto Hy/JAeBbiX KoseGaHu#i. OueHaM 4YucAO cocTosiHu#,

SHeprus KOTODHIX Huxke & . Ecan N =2, Mbl uUMeeM CHTYalHO,
uzobpaskeHHyo Ha ¢ur. 1.2,

n, QU 1.2,

e o\ o o o o @ Cocrosintust ¢ suepruefi,

. }\ e s e s s MeHblweH &, AJs ABYX

i ' \ . TaPMOHHYECKHX
| ity OCHHISTOPOB.

Has s10TO CAydwas MCKOMOE UHCJ/IO COCTOSTHHE MPONOPIHOHANBHO
miowana TpeyronbHuka. OQYeBHIHO, YHCJIO COCTOSIHUA ¢ sHepruei,
He mpeBocxoafmel & , B cayyasix 60/bMIKX ¢ NPONOPUHOHAJBHO F &Y
TOFAA YHC/AO COCTOSIHMH, NPHUXOASIMXCA Ha €IHHUUYHBIA HHTepBa.
sHepruy, paBHO M (F )~ (d/dF)FN ~ FN-1, rak uyto

Inn (&) =const-4-(N—1)Iné,

dinn(F) N—1 _N—1 -
dg- - Qa}— ~ EO (br%EO)

s Goabuinx N
1

b=
rpe W -—osueprus B pacuere Ha OAMH OCHUIASTOP.
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§ 1. Cratuctuueckas cymma

C npyroil CTOPOHEI, MOXKHO BePHYThCA K yPaBHEHHIO
P(E,) = n(E,—E,)
P(Er) — m(Eq—Er)
M HENOCPEICTBEHHO [POCJeJNTb 3aBHCHMOCTh MOCJEIHEro OTHOIIe-
Hust ot N. Vmeem

N(E;—E,) - (Eq—Ep)N-? —
N(Eg—Er) — (Eq—E )N En/W
| —E,/ NW)N -1 -
= ¢ P NW) e’ npu N — oo,

T (O—E NWYN=177 SE W
3adawa. OGbsacHuTh, nouemy W He 3aBucHT oT N.

B pesysibTaTe MLl DPUXOAUM K 3Ha4YeHHUIO 44 5, COBNAfAOUIEMY
€ paHee MOJYYEHHbIM.

zh NF(Lm/nn) > (nf +n§)f,~/3 QUT. 1.3.

L) .

Uuneno cocTostanii

¢ 3HeprHeif, MeHblIeH § ,
IPUMEPHO PAaBHO ILIOMWAILH
1300paXKeHHOTOo Kpyra

B kauecTBe BTOpPOro MpuMepa pacCMOTPHM TEPMOCTAT, IPEACTAB-
asomuil co6ofi N uacTul, HaxoASWMXCa B AllHKe. B sToM caydae

2 2 2
;fzP§1+P51+P3:+P’2‘=+P;2+P22+ -‘+PXN+P_|/N—]—P2N
2m 2m 2m )

[Npeanosarasi nepuoanYecKHe rpaHUUHBIE YCJIOBHS, HMeeM

p onk (11e/1oe  4MCJ0) 2nx:rtﬁ
X = L = L 1]

rie L —nauHa cooTsercTByIollero pebpa sAuxka. Toraa
onh ;
F =ope 0, g, + 0k 4+ nk 4+ A niyl,

npuyeM MpPd HAJHYUH TOJBKO ABYX BeJMHYUH /1 MOXKHO 6b1710 6bl

BLIYHCJINTL B HEMOCPEICTBEHHO € MoMOWbio ¢ur. 1.3.
Yucao cocTosiHUA ¢ suepruefl, MeHbuled &, NPUMEPHO PaBHO

IJICIIAAM KpYra pajuycoMm Vl?(Lm/nfi); B cjaydae N dacrHu

11



fn. 1. BeepeHve B CTaTMCTMUECKYIO MeXaHMKY

c/eayeT HCNOJb30BaTh runepcdepy B 3N-MepHOM MpOCTpaHCTBe,
U YHCJ0 COCTOSHUHU ¢ 3Hepruel, He npesocxoisnmel & , NpoNoOpUHO-
nansho (V' F )*V. Orciona c/leflyeT, UTO BeJHYHHA {3 MOYTH NOCTOAH-
Ha ¥ paBHa (s W)~!, rae W —3Heprus, UPUXOAAMAACH HA ONHY
qactumy V.

PaccMoTpuM gBe HE3aBUCHMBIE CHCTeMBl S, H Sz C YPOBHSIMH
suepruu A; u B;. BeposaTHocTe TOro, uro cHcTeMa S, HMeeT 3Hep-
ruio A;, paBHa

e~ BA

Py(4) =3
[

IpuBenem temepn cucreMmbl S, M Sz B KOHTAKT JAPYT C APYroM
(be3 KakuX-1u6O OTpaHUUEHHH) M PACCMOTPHM COCTABHYIO CHCTEMY
S;=8,+4S; ¢ sHeprusimu T,=A;4 B;; Torga

Pr(Ty=Pr(A;-+B)) =
g=Br (Ai+Bp e~ B e~BrB;

:2 e~ PrAi z e‘ﬁTBJ': 2 e~ BrA Z e~ BrBs”
i i / i

H

BepoaTHOCTL TOTO, YTO COCTaBHAsH CHCTEMA Sy HAXOJHTCH B TAKOM
COCTOSIHHH, B KOTOPOM cHcTeMa S, uMeeT sHepruio A;, paBHa
e~ Bra e~ BrB; e~ frds

PT(A!')ZZ 2 o BrAi Z e—ﬁTBJZEZ;ﬁTAi: P, (Ai)'
7 7 7

i
[3

Ananoruuno
e BrBj
Z e~B78;°
I

PB(B,')Z

Mbl BHIHM, YTO €C/IM JIBE CHCTEMBl PHBOASITCH B KOMTAKT ADYT
€ apyroM (Ge3 Kakux-n1u60 OrpaHuueHuil), TO B COCTOSAHHUH PaBHO-
LeCust OHM XapaKTePUBYIOTCSt OQMHAKOBBLIM 3HAaYeHHeM f. Ananoruu-
fibiM CBOficTBOM 00/1aJaeT TeMnepaTypad; S5TH BeJIHUYHHBL CBA3AHbI

D Ilpusefennoe [oKasateqbCTBO TOro, YTO CHMCTEMA B TePMOCTATe 06Aafaer
KAHOHMUECKHM pacnpejenenyeM I'nG6ea, . e. Teopembl In66ca, ocHoBaHO Ha BHIGOpe
MOAGJIH TePMOCTATA (CHCTEMA OCHHJINATOPOB HJA UAeadbHLIH ras). MOXHO f0Kasarsh
9Ty TeOpPeMy, He fpuberast K KOHKPETHOH MOJeJH TepMocTaTd, €CH paccMarTpH-
B4aTh NAHHYIO CHCTEMY Kak MNOACHCTeMY OOJBIIOH CHCTeMbl TOH Ke NMPHPOAL. ITo
Ghto cienano 0. KpyrkoseiM [2] aast knaccuueckoro cayyas. O6o6lueHne noka-
3aTE/IbCTBA HA OGOABLION Kahouuuecknii awcambabp cM. B [3]. Msaoxenne arux
JOKasaTeJbCTB cM. B [4], crp. 31 u 36, a oGoGuleHMe Ha KBAHTOBHIH Cayuall cw.
TaM ke, crp. 80 u 86. Ilpu sTux HokasaTe/bCcTBaX Takke Tpebyercs pewars
(HYHKUMOHAJIBHOE (U/IM MHTETPAAbHOE) ypaBHenUe AN N(E), HO C JONOMNHUTENLHBIM
YCJIOBHEM [OCTOAHCTBA 3HEPTUM NOAHOHR cucTeMul.— [Tpum. peo.
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§ 1. Cratuctuieckas cymma

OOLIETIPHHATEIM  cOOTHOWeHHeM P =1/kzT, rae kz-—mocTosiHHAsS
BoJsblimaHa b,

CorJjlacHO OCHOBHOMY NPHHIUNY CTATHCTHYECKOH MEXaHHKH, €CJ/u
H3BECTHA CTaTUCTHYECKas CyMma

Q =Ze— En/kBT,
n

TC MOXKHO HafiTH Bce TepMmMoamHamudeckue cBofictBa. CsoGomanas
sueprust F onpenensietcs cJaenyiomuM o6pasoM:

Q:§€“En/kBTE€'F’kBT, (1.1
F=—FkgTInQ=—FkgT In <§e‘5n/’?gr). (1.2)
COOTBeTCTBEHHO A/ SHTPONUH HMEEM
S=—ky X P,In P, (1.3)
rae
P, :%e- E,/hgT | (1.4)

b Boaee TOro, MPeANOJOXKHM, YTO CIEKTP XapaKTEPH3YETCA MAOTHOCTHLIO CO-
crosunfl n(g), KOTopas W3MensieT JWUIL MaciuTab NMPH 3ameHe & —» Pe:

n(ef)=n(e) U (B) ()

Torpa, coraacto dopmyae (1.7), U (B)=C/p (cm. crp. 17), 4 B Bennunne C ne-
TPYAHO Y3HATEH OGBIYHYIO (HOJHYIO) TENJOEMKOCTh, TaK UTO

Cl C2 C1+CQ
=7
P. p

1

nocieanss ¢opMmyJa COBIajaeT C H3BECTHHIM SKCMEPHUMEHTAJBHLIM 33KOHOM.
YpaBHenue (%) HMeeT eIMHCTBEHHOE pellUeHHe

n(e)= Agn,

KOTOpoe COBNajaeT C MOJYYEHHBbIM Bblllle [/ MHKDOCKOMHUECKHX TeJl.
Ha ocHoBe dopmyasl (1.7) HeTpyAHO TakKe NOKa3aThb, YTO

du
dap
tax uyro U sBasgercs y6wBawowefi ¢yukunedt P. [lpeanosioxkuM, uto gBe cHcTemnt

¢ pasauuHbIMH 3HaueHuaMH B (B; < P,) CMeMIHBAIOTCH APYr € APYrom; Mocke Cme-
(IMBaHHSl B HHX YyCTaHaBJHBaeTcs oflulee 3HaueHHe f§, KOTOpOE ONpefessercs ycio-

BueM
U1 (fh)‘i— Uz (52)2 U1 (‘3) -+ U2 (5)

B cuay y6uiBaomero xapaktepa U umeeMm By < P < By, # sHeprus nepexoaut or
TeJla ¢ MajibiM 3HayeHueM P K Teay c GoJee BBICOKHM 3HaueHueM f; 3To Takxke
corjiacyercsl ¢ HallMM HHTYHUTHBHBIM NPeACTABJEHUEM O TeMIepaType.

13
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Fn. 1. Beegenue B cratMcTHUeCKYlO MEXaHUKY
N3 ypasuenns (1.2) Bugmo, uto
[OF\ 1 _ e T E, - .
_(ﬁ>v~-——k3;[—§e T { — g —1nQ}| =5, (1.5)

TOrjla Kak JaBJjeHHe P y CpedAndaa 3Heprua U onupeneasroTcsa Bul-

PaxKeHUugMH
P-S(-n)=~(F),. oo

U:—I—Z Ene‘pr-’kBT. (17)

Q
YuuteiBas, uto

d 1
Q Ee—En/kh‘T,

AT T EpT? -
M HCnoib3ys coOTHOWeHus S=-—0F/0T; U=F4TS, Haxomum
kRT20Q 1y @ (FN\N_ p - 0F 9 F

U\ _0F 0 (r0F\ _OF OF % 92F
VZ(ET‘/V”W~ET<TZ97>‘(TT‘“6_T'“TW“—T<0—T§>W (1.9)

Hro6el noayunts Gojiee AcHO NPEACTaBACHHE O H3RYECKOM cMbIcTe
AABJCHHS, PACCMOTPHUM APYroe BO3MOXHOe omnpegenedue. [ aMuinb-
TOHHAN CHCTEMBI 3aBHCHT OT o0bema, T. e. H=H (V). B xauecTse

onepaTopa AaBJeHHs MOXKHO B3ATL P = —adH/6V; Torxa
P :%Zalﬁlwe-fﬂka’f.
i
Hosoe onpegenenne skBHBaJeHTHO peJblayIIeMY, ec/u
(i]5]i)=2+.
Kpowme Toro, nmeem

. E.,(V)Y—E;(v CIUH LS — ¢ i
OE; im P ,) i( )= lim (L[H\L,> GVHiy
v ViV ViV ViV Vi—v ’

rje|i’> —cobcTBeHHbIH BeKTOp oneparopa H' = H(V'), coorsercTayio-
WHH COGCTBEHHOMY BEKTOPY |i> oneparopa H. Iockonbky H' = H +-
+ (H'—H), MOXHO HCIO/AL30BAThH TEOPHI0 BO3MYHIEHWH, cYuTas
H' —H~0; torna umeem B nepBom nopsiake <i' |H'|i"> = G| H >+
+<i|H' —H]|i>. Takum o6pasoM,

0E; . i H —H]|i> | OH .

a7 = Jim Sp=pl2 = (i i),

1 oba ONpereJieHHs JaBJeHUs OKa3biBaloTcs SKBUBaJEHTHBIMH,
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§ 1. CratucTnyeckas cymma

[TockosbKy H MOxKeT sBAATbCA (YHKIHEH He TOMbKO o0bema,
HO U (OpMBI CHCTeMbl, Hallle ONpeleseHHE JABJIEHUSA JO/KHO YYH-
TBIBATb, KaK HMeHHO u3MeHsiercs o6bem. Boo6we rosopsi, aia
Jo6oro mapamMerpa o MOXKHO ONpeIeJHTb OOOOWIEHHYIO CHJY COOT-

HOLUEHUuEM
1 / OE; \ —E;(a)ykgT
Famg R )
13

npuuem

)22 ))

BO3MO)KHO H TpeTbe onpejesieHHe JaBJIeHNA:
' U
P=—55(V, S

Ero 5KBUBAJEHTHOCTb JBYM NPEIbIAYLIHM JETKO YCTaHOBUTDL, HCIO/b-
sys cootHowenue U =F+4TS.

Ypaeuenue S = —(0F/0T )y BHNO/IHsAETCS TOJNbKO B PaBHOBECHH,
Korpa onpejeiena senuunHa F. [Ipu OTKJIOHEHHH OT paBHOBecHs
surponua S Bcerja Bospacraer ¢ TeyeHnem Bpemenu®. HroGwI
nokasaTb 5TO, 3aMeTHM, 4YTO, COMVIACHO HecTallHOHapHOW TeopHH

BO3MYILEHUH

ar,,
df 22(’ vﬂm’2 Pn_—!vrnu 12 Pm)'

rre |V, [*—OTHeceHHas K elvHHLE BPEMEHH BEPOATHOCTL Nepexona

CHCTEMbl H3 COCTOAHHS n B cocToanue m, npuuem |V, [P=|V,,[%
Toraa
ds dP; dP;\ _ dP;
ET——kBEi:(W_I"mP"T)__kB g P
TaK Kak

dP; _ d __dP
df _E‘LZP"— dt =0.

Nwmeenm, naJee,

dS ~
= —ky 2|V [P (P,—P,) In P, =

mn

k ;
= __2112 Vo 2 (P,—P,)(In P, —1nP,),

Tle Kajaoe cjaraemMoe B IPaBOi 4acTH OTPHIATeNbHO (3Hak P, — P,
nporuBono/oxen suaky IlnP,—IlnP,); Takum obpasom, dS/dt> 0.

b Bogee noppoGHoe ofcyikaeHHe NpoGJeM, CBA3AHHLIX CO CTPEM/ICHUEM CHCTEMb
K PaBHOBECHIO, H APYrHX BONPOCOB TEOPWH HEPABHOBECHBIX MpPOLECCOB CM., Hanpi-
mep, 8 [4, B].— Hpun. peo.
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Fn. 1. BeepeHne B CTATMETMHECKYIO MEXAHMKY

[Ipexne uem nepexoiuTh K BbHIMHCJAEHHSM, 3aMETHM, YTO €CJIH
cucrema mnpeicrtaBisier OG0 HabOpP HECKOJIbKHX HE3aBHCHMBIX
noAcHCTeM, IPHUYEM Eno,sz,,zz E,,i (E,,I.— SHEPruH MmoACHCTEM), TO

i

_ﬁzEn
Fe—hkgTinQ=—kyTlnXe ne —p.7in 3 ¢ ¢ o

g, Mgy 0a.
= —#kgTIn ] <§e"BE”t’> = _kBT; [11’1;8_&15”[] =>F.

CBoboaHas 3HEPrHs CJOKHOH CHCTEMBI paBHa cymMMme CBOGOAHBIX
SHEPrUil €e HeB3aHMOAEHCTBYIOUIHX YacTell,

$ 2
NMuneitusie
FAPMOHMUYECKME  OCLUNNATOPDI

Paccmorpum cucreMy rapmoHunueckux OCUHJIATOPOB, HAXOjdA-
ILUXCH B TEN/J10BOM paBHOBecHH. YTo6nl HalTu CTATHCTHYECK Y10
cymMmy @, cBoboanyio sHepruio F u CPERHIOI0 3Hepruto U 3710l
CHCTEMBI, CJAelyeT y4YecTb, YTO OCUMJASATOPHI He B3aHMOAEHCTBYIOT
APYT € IAPYroM, HO HAXOAATCS B KOHTaKTe C TE€PMOCTATOM. Torna,
onpefenus csoGoAHYW 3Hepruio F, gas i-ro OCLHJIJIATOPA, HMeem
Adsi M ocnuaAsITOpPOB

M
F: 2 Fl"
i=1
CooTeeTcTBeHHO
—~ESn.T
Q=2 e FnrsT, (1.10)
n
TA€, COracHO KBaHTOBOH MexaHHKe,
Ei=}h l =0,1,2
=N, n+7 (n=0,1,2,...), (1.11)
TaK 410
e—ﬁmi/szT

Q, zze—hm[(n +)ikpT , (1.19)
n .

1
[ | —o-togdi,r =1+ etents! +e—2hwi/k87+ o ']’
Frm —kyTin Q=201 y 41 1n (1 —e-hovtar), (1.13)
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§ 3. Manyuenne abconoTHO uepHOro Tena

AnajloTHYHO cpeanssa sHepruss U;, npuxomamascs Ha Kaiblh
OCHMJLISITOP B TeNJOBOM PaBHOBECHH, DaBHA

Ul,___QLi; Eﬁle—E‘;,/kBT:a(f/T)ﬁTi., (1.14)
TaK 4To .
- m[./k T ) )
Uiz%“iJr%:@Jr:@%j. (1.15)
Torna
F=3 F=Y, {ﬁ;’—i—FkBT In (l—e"h‘”"/kBT)] ,
i i (1.16)

U=3U;=Y

i

ﬁ(t)i + ﬁ/mi
2 ehm[/’kBT g '

[IpuHATO oONIpenensTh cpejHee 3HauYeHHe n; YHCEJ 3aNOJHEHHS
COCTOSIHHH 71; PaBEHCTBOM

U= (744 ) o

- 1
n; =

0OTKyJa

ehml./k,;r__l
Bosspamasics kK mnpumepy, pacecmorpennomy Ha crp. 10, Mbl BH-
AMM, 4TO JIIst OY€Hb BLICOKHX TeMmmeparyp (M 3Hauenull U) Beau-

YuHa
1

WU, ~kgT =5
JEeHCTBUTEJLHO HEe 3aBHCHUT OT U.

3ameTuM, 4TO BKJaj] OT i-TO ocunanstopa B F npeHeGpexxnmo
Masl, ecau o, 3> kT (570 He OTHOCHTCH K caaraemomy hw;/2). Ilpu
HH3KHX TeMmIlepaTypax BBICOKOYACTOTHBIE MOJAbI KoJaeBaHHH ,3aMo-
POXKeHBI“ W He JAlOT BKJajJa B TEMNJOEMKOCTb.

§ 3
U3nyuenne
abconioTHO YepHoro Tena

B Bomnpoce 06 wusayueHun abcol0THO YEPHOTO Teaa IMpHMeM
CAexylomylo TOUKY 3penusi. B nosaoctu, koropas npeacraBasier
CoGolt Moneab abCOMIOTHO YEPHOro Tesa, HMeeTcsl GOJblIoe YHe-
JO THOOB KoJebaHui (KoJefaTenbHbiX Moxn). Huesao sTHX Mojg B
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Tn. 1. BeegeHue B cratMcTUd@CKYIO MEXaHMKy

pacyere Ha eluHHUY O0bEMa H eAMHHYHBII WHTEPBAJ 4aCTOT onpe-
ARIAIOTCS  KJI4CCHUECKHUMH COOTHOWIeHHsMH. OnHaKko Kaxaas Moja
B OTAEJILHOCTH BeleT ce0si KaK HEe3aBHCHMBIH KBaHTOBOMEXaHHUe-
CKHHA OCHUAAATOD, TaK UTO E”:nﬁw (MBI omyckaeM JHUIL cJara-
emMoe fw)/2).

Cnaraemoe fiw/2 [IDHBOJUT K NOABJEHHIO OECKOHEUHOH 3Hepruu
PH HaJHYHH GECKOHEYHO GOJ/BIIOrO YMC/Ia MOJ; YTOGHI U3GaBHTLCS
OT 3TOH TPYIHOCTH, BBEAEM TaMHJbLTOHHAH

H, = (P -+ oigy — 1ot

B stux npexmonoxenusx merpynmo NOJNYYHTL BHIDaXKeHHe 115
SHEPrHM, NPUXOAAUWIEHCS HA eAMHMUY 00beMa W efHHUYHbL UHTEp-
BAJl 4acTOT (WJH BOJHOBBIX YHCET); HafigeM CHaYaNa COOTBETCT-
BYIOLI€e YHCJIO MOL.

IlpencraBum cefe rurauTCKuil SWMK ¢ JHHEHHBIMY pasMepasu
a, b, ¢ u HanoxuM TpeGoBaHHe, Y4TOOH HA CTEHKAX AIHKA BBIMOJHS-
THCb NEPHONMYECKUe rpanudHbie yceioBua. Torga 1/A, npeacrasasier
COGOM YHCI0 BOMH HA €IMHHLY IHHBL B HANpaBJeHHH OCH X, a
a/h,—TNOJHOE YHCJIO BOJH B fUKE B HanpaBJeHHH oCH X. B cuay
TPeGOBAaHHKA [1€PUOANTHOCTH TPaHHYHBIX YCJI0BH A OTHOLICHU e a/h,=n,
npencrasaser coboll uesoe 4ueo.

[ycts k.= 2a/4,; Torpa

aky
on = e
H aHaJOTHYHO
bk, cR,
2n v o ®
& bdk dk
adky =dn,, Y =dn,, e =dn,,
2 2 : 23
dk, dk, dk,

&3k
d’n=dn,dn,dn, = abc ay = abe @

[is Kaxaoro sHaueHHA k BO3MOMHbI ABe pasjinynble NONAPH3ALHH,
Takum 06pasoMm, 4mc/i0 MOL C BOJHOBBIM BEKTODOM, JexaliuM B
nHrepBajse mexay k u k4-dk, B pacuere Ha eIMHHLY ofbeMa onpe-
AesfieTCst COOTHOLUEHHEM

2d%n =9 d*k

(abe) — © (2n)3 °

Yurem Ttemepn, uTo ® = ke, rie C—CKOPOCTb CBE€Ta, W YHCJO
MOX CTO/Ib BEIHKO, 4TO MOKHO NepefiTy OT CyMMbl K HHTerpaJay.

Hwmeem Toraa
kBTS‘SS‘In (1—exp [*%%)% (.17

18
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§ 3. UanyuyeHne abconioTHO uyepHoro Tena

(Hanomuum, 4ro dsen fiw/2 onyieH.) Hanee, U3 coo6paxkeHu# cum-
METPHH nonyqaeM

Ro (k)] \ 4nk? dk

QkBTSm(l—exp [— o ]) o
—of fio (kyexp [—ho(k)/kgT)| 4kt dk
o j |—exp [—ho (k) kgT] (27)°

(1.18)

<|Q -<

O6osnauuM x:ﬁm/kBT =7ikc/kBT; TOra

8

U  8a (kgT)*({ e-* 2 (kpT)* .
VT (@ap 7308 5 l—-e-"xsdx_ 15%3:3 =oT*,
0
_ a?kh
T (1.19)

[ToryuenHble pe3yJsbTaThl MOXKHO 3amucath B GoJee NPHBLIYHOH
dopme, 3amenas ho Ha Av.
Yucso Mox B pacueTe Ha efuHHLy o0beMa B HHTepBaie oT Kk g0

k+dk paBHO
4rck2dk k¥dk  8mvidv

2 (27)3 “Tnr T cd ’
Tak Kak k=2mv/c. CpeiHsisi 3SHEPTHS OCHUJIATOPA C YaCTOTOH v
paua hv/(e""*B" —1); Torna sweprus, mpuxomAwascs Ha eiHHULY
o0beMa MJs MOA B HHTepBaje oT v 0 v-Hdv, paBHa

du 8nv? hv dv
Uydv=——=—
hv/kgT :

Vv C e v/ B

Ota ¢opmyna coBnazaer ¢ (1.18) u npeacraeaser coboll 3axow
usaywenus Ilaanka.
CootBercTBeHHO (opMyJia

{ Udv=oTs

(1.20)

npexcrabasieT cobolt daxon Cmegana— Boasymana.
Has ouenb Bhicokux T (kgT >>hv) umeem

8my? hvdv 8mv? .
U,dv= TR AT 1= 3 kyT dv; (1.21)

3Ta ¢popMyJaa npexacrtaBiaser cobol 3axon Pases— [owurnca. O6o3Ha-
vasg F*=F/V u U*=U/V, nonyyaem AJs TemIOeMKOCTH rasa ¢oTo-
HOB, HaxXOJALIHXCS B DaBHOBECHH C IOJIOCTLIO,

CV—— ddl;.. =40T3.

Ecau ocuuansitop (unm KojgebaresbHas MOJa) BO3GY:XKAEH 10
N-ro yposus, Ttak urto E—fi(oN TO TOBOPSAT, UTO HMeercs
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Fn. 1. Beepenue B cratucTMuecKyrO MeXaHWKy

N ¢otoHoB ¢ sHeprueil fw,. Tem cambiM (OTOHBI onpenesaoTea
KaK CTelleHb BO30YKIEHUS MOABI, HO3TOMY HX NEPECTaHOBKY Hedb3s
paccMaTpHBaTh KaK HOBOE COCTOSIHHE; HHBIMH CJAOBaMH, (DOTOHBL
HepasiM4uMBL. DTOT (axT, Ha KOTOPOM OCHOBAHA KRAHTOBAasi CTa-
THCTHKA, OyJAeT HCIOJL30BaH B pajibHelileM.

$ 4
Konebarus
B TBEPAOM Tene

[TocraBum 3ajauy HaliTH TeIJOEMKOCTb TBepjgoro Tena. Ilpn
STOM MBI TIOYYHM BaKHbIe DE3YJ/IbTATBI, KOTODHIE OKaXKyTCst [0Jes-
HBIMH BO MHOTHX JPYIHX CJIy9YasiX; B NePBYIO OYepeib 5TO BLIYHC-
JIeHHe HOPMaJIbHBIX KOJeGaHHH (HOPMAaJbLHBEIX KoJeGaTesabHbIX MoJ)
KpHcTanana.

ITporpamma Hammx geHCTBUE TaxKoBa:

l. Bbynem paccmaTpuBath TBepAoe TeN0 Kak KPHCTAMLIHYECKYIO
pelleTKy aTOMOB, KaxKALIH H3 KOTOPHIX 10106eH FapMOHHYECKOMY OC-
UH/LSTOPY; Pa3yMEeTCs, STH OCUHJIIATOPEI CBS3aHbl MEXAY COBOIl.

2. Haiinem HOpmasbHble KoseGanus CrcTeMbl. WX 4meno paBHO
YHCIAY CTeneHed cBoGOABI KpHcTadda, uMenno 3(AN), rae (AN) —
YHC/I0 aTOMOB B KpucTalle. Hopmanenble Mogbl BexyT cebs Kak
He33aBHCHMble KBAaHTOBble OCUHJJISATOPHI.

3. Buiyucaum csoGoguyio shepruio F, 3Has HOPMAJbHbIEe MOJHI.

4. 3nas F, Haiizem Cy, n moGyio APYTyio TepMOJAMHAMHUYECK VIO
BEJMUUHY, NPENCTaBIAOMYIO HHTepec. B 4YacTHOCTH, HeTPyAHO
HaliTH 5Hepruo cucteMbl {/, OTKyxa B JajdbHeHIIeM Mbl Hemo-
CPeACTBEHHO M nosayyum Cy.

Cucrema oGosHauenmii. Paccmorpum kpuctami ¢ A atomamu B
sieMeHTapHOi svedike. IlpeanosiokuM ans ygoGCTBE, YTO saeMel-
Taphas siYeHKa npeicTaBiaseT cOO0H MPAMOYTOJbHBIM napajnJeJjieny-
Nef C JIHHEHHBIMH pasMepaMmy d, b, ¢ BAOAb TPeX B3AHMHO neprnex-
AUKYJAApHBIX ocell x, y, z. IlycTh Hayano KOOpAMHAT HAXOAMTCH
B ,EHTpe" siYeHKH; NOCTaBUM B COOTBETCTBHE 3TOH fyelixe TPoHKy
uncea (0, 0, 0). Sluefika, pacnosaramowasics Ha ocH X cnpaBa oOT
paccmorpenHoil, 6yzetr oGo3nauatwben (1, 0, 0) u t. 1. Takum obpa-
30M, JoGast siyefika MOXeT GbiTh 0G03HAYeHA BEKTOPOM N=n_,a+
+n,b+n,c, re a=ai, b=>bj, c=ck. Ecin na Kaxayl A4yelry
npuxonutcss A aToMoB, NOHAA00UTCH 3A LONOJHHTENbHBIX KOODH-
HAT A5 YKA3aHHUA MECTOIOA0KEHHS KaXKI0T0 H3 HHX; 0603HAYMM
4epes « OIHYy H3 COOTBETCTBYIOUMX 34 KOOpAMHAT.

OGosnauuMm uepes Z, n OTKJOHEHHE KoopauHaTthl &« B N-H siuefike
OT DAaBHOBECHOrO 3HAYeHHUs (Maccy atoMa m GyAeM B JajbHeiillem

20



§ 4. KonebaHns B TBEepaom Tene

cuuTaTh PaBHOI eIHHHIE WJH BKIOUHM ee B Z); BeJHYdHA Z, Nim
xapaKTepU3yeT TaKoe Ke OTKJOHeHHe B siuekike, 61U3KOH K Adelike N.

Ecau, Hampumep, B 3JeMeHTapHOH sidefike HMelOTCsl ABAa aToMa
A, u A,, To cMemernne atoMa A; B HalpaBJeHHH OCH X 06O3Haya-
erc 4epe3s Z;n, atoma A, (B TOoH ke suefike)—uepe3 Z,y, a
atoMa A; B OJHOH N3 CMEXHBIX siyeeK—uepe3 Zi nii, TAe
1=(1, 0, 0), uan (0, 1, 0), wiu (0, 0, 1).

HopmaabHbie kosne6anusi (Moabl). KuHeTHuecKas H IMOTEHIHA/L-
Hasg SHEPTHHA ONPEAeNHIOTCH COOTBETCTBEHHO BEIPAXKEHUSMH

1 h 5 0 1 50
T=% X Zin =52 Zin, (1.22)
0 4acTHLaMm a,N
W HATTpABJEHHAM

o, N
I - v
2 7t ), ZanZpwimt .o (1.23
+2°" ﬂ%,M<OZ°‘,NaZB,N+M>Z=0 @ NEB.N M ( )

Ilpearno/ioxKnM, 4YTO 3J€KTPOHBL B KPUCTAJJIE BCErja yCIeBaloT cje-
JOBAaTb 3a KoHGurypauueid, oOTBeyaouled MHHUMAaJbHOH 3HEPruu
(1axe B TOM cay4dae, KOTjJa aTOMBI KpHcTaana Koaebmores V. B aroif
Konurypauun AefcTByOman Ha AApO pe3yabTHPYIOLas CHJIa PaBHa
HYJIO, €cJiM cMelleHHe Z, N DPaBHO HYJIO, T. €.

oV
( 0Ze, N )z: o 0.

ApnvruBras konctawrta V (0) He moBaMsieT Ha HallM Pe3y.bTaThl,
TaK 4YTO ee MOKHO 6e3 yuepba onyctuTh. OBo3nauum

( oV > _cm

’
0Zy NOZg Nim Jz=0 B
npuyem Cg‘ﬁ:C‘;aM, TaK YTO BeJHYHUHBI Cg‘ﬁ 3aBHCAT JHWb OT OTHO-
CHTEJBHOTO PACIOIOKEHHs fAYeeK ABYX aTOMOB (HO He OT HX abco-
JUOTHBIX 1oJsoxkernH). [Ipenebperan BLICINUMHU YJCHAMH Pa3JOKEHUsI,
3anyileM NOTEHIHAJBHYIO SHEPTHIO B BHJe

1

V=g X CMZanZanainm (1.24)

o, B, N, M

[Tpu HU3KHX Temmepatrypax oOTGpacLiBaHHe WUJEHOB BBICIINX
IopANKOB NpejACTaBAAETC JOCTaTOYHO ONPaBAAHHBIM, TaK KAK pac-
CTOsiHUMe MEXAY aTOMaMH HMeeT NMOpsAAoK 1A, a aMmauTyawl Ko.e-

b COOTBETCTBy}OU.Lee NpHO/IHKEHHE HA3KIBAIOT HHOTAA alHAGATHYECK HM. — llpun.
epeg,
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Tn. 1. BeegeHue B CTAaTUCTUHECKYIO MeXaHMKY

Gannii IpH KOMHATHOH Temreparype umeioT nopsagok 0,1A. Opuako
He cleayeT CJAHIIKOM YAHBJASTbCA, €CJH 3SKCIEDHMEHT He MOoATBep-
INT HalUH HAeaJu3UpOBaHHble NpeacTaBieHusi. Boobite B nojo6usix
BONPOCAX MBI BCErAa NOJKHLI CHAuasNa HJealus3upoBaTh 3ajauy, a
3aTe€M [IONBbITATLCSI HAHTH MONPaBKM, KOTOPhIE yAYUYIIAT Pe3yabTar.

Yro0bl 060CHOBAThH NPOLEAYPY, HCIOIL3YEMYIO faJee AT HAXO0K-
NeHust KoJeOaHMH KpHCTaJ/a, pacCMOTPUM KJACCHYECKYIO 3ajayuy
0 KoJeGannsX CBA3AHHBIX OCUMJIATOPOB. IlycTh ramMuabTOHHAH
HMeeT BUJ

P,z
H= Z o+ Z 7 Ciigis

Tje ¢;——KOOPAMHATH CMeleHuil W3 HoJoKeHuil paBHOBecust, Pj=
=M,q;—nmnyase, Cj;= Cj;—xoucTauTsl, /s HCKIIOYEHHUs! TOCTO-
AHHBIX BeJHYHH M; cllesaeM 3aMeHy

=gV M, u Cpp=—il |
571 qtl/ i if VMiM/
0L 1 .
P,~=—:——= el 4 Y
dg; VM:
rie ¥ -——JaarpaHxuan cucrembl. Torga noayuaem
Py 1Y
H=.ZTL+§%-CU‘71"71; (1.25)
i i
ypaBHEHHS JABHXKEHHS UMEIT BUI
: oH ; 6fl
41'=51—>7=Pi» Pf=——(3g=—20i,q,-

Paznoxum Tenepb ABH2KE€HHE CHCTEMBI HA MOJbI, KaxKjaass U3 KOTO-
PbIX HMEET CBOO 4YacCTOTy, TOrja IOJJHOE JABHXKEHHE CHCTEMBI MOXKHO
npeaCtaBuTh B BHJ€ CYMMBI OTIe€JbHbIX MOJ. nyCTb MOJa oL uMeeT
YacToOTy @y, TaK uTO
. —ilw, ¢ (o)
o — e~ "oulap,

rie ai® He 3aBHCHT oT BpeMenu. Torzna

@) __ [(+2
oga™ =¥ Ci 0.
i

Kaaccuyeckas 3afaya o KoJeGaHHSX CBA3AHHBIX OCUHJIJIATOPOB
cBeJIach, TaKHM o6pasoM, K 3ajaye HAaXOXKIEHHS COOCTBEHHLIX 3Ha-
ueHH#l M COGCTBEHHBIX BEKTOPOB JeHCTBHTENLHOH CHMMETPHYHOMR
matpuusl || Cyfl. das OTHICKAHHA YacTOT ©, HYKHO DELIATbL ypas-

HeHHe .
Det || C;j—w®8;,|| = 0; (1.26)
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§ 4. Konebanuns s tBepaom tene

[OoC7€ 3ITOTO MOXKHO HalTH H cobcTBeHHBIe BeKTOpbl /. [locaex-
gue MOTYT ObITh BBIOpPAHLI Tak, 4TO

.
Da@aP 8,4

7

Of6uiee pellleHne AJs CMeUIeHHHA ¢; UMeeT BHJ
ZC q(ow

rae C,—Tpon3BoabHble MNocTosHHbE. BBoas Qn=C,exp (—iwyl),
Y
noJjyyaem q,-=2_‘aj-°"Qa, OTKyJAa cJenyer
[e2
Y ¢
2aiq; = 2 aaQn — 38,0, =Q;.
o,

[TpousBons 3aMeHy nepemeHHbIX Q= Za"’q,, HAXOAUM [ = Zha,
rjae
1 2 ' l 9
Hey =5 Pt + 5 0505

AToMy raMHJIbTOHHAHY COOTBETCTBYIOT pelleHust Qg = Cy, exp (—iwg1).
[MycTh Teneps HaM HYXKHO pellMTb KBAHTOBOMEXaHUYECKVIO 3a-
Jady O CBsI3aHHBIX ocumnmopax. HMmeem onsith

H= Z«)M '“ZQ#LQN

koo
L@ql'

rje B 3TOM cJaydae
Pi=

IlpousBoaa Ty ke caMylo 3aMeHy I[eDeMeHHBIX, ToJydyaeM
Y ( Q WY
= Za[“’qi = Z,aéo" VM;'%
14 13
H:Z Hou
o

rie
h*
2 )Qa
Orciona HenocpeaCTBEHHO clefyeT, 4TO COOCTBeHHbIMH 3HaYeHU SIMH HC-
V¥ Y
XOJHOro TaMHJbTOHHAHA SBJSOTCH BEJHUYHHLL E—Z,(Na—{— /y) Rog.
[¢2

(o4

+ (’O(ZQCL

Hckowmoe pelieHue Adas KBAHTOBOMEXaHHYECKOH CHCTEMBI CBAA3aHHBIX
OCUHUJIATOPOB CTAHOBUTCH TpaBHAJLHBIM, €CJH pPElICHO YypaBHeEHHE

Det || C;;—@?6;; || = Det VAL,
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Tn. 1. Beegenmne B cratucTHueckyio MEXaHUKY

ITpy Hanuuun INPOU3BOJILHOTO TBEpPIOTO Tena ¢ Y/,-102% ato-
Mamd HaM CJeAyeT, OYeBHJHO, HCKaTh COOCTBEHHBIE 3HAYEHHA
10 > 10*-matpuupl. O1HAaKO, ecld TBepAOE TeA0 MpeAcTaB/lser
co0o# KpuCTadi, 3ajaya CYWECTBEHHO ynpomaercs. KJaaccHueckuli
FaMHJIbTOHHAH [JIS KPUCTal]a uMeeT BUJ

1 ' 1
H=+ Z Zgn +5 Z Cot 8ZanZpnim,
a, N

a, B, N, M

a COOTBETCTBYIOIEE KJ/AcCHUYECKOe ypaBHeHHe IBHIKEHHs (C ydeTom
-M
Toro, uto Chg=Cga') 3amuchiBaercs cJenyouuM obpasom:

Zan = ——M}Jﬂ CopZa,nim -

EcrecrBenHo npennosioxuth (Ans AaHHOH MoAbl KoJebauuii),
YTO €CJIH OjHAa M3 sA4YEeeK KPHCTALJa KOJeG/1eTcsi ONpenesaeHHbIM
00pa3oM, TO W Bce OCTajbHbie KoJAeSIoTca Tak 2Ke, HO C pasjny-
HbiMu (asamu. COOTBETCTBEHHO OVJieM UCKAThL pellleHue B BUAe

Zan =0, (K) e 0loicN,

rae K BHIpakaeT OTHOCHMTeNbHBIH cABHr (a3 MeX1y suelKamu,
TaK 4YTO MHOXKUTeNs e®'N onuchiBaeT BONHOBOE JBHIKEHHE.
Haiizem tenepb aucnepcuonHoe coornouleHwe o = (K), pemas
ypaBHeHHe
02 e KN = 2 (Cg"ﬁaﬁeiK-M) elK-N
M, B

[Monoxum
M KM
'VaB(K):§CaBeL )
npHYeM MaTpuua Yop{(K) spmutoBa (cM. Huxke ctp. 27). Torna
mzaa:Evaﬂaﬂ, U Mbl JOJDKHBl PEIUHTL XaPaKTePUCTHYECKOE ypas-
5

Henue ans 3A X 3A-marpuum:
Det || 'VaB“(O?(SaB |=0. (1.27)
Peuienue 3T0r0 ypapHeHHS HMeEET BUJ
07 (K) = off,

rae r npoGeraer snauenus ot 1 o 3 A. CoorsercTByromas moaa
OMHUCHIBAETCA BbIpaXKeHHEM

Zg) x (K) zag’(K)e—im‘”(K)te[K.N’
rae

2 agay” = 6.
a
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§ 5. TennoemkocTte Kpucranna

Torna rmojy4daeM cJeayiuiee BbIpakeHue, OIHChIBalollee obiee
JIBHZKECHHE!

oc N o= Z C (K) aa(K)e—Lm(’)(K)tetK N

rie C,(K)/Vn—npomBoanbIe MOCTOSIHHBIE, 1) ——MOJHOE YHUCIO

3/1eMeHTapHbIX suyeek. (MHoXuTeNb l/l/n BBeJieH ¢ leabio GoJee
ussiuiHOA 3anucn panpHedmHX ¢GOPMYJ, OJHAKO (€3 Hero MOMKHO
u OBOHTHCH.)

Hycts Beanunna Q,(K)=C,(K)exp [—i0'” (K)?] onucbiBaer
JaHHYI0 MOLYy KoJgebGaHuIl; Torna

wn =3 QKK el (1.28)

TdK 4TO
z Zan @i (K)e- KN, (1.29)

H raMHJbTOHHAH CHCTEMbI INpUHUMAET BHJI

Z ch N—I—Z CaBZoc NZp, Nam] =

B, M

Z [1Q, (K) [P+ 0™ (K)|Q, (K) [*], (1.30)
K, r

e (K) - [(O(r} (K)]z

Ecan paccMarpuBath Q, (K) H KOMIIEKCHO COTIPSIXKEHHYIO BeJIM-
YHHY KaxK He3aBHCHMEIC IlepeMeHHble, TO Te e ypaBHEeHUsd [BH-
JKEHHH MOXKHO MOJYYHTb C [OMOLIbIO TaMHJBLTOHHAHA

He B QP Hom 001G 0. (3]

)
TennoemkocTb
KpucTanna

Haa HaxoxnaeHus cBoGogHolt aHeprun F ciaenyer NPOM3BECTH
CYMMI/IpOBaHHe 10 BCEM BO3MOXHBIM MojaaM. J[lJis oJHOH MoIb
F=kgT In[1 —exp (— ﬁw‘”’/kBT)] 3navennss K npoGeraior KBasu-
HenpepbIBHBIA cHekTp, ¥ aas Kaxjporo K umerorcs 3 A wacror of.
[Tycts kpucrasn umeer o6bveMm V; kpome Toro, 6yneMm cyutaTh, 4YTO
HaJioXXeHBl NepHoAMYecKHe IPAaHHUYHBIE YCJOBHS, TOTAa B HHTepBaJe
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[n. 1. Beepenue B CTaTUCTUHECKYIO MEXaHMKY

mexay K u K--dK umeerca npumepro VA*K (2n)® Mox ¢ aaHHBIM
snavenneM p. TakuM ofpasowm,

F fm(p) ‘ —k (p)’,’k T7 d?K
o =kgT (2 o ~1——/eBTln[l—&—e Ok 8 ]W (1.32)

o

K p

3necy d*K =dK, dK,dK,, a S CJYXKHUT COKpAaileHHbIM 0003Haye-
K
HHeM JJisi TpOHHOro HHTerpaga

nja wb mje

~n/a -a/b -mje

BuiGop B KavecTBe mnpenesioB HHTErpUPOBAHHS —m/a W m/a o6y-
CJIOBJIEH cJaelyioliuM ycaosBueM. Bektop K BxoauT B nokasaress
3KCTIOHeHTH ¢/K'N_ Tak uyro

e iKnai}{nbi/\'ynU
g’KN:e xxTeyy el

rie n,, n,, n,—ueisie ducaa. Ilpu srom

el'l\"xnxa _ e!' (K +em/an e _ einnxa emi
u BoIXxoA K 3a ykasaHnHble npeaesbl He IIPUBOAUT K MOSBJIEHHIO
KAaKHX-JJH00 HOBBIX MOJ.

IMokaxxeM Tenepb, YTO TEMJOEMKOCTb KpHCTajJa, HalifeHHas
3THM METOIOM, COrJIaCyeTcd € 3KCIePHUMEHTOM: HMEHHO, MNpPH BHICO-
kux temnepatypax Cy =3R, a IpH HH3KHX TelIoeMKocTh Cy cTpe-
MHUTCS K HYJIO NTponopiuoHaibHo T3,

Ham 6yner yno6uee paGorats ¢ U, uem ¢ F. 3amerum npexje
BCEro, 4YTO B CIEKTPe CYWECTBYeT MAKCHUMAJbHAasi YacToTa 0.
Pasnocts das kosneGanuii IByX CMeXKHBIX aTOMOB HE MOeT mpe-
BocxoauTh 180°, Tak 4To MHHMMaJbHast IJIMHAZ BOJIHBI JOJKHA ObITh
NOPsifika YABOEHHOTO pACCTOSHHA MexXJAy artoMamMH (0603HauyuM
ero 2a). Otciona naxouM, ut0 K, =Ky = 21/2a n vy = 0 (K,).

PaccMmorpum  cnauana  BeICOKOTeMneparypublil  mpegena. [lpu
kpT > ho, Bce BO3GYsKIEHHBIE MOXB 06JALAIOT IPHMEPHO OJIHOH
M TOH Ke 3Heprueil; TouHee, ecaum umeercss N aTOMOB, TO

fiw; fw; 1)
v ;2 2 +§i:exp (hoykpT)—1"" 2 ; (DH_Zi a7

=U,+3NkgT =U,+3RT  (1.33)

(rae N —uncao ABoranpo). Orcioga nonyvaem Cy=3R as 60b-

mux T 3aMeTuM, UTO NpPH 3TOM MBI MODJIH BOOGHiE ONMYCTHTB 3Hep-
FHIO HyneBBIX KoJebGanuil U,
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§ 5. TennoemKkocTs KpHucTanna

Jlns ouenb Manbix 3nadyenud T (kpT <<fm)M) noBenedne Cy
rTaKXKe MOXHO NpuGavxenno onpeneauts. Onyckasi chaaraemoe U,
SHAHM, YTO BKJaJ BBLICOKOYAacTOTHHIX Moj B U Mmaj, Tak Kax

ho _
exp (ho/kgT)—1

b

ecan fio>k,T. Mb 3naem Takxke, uto npu K =0 cymectsyior
TPH MOIBI C HYJEBOH uacTOTOH, KOTOPBIE COOTBETCTBYIOT CABHIY
{TpaHc/ialKH) KpHCTaAna Kak wDejoro. Jas Manbix 3uavenuit K
JONKHO GBITH TPH MOJABI C OYeHb HH3KHMH dacToTamu. Has usyde-
HHSI MX 3aBUCHUMOCTH OT K paccMoTpHM 9vqp (K) B mnpenene wa-
abix K. Tlockosbky

ap (K) = D CH p e,
rae CYp— neficTBUTeabHBIE YHCTA, HMEEM
Vo (K) = B CR a0 %M = R CpM, M = g (K).
Auanoruuno aas jelcTButesbHeIX K umeeM  yi, (K) = v (—K),
Tak 4T Vop (K) =g (—K) 1
(o, K)=Det |[vep (K) —0*6sp || = Det [| vpo (K) — 06, [| =
= Det “ Yob ("“_K)—(')26a5“ =f((1)2, "_K)

Hanee, nockoabKy f sBaserca verHod ¢yukuued K, umeem
of
—K((D2, 0) =0.

BBuIy TOro 4to XapakTEepPHCTHYECKOE YpaBHEHHE [OMKHO HMETh
peutenne w=0 npu K =0, suadenne (0, 0)=0. Xapaxrtepucru-
4ecKoe ypaBHeHHE TNPHHUMaeT BHJ

57 2‘ K/K; (aK oK, ) -+ Unenn BeicEX nopsiakos = 0,

72
TaK 4TO Npu Maablx © u |K| umeem

_ cos a; cos a;(0%f/0K ; 0K j)o | /s
o=[K| [ 3071007 ’

rle Coso;—HalpaBJsiolile KOCHHYCH BekTopa K.

HuviMu cooBamu, o =|K |v, rie v—cKopocTb 3ByKa, KOTOpas
MOXKeT 3aBHCeTb OT HanpabjaeHusi K, eciu He Bce BeJIMYHHB
(0*[/0K; 0K ), paBubl apyr apyry. [lpum gpoctatouno majbix yacto-
Tax v He 3ABHCHT OT YacTOTH; B 3TOM COCTOHT npubiuxcenue Hebas.
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In. 1. BBegeHn:z B CTaTUCTMUECKYIO MEXAHMKY

Ilna ynoGerBa GyaeM cuuTaTh B jJanbHelilieMm, 4To BCe TPH CKO-
pocTH 3ByKa coBnapawot, Tak 4to o =y,K. Toraa

ho; ho;
U= 2‘ [ 2 + e’iml-/’kBT l:,
i —

# “ ho(K)  4aK® o
N L0 .
:Z_.T+3§ kg @y U K=5,.

Muoxutenp 3, crosamimA Depel HHTErpasoM, YYHTHIBAeT, 4To /s
Kaxaoro K CymecTBYWOT TPH HH3KOUACTOTHBIX KoJeGanus. Mieem
najee

(v)}w

(03
g T do, rtae oy=0K, .. (1.34)
e b//B —_I

U=ty 4+ -2

! on2ed

HaiitTn 3navenns K, MOXKHO, NPHPABHAB INOJHOE YUCJIO MO1 €ro
TOYHOMY 3Hauyenuso, pasuomy 3AN, rae AN —noaHoe uyucio aro-
MOB B KpHCTalJje:

KMauc . Kmakc K3 1%

3aN = | ZES= | 2 4nkedK =g
b

(2m)?

Lot

TOTJa
K j = (67°p)/s,

rjze p—4yHca0 aToMOB B eanHulUe oObema. [Tosoxum

. ﬁ(l.) _(_:")- w__kBTx
kgT = T’ hot
kLT3x® kpTdx hKv,
o do=-2_" 758 , 0= °.
hs 13 kg
Torna
GM/T
U U, , 3kET* xBdy U,
V_ Yoy 5 =291 AT, (1.35)
VoV ke ef—1 -V

3pece © —memnepamypa leGas. Takum 06pa3oM, TeNIOEMKOCTb Cy
NpH HH3KUX TeMIlepaTypax NpoONopLUHOHaJbHa T3

Cy=4AT?, (1.36)
rae A — m*ky/10h3%0¢ npu T/O — 0.
YOenurbes B CIpaBefIMBOCTH 9TOH 3aBHCHMOCTH MOXKHO GoJee

HArJAsiAHBIM 006pasoM, ecad MpPelNoaoKHTh, YTO BKJIAJ B CpeHIon
SHEPrUI0 TeX MOA, A1 KOTOpPeIX hw®; > kgT, npeneGpexumo Mmal,
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§ 5. TennoemkocTe KpucTanna

TOTAA Kak BKJAaabl BCeX MOJ, A8 KOTOpHX hw; < kT, OIMHAKOBLI
W paBubl kgT.
Yyeno Mox ¢ BOTHOBLIM YHCJIOM, HE NPEBOCXOASIMM K, paBHO

4nk K3y
3V S (2n)3 oz

[Tpu Hu3KHMX TemnmepaTypax BeJuuuHa K =/v,; CJeI0BaTeJbHO,
YUCJAO0 MOJ 1, 4YacTOTa KOTOPHIX He MNPEBOCXOAHT ©,, pPAaBHO
@V /2n*03. YuuThIBas, 4TO ﬁcoc=kBT, UM o, =kpT /N, umeem

k3 T3y
ne—=_58__
2m2uy 3"
3aBHCHMOCTb 3HEPrHH OT TeMIepaTyphl gaercsi Gopmy.oH

U k3 T3 kAT
: (kgT) = B _
2ﬁ3 3 2n2ﬁ303 ’

TaK YTO TenJoeMKocTs C, nponopiuoHaldsHa T3 (4ucJeHHBIH MHO-
XHUTeJb, pasyMeercs, HeBepeH)

Ecau MOIa € 4YacTOTOH ®; BO30y:KJeHa Ha n-fI YypoBeHb H ee
sHeprus E; wﬁco (n—}—l/,,) TO rosopm 4TO B KpHCTaJJe UMEeeTCs n
(OHOHOB ¢ 4acTOTOl! ®; ¥ 3Hepruel hw;.

Cy QUI. 1.4.
3R ——————— e r———

TennoemkocTb TBepaOro

U] Teqa.

Ha ¢ur. 1.4 usobpaxena obuwas ¢opMa 3aBUCHMOCTH TENJI0EM-
KOCTH TBEDJOTO Teja OT TeMIepaTyphl.

[Ipumep. Tlyctb syieMeHTapHas siuefika siBjsieTcst KyGHUecKo# U
coJepKUT oguH atoM (dur. 1.5). Kaxkaelt atom Beger cefsi kKak
rapMOHHYECKHH oCUMAAATOP ¢ KO3DDUIIHEeHTaMHl yIPYTOCTH &, (Mexay
OamxafluiuMu cocensMu) U Rk, (Mexay COCelsiMU, CJAEAYIOUIHMH 3a
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Tn. 1. BeegeHne B CTaTUCTHYECKYIO MEXAHHKY

6/MKaAIAMHE). DTOT CiaydaH JOCTATOUHO NPOCT, TAK YTO MbI MOKEM
YOPOCTHTbL CUCTeMY O003HaueHHH (=1, 2, 3), a UMEHHO IOJOKHTD

Zin = Xn, Zon =Y, Z3n =2ZN.

Urolpl HaWTH TPH COOGCTBEHHBIE Y4CTOTHI, CBA3aHHbIE ¢ KaxKibiM K,

cieayer cHavyasla onpeneduTh Cyp H Yop. VICHOJb3YS KOMILIEKC-
Hble KOOPAHHATHI, HMeeM

V= Z Vas,
b
rie
Vg = NZM CopZaNZp N + M (1.37)
Hanpumep,
Vi= 2 CHXNXnom. (1.379)

Ecan obosnauuth cMewreHue atoma N H3 MOJOKEHHS paBHOBECHS
yepes Xn, TO NOTeHilMa/]bHasi SHEPrHsA 3a cueT gedopMauuu ,Ipy-
KUup“, coequnaomed atomet N u M, pasna

g hm | X=Xy m)- |
9 + &M‘ 3
npudem Km=£k;, eciu atom N-+M aBasiercs OaukailluuM nepBbIM

cocegom atoma N, B Km=k,, ecau OH ABJsIETCA COCEIQM, CJe-
JIVIOILUM 3a OarKaHIIuM,

p ~ ®UI. L5.
[ ] . L]
- . kz
Ky6uuyeckasn pemerxa
L. Y2 : C OJHHM aTOMOM Ha
4 » SJIEMEHTapPHYIO AYEHKY.

Ilas nojydeHust MOJNHOH MOTEHUMAJLHOW HEPruu CJAefyeT npo-
cymMMuposaTtbh nmo BceM N m M u 3ateM pasgeauTh Pe3yJ/bTaT [0-
noJiaM, 4To0Obl He Y4UTHIBATH KaxKAYH0 CBsisb (,IIPYKHUHY") ABaKibl.
OnHako NpH HCNO/Mb30BAHAM KOMILIEKCHBIX KOODAHHAT cJ/efyer
YMHOXHUTb V Ha JABa AJds NOJyYeHUs NPABUJIBLHBIX ypPaBHeHUM
IBHKEHHUS:

‘7==—é-2 KMI(XN‘—XN+M) 'l_x‘sz’ (1.38)
N, M
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§ 6. Dppert Méccbayspa

Va= b 3 K (15 ) (X Xiom) (Xa—Xoom) =

N, M
=—;‘E KI\(\(‘M > [(X Xn+XnamXnom)—
N, M

"'(Xt\IXN+M+X1‘\I+MXNﬂ-—'——‘
=2Km<’m‘> [XNXN_XNXN+M] (1.38%)

Conocrasass soipaxkenns (1.37°) u (1.38’), Mbl BHAUM, YTO

01:§KM<%>2, oMo — KM<W>Z. (1.39)

3necn seqnunHa (Mx/|M|)? pasna 1 npu M= (%1, 0, 0) u '/,
npu M= (41, =1, 0) unu M= (=1, 0, 4=1); Bo Bcex ocTalbHbLIX
caAyuasix 3Ta BeJUYHHa paBHa Hy/m0. Takum ofGpasow,

0, — 2k, --4k; MO O=—k w1,

M o
u Bce Cg p MOTYT OHITH Halifennl aHajoruuHo. Ilocse 3Toro MoxHO
BBIYHCJIUTD
m K
Yop (K):-% Chs [eu\.M]

W 3areM pemdTh ypaBHeHHe Det||yap—0*8qp||=0. Has xkax-
noro K Mbl nosyuuM TpPH KOpHSI, TaK 4YTO B pe3y’abrate Oyner
HafineHo 3N 3HayeHHH cobcTBeHHBIX YacToT ©P (K).

§ 6
DpdbekT
Méccbayapa

Ecnu cBoGonnoe BO3Oy:kjAeHHOE AP0 NEPEXOAHT B OCHOBHOE
cocrosinve, usayuas ¢GOTOH, TO Heprus (OTOHA MEHbLIE 3HEPIrUH
BO30YKIEHUS U3-3a TOro, YTO AApO HcObITEIBaeT otaasy. OaHako,
ecqu BO30YXKJEHHOe sIp0 HAXOAUTCA B KDHCTAJIe, CYIIECTBYeT
KOHeUHasi BepPOSITHOCTh TOFO, YTO OHO HM3My4uT (OTOH C 3HEprued,
B TOYHOCTH PaBHOA 5Hepruu Bo3OyxkIeHus. MHBIMH cJjoBamu, cy-
uiecTBYeT OTJAMYHASA OT HYJAS BePOATHOCTh TOTO, UTO COCTOsSIHHE
KpHCTaJ/Ia [Ooc/Je M3JYYEeHHs B TOUHOCTH COBNANAET C HayajbHbIM
COCTOSIHMEM. AHAJIOrHYHO CYINECTBYET KOHEYHash BEPOATHOCTb TOTO,
4TO COCTOSIHME KPHCTas/ia He U3MEHHTCS! B pe3yJ/bTaTe IOTJIOHEHHS
¢oToHa. DTO sABJEeHHe HOCHUT Ha3BaHue agpgexma Méccbayspa; ero
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Fn. 1, BeepeHne B CTATHCTHYECKYIO MEXAHMKY

MOZKHO OODBSICHHTL, PacCMaTpPUBAs KoJleGaTebHble MOl KPHCTANA.
[lycTs, Hanpumep, TemnepaTypa paBHa aGco/ioTHoMy HyJo. Torga
nepen HaaydeHHeM (OTOHA KPUCTAJ LOJ/DKEH HAXOAMTHCS B OCHOB-
HOM KoJebare/bHOM COCTOSIHHM. HafigeM BeposiITHOCTB TOro, 4TO
KpHCTan1 OyleT HaXONMTbCS B TOM ke (OCHOBHOM) COCTOSIHHH H
Tiocse H3JYyUeHusd.

[Tycte R onpenenser monoxenue Bos6Gy:KASHHOTO aToMa, a P —
HMIYJbC H3JYy4eHHOTro ¢otona. IlpumeM Ge3 noKaszaTenLCTBA, UTO
AMIVIHTYJA BEPOSITHOCTH OOHADYXKHUTbL KPHCTAJAJ B 3aJaHHOM KO-
Heurom (final) cocrosnun <fin| pasna

a=<Iin| Ae?®* R |iny,

rae |in) osHayaer HawanbHoe (initial) coctosnue xpucranna.
Kpome toro, 6yxeM paccMaTpuBaTh JHIIL KOJeOATeJbHBIE COC-
TOSHHSl KPHCTaM1a U npeHe6pexeM BceMH 3¢hbeKTaMi, CBS3aHHBIME
¢ W3MEHeHWEM COCTOSIHHS sipa.
IIycte QoToH us1yuaeTcst aTomMoM M, cpejHee MOJOKEHHE KOTO-
poro naercst BEKTOPOM R, 4, a cMellenue U3 HETO —BEKTOPOM Zy:

R: RO, AI+ZM'

Ecau cOBMECTUTD Haualo KOODAHHAT CO CPENHHM IOJIOMKEHHEM BO3-
OyxjeHHOro atoma, To umeem R, , =0.

OcHOBHOE COCTOSTHHE OZHOMEPHOTO TapMOHHYECKOro OCUHJLISITOP A
OTNUCHIBAETCSl BOJHOBOH dyHKUHEH

= (@ \Vso @tk
¢—<nh> € !

rae Q —paccTosAHHE, H3MEPEeHHOe B CHCTeMe eIHHHI, B KOTOpO#
m=1 (m—wmacca ocunaistopa). BosnoBasi ¢yHKuHMS KpucTa.ia
B OCHOBHOM COCTOSTHHM DaBHA IPOH3BEIEHHIO BOJHOBBIX (YHKUHIl
KaxJ0H MOAbl KoJseGanuii;

B O (K)\ s —o'" (K) | Q2 (K) I}
'q)KpHCT - H < :’Tﬁ > exp [ Qﬁ N

K, r

Hawm HYXHO BBIYHCJ/IUTL BEJHYHUHY

f:— C ‘ S S S \P;pﬂcr eiP'ZM /hwxpncr :

rae [-—BeposTHOCTb TOI'O, YTO KPHCTaMl OCTAHETCS B OCHOBHOM
coctosinud, C-—KOHCTaHTa, He 3aBucsamas or P. [Tpu P— 0 sesu-
YuHa [ ROJKHA CTPEMUTBCS K eimHuue. VIMEHHO, C MOMOIIBIO 5TOrO
YCJI0BUS MOXeT OBITh OmnpeleseHa KoHcTanTa C, fame ecau Hogy-
YeHHOe BbIpaXKeHHe VISt [ NepBOHAYANBHO He CONEDPKHT IPABH.Ib-
HOTO MHOXHTeNs. [B nanbHelilueM MBI He 6yZeM BBIIHCHIBATH SBHO
muoxutean A u (w/mh)"s.]

, = (1.40)
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§ 6. Dbpexkt Méccbayspa

Iycte  Zom = Zg, o —CMellleHHe  s1/1pa, H3Jy4aioulero ¢oToH;
npuMeM JJIi NIPOCTOTHI, 4TO HUMIYJbC (JOTOHA HANpPABJIEH O OCH «.
Torna nam caenyer BBIYHCIHTBL BeJHYHHY

(e (),
(o] (Mewp [ 22200,

YuuteiBas, 4To
1
Za“ = r K & K ey
0 KZ'Q (K) ag (K) Va

nMeeM

fa~ KHr {g exp [_mm (K;il @ (K) ’} X
5 exp [1 (ﬁ F ) Q, (K)aa(K)]dQ <K>}

~ —leaa(K)l Pt 'aa(K)lz
KH,reXp 4fiotn (K) 1 ] [ Z 4o P(K) :l

3aMeTuM, 4YTO
, . vy —knn ]
ag’ [ag"]* Q, (K) Q7 (K') ef =K N—n>=

~—

M

(Zan)®> =

e

~ ™

|4z (K) * <@ <K>>—_E%a7g%z_

I/IcaTb

[~exp | —(47) <z w],

" jganee, yuuteiBas, 4to f=1 npu P =0, HMeeM OKOHYaTeJbHO

f=exp [—— (;—:) <z, M>]. (1.41)

MoxHo HallTH BeIpaxkenue J1s [ M NPH KOHEYHBIX TeMmmepary-
pax. [nsa 3TOro ciaenyer BBIYHCJIHTH BEJTHYHHBI

fi=I<i|eiPZa ofh |52,
rie i—-I/IHﬂeKC cocToaAHuuda KpPICTaJIJIa; Torjga

= %Z fie—EilkgT,;
fremEitaT =TT | <nlexp | 7 Q, () aa (€)1

K, r
o [t af 0]
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Fn. 1. Beepenrne B CTATHUCTMUECKYIO MEXAHMKY

rae |n> ofosHayaer rn-e COCTOSHHE OAHOMEPHOrO TFaPMOHHYECKOTO
ocunanaropa ¢ uacroroid o7 (K). ITockoabky m—odeHb Goubwas
BeJUUYHHA, MOMXKHO 3aMHCATh

oo (=g )= T |1 =g 25 <KD la () P [

o [ (s 1))

1Pt Dby o f? _ @nt Dk (K)
I 2 Q(D(r)(]()nﬁzma (K} | ‘ €Xp [ 25T J ’

K,7

—~ P2on--1), @n+1) kot (K)]

T PX@nd-1), , [ @a+lho
_I‘IZ; [1—————2&)’;5 ]aa[}exp L——————QkBT ]N

1 p2 ;o2 l—}—e‘ﬁ“’/kBT -
~I | = lan P ——
Kr anﬁ, | — g~ ho/kpT

~ pz . 9 I—[—e'ﬁ“’/kBT
~— e (K) P A2
K,r 20m | —e—ho/kp

B pesysabrarte, Kak u pauee, nosyuaem?

f=exp [—- % Zs. M>} .

§ 7
KBaHTOBOS cTaTUCTUKG
CUCTEM MHOMMX YOCTML,

Paccnotpum cueremy u3 N TOMIECTBEHHBIX YACTHI H npejno-
JI0HHM, HTO MEXAY HHUMH OTCYTCTBYET B3auMojeficrBue. J[Be mobhie
KouQurypauiy, OTAHYAIONMECH TOAbKO NepecTaHOBKO ABYX HJH
Golee TOKAECTBEHHBIX YaCTHU, CUYHTAIOTCH OAMHAKOBBIMH COCTOSI-
HusiMH. TakuMm oOpasom, coCTOSIHHE CHCTEMbI onpejejderca ykasa-
HHEeM 4HCjJa 4acTHLl 1, ¢ sHeprued e,.

D Ynrareasm, KOTOP.IX HHTEPECYIOT PHIHUECKHE CJENICTBHS H3 (GOPMY.Is] (1.41)
AN BEPOATHOCTH shdekTa Méccayapa, peKOMERLYyeM BCTYHHTEJIHYIO CTaThIO
10. Karana 5 cGopuuke [6]. — [Tpum. ped.
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§ 7. KBaHTOBaA CTAaTMCTMKA CUCTEM MHOMMX 4acTHL,

3ajgada COCTOHT B BBHIUMCJEHHH CTATHCTHYECKOH cyMMBl Q ¢ 10-
[10JHHTEbHBIM YCJIOBHEM Zn =const. Tlpu aTom paspeliennl cie-
AYIOLHE 3HAUEHHS YHCEeN 1,

a) n,=0, 1 2, 3, 4, ... (cratucruka bBosze-—D3iixwreiina),
6) 1 ,d—O, (cratuctuka Qepmu—Jupaxka).

CraTtucTHKa Boze —DiHImTe A TpUMEHSAeTCS JITTs YaCTHIL C LEJbINM
cnunoM (Hanpumep, ans He?), a cratucruxa Pepmu—Jlupaka —
A4 YacTHIl C MOJYLEJBIM COHHOM (HanpHMep, aJIeKTpoHoB). B cay-
yae 003€-4aCTHI JaHHOE COCTOSIHHE MOXKeT ObITh 3aHATO JIOOBIM
4hCJOM HacTHIl, TOrja Kak B cjydae (epMH-YACTHIL B Kar/JOM COC-
TOSAHAHM MOXKET HaxOAUThCA He Gosee ONHOH HacTHUBI (MPHHILMI
[Tay.u).

CocroaHHe CHUCTeMBl ONMHUCHIBAETCA HaBOpPOM YHCENd f1,, KOTOPBIC
MOTYT NPHHHMATb TOJbKO 3HAYEHHs!, pPaspelleHHBIE THIIOM CTatTHC-

THKH H OrpaHuyeHHdble YCJOBUHEM Z’na=N; TOorha
a

Q= 2 exp(—ﬁ?n,,%). (1.49)

Mgy Hay on s

[Ipy OTCYTCTBUH OTpaHUYEHHS] HA YHCJAC YACTHII MOXKHO ObLIO Obl

HanucaThb
Q= HKZe B"a@a); (1.43)

fa

TOrAa B cJjyuyae cTaTucTHKH DBose —DiffHmreliHa MBl uMesn Obl
=TI (=)
a B cayyae craTucTHKH Depmu-— lupaxa
Q=II 1 +e-Pea).
a

K coxanennto, Bepaxkenue (1.43) HecrnpaBenJuBO BBHAY HaJHYHs
JOTIOTHHTEJILHOTO yeIoBHA X n, = N = const, KoTopoe fenaer sagauy
a

HaxoxJeHusd Q 3HauyuTesbHO OoJee TpynHo#. OKasblBaeTcs, OAHAKO,
YTO 3Ty TPYJHOCTb MOXKHO OGOHTH, €C/JIH paccMaTpHMBATh CHCTEMY
YaCTHL, HaXOJsSUIMXCS B COCYAE, COEJHHEHHOM C GOJIbUINM  pesep-
Byapom 4actuu (¢ur. 1.6), n npeanosarath, YTO YacTHUBL MOTYT
NepexofUTh H3 COCYJa B pesepByap u o6GparHol).

Ilpeanono:xuM jgajee, 4TO CTATHCTHYECKass MeXaHHKa Bcell CHC-
TeMbl TAaKOBa, KaK ecjJH Obl JANA IepeBoja YacTHOBl M3 COCYIA
B pesepByap eH ciaepoBaso OB cooGHMTH 3Hepruio p. Hanpumep,
A cJjaydas 3JeKTPOHOB B MeTajle BeJHUMHA [U [peCTaB.ser

1 PaccMoTpenue Takoff CHCTEMBl O3HauaeT NEPexoj OT KaHOHHYECKOro aH-
cambaa I'm66ca k GoJblLIOMy KaHOHHYecKOMY ancam6uio [uG6ca.— [Tpum. ped.
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In. 1. BeeaeHne B CTATUCTMHECKYIO MEXAHUKY

coGoit paloTy BBIXOAQ; COOTBETCTBYIOUIYIO JHEDIHIO MOKHO COOBLLHTL
3JEKTPOHAM C NOMOLLbIO BHEILIHErO HCTOYHHKA HANpsxKeHus. Boobiue
roBopsi, C DOCTOM Qb BO3pacTaeT cpefHee 3HaueHHe <N> Yacrui
B cocyne. Ecau ynacrea nadta saBucuMocTe <N> OT u, To B NnpHH-
OuIie BCerja MOXKHO MOJo6paTh v Tak, YTOOBI B COCY/e HAaXOMHJI0Ch
Jioboe xeJaeMoe YHC/I0 YacTHIL.

[lpn nanHom 3HaYeHUH P YPOBHH SHEPrHH YACTHUBLI B cocyne
CTAHOBATCS PAaBHBLIMH &,— | BMECTO &,.

QUr. 1.6.

Cucrema yacrui,
HaXOASIUKXCS B SILHKE,
COeJHHEHHOM ¢ GOJBIIHM

pesepByapoM.

ITpuMeHnM K cCHCTEMe B COCYyje OCHOBHOH NPHHUHII CTATHCTH-
YeCKOHl MEXaHHKH, COrJacHO KOTOPOMY BEpOSATHOCTb TOTO, YTO ras

o6napaer sueprueft £ = X n, (e,— L), 1pONOPUHOHAIbHA e—BE Torna
a

Qw= exp{—ﬁ[?na(ea——u)]}. (1.449)

ng, g, ...

3xecb Ha CyMMHpPOBaHHe He HaJaraercsi HUKaKMX OrpaHHYeHHH.
IlokaxceM Tenepb, KaKUM 06pa3oM 4uca0 N ONpPEREnsieT BeJHUHHY p
H KaK TepMOJAHHAMHYECKHE BEJHUYHMHBI 3aBHCAT OT Q W pay
g=—(1/8) In Q. Hmeem

eti=Qu= 3 exp|—f| (e} (1.45)

Ilyers N=§,na; TOTA4
=20 (Zn ) exp{—b[ Snate—w] | =
=2 BNexp {—ﬁ [;na(sa—u)}}. (1.46)
O}lHaKO, o onpere/eHuIo,
W>=gw ZNew {5 [Tneco—m]}, (4
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§ 7. KBanTOBas CTAaTMCTMKA CMCTEM MHOTMX uYacimy,

TaK 4TO
1 aQw 1 9 9o
= —— e — (“f):.——_.__b_
M>=mw o =g ne o

[Nociennee ypaBHEHHE [a€T HCKOMYIO 3aBHCHMOCTb <N = <N (n)>;
obpalias ee, HAXOAUM U Kak ¢yskuuwo <ND.

3adawa. Pynkunsa f(u)= {[expp(e,—p)]—1}~! Bo mHOrHX

TO4Kax oOpainaercs B IJIOC (MM MUHYC) GECKOHeYHOCTL, TakK
yro ypaBHenue f(n)=N umeer Mmuoro pewenuil. Uto nospoaser
HaM BCe K€ TOBOPHTb O €IHHCTBEHHOM 3HAYEHUHM XHMHYECKOTO
noreHuyana s GO30HOB?

AHa/JOoTHYHO NYCTb <1,> fABJSETCA CPEJIHHM 3HA4YeHUEeM 7, MpPH
KaHHOM 3HaueHUH  (1an (ND); Toraa <n,>==0g/df, u <N>=2,<n,>.

a
an BBIHUCJ/JEHHH BEPOATHOCTH COCTOSIHHU# MBI cqypraJ/iy, 4TO

cucremMa BejeT cebd Tak, Kak ecld Obl OHa ofsajana sHepruef

E:Zna(ea—u). Ilpu sTOoM BennunHA P GhljIa BBEJEHA TOJLKO
a

J1s TOTO, 4YTOOBl 00€CHeynTb BeCOBOH MHOMKHTE/b, YUMTHIBAIOHIHH

pas3/uuHble BEDPOATHOCTH AJA Pa3JMYHBIX 3HAUEHUN Yucsa 4acTuil

B cucreMe. OIHAKO NPH BEIYMCJAEHHHM APYFHUX XapPakTEPUCTHK CHC-

TeMbl, HallpuMep AaBJEHHSA P, MBI H€ paccMaTpuBaeM U Kak 4acth
SHePruM CHCTEMbl; TAK, HMeeM

D @%%)exp {—B [gna(ea—u)]} =af—§'+u<N>,

e (1.48)

U =

Q| —

P=3 ¥ (—%;na8a>exp{—B[gna(sa—u)”-

Ny, Ngy o

Bennunny b MOXXHO CUMTAThb HE3aBHCHMOH NepeMeHHOH WM QyHK-
uneii V. u <N)>. B nepsom cayuae g=g(V, n), n Ml nosyuaem

—_ g
P=— oV l u=const'

Ecau xe cuutate p u g oyuruuamu V wu <N>, Ttak uTo
g=g [V, n(V, <N>)], 10, KaK Jerko nokasarb,

og _ gu
TV | <N>=const P <> ov
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n. 1. BeefieHne B CTAaTUCIMHECKYIO MEXEHMKY

a TakKaxKe

— <N

00
v h=

>0<N> v’

Ananoruuno ecan F=F (V,(N>)=g VouV,<NM] +<N>u, KND),
TO AN Aasjaenns P u sHTpONMHM S COOTRETCTBEHHO HMeeM

oF oF

P=—r | ivsmeons” N =W

V=const ’

S:.—_—kB Z Pnly”2,~'-1nP”1,ﬂ2,...,

Ny, Ry, e

r e
Pon,, ...

exp [—ﬁgﬂa(sa—m]

1
Q(M)
Hertpyauo nokasath, uro

g
S=— :
oT w, V=const

Taxnm cOpascm, umeem

g= -—%ln QMW = — %11} Z exp {—[S[Z T, (Ba—u)} } ;

v (1.49)
s 08 ’ (1.50)
(N> = ————Z<na” (1.51)

U— (Z nge )exp{ [Z n, (ea“.“)]}=
=Lﬁg+ <N, (1.52)

~ 7
=4, 2 (hpen o))t
(1.53)
9

S:_(%u § (1.54)

Bckope mu cmoxkem maiite g aua uneansHoro Gose- -rasa, a saTem
M 19 MICaNbHOTO (epMH-rasa. OIHAKO CHAYANA BBHIUUCAHM HEKO-
TOPBIE HHTerpaJibl.
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§ 8. BwluMcineHue uHTerpanos

$ 8
Buiuucnenue
WHTErpanos

o]

Ham Bcrope moHano6sTCs  HHTerpassl  BHJAA Se-‘”zdx U
—®
w
S x*e~9%" dx. IlosToMy chesaeM KpAaTKHH NepephlB W 3afiMeMcsi uX
-

pRIUHCcIeHneM. Hmeewm:

- -® —-®%

Om'\? 'L/}S

Q§e "rdrdd =
0

2n »
1 2 sl b -
—§S Se“’ (— 2rdr)dd — |V =], (1.55)
b0
{e-dx=Va, (1.56)
¢ R & — .
—-aXx —— -y T e— =) Q) L
ie dx V‘KS: dy = (y =1 ax), (1.57)
g‘x?e“‘”‘2 dx = — S %e“”za’x=
4 . d V= 1 __,
= E;lgc—‘“ dx = d—aK;: a~" Y w, (1.58)
S e~ dx =0 (x* — HeueTHasn QYHKiLHs), (1.59)
‘S‘ x1g= ¥’ dxza[—f—z S xze—“"zdxz—?}—a-”/z Vo (1.60)
HT. I

39



[n. 1. Beepenne B CTATUCTMUECKYIO MEXAHMKY

§ 9
Upeanbhbii ras
bose — diHwTeMHO

B coorsercTBUE ¢ (1.45) HMeem

e~Bg = Z €xXp {‘—ﬁ[”1(81“H)+’%(’52~M)+-'-]}—_"

Ay, fgy oa-
:';eXp [—Bn, (e, —w)] nZeXP [—Bn,(e,—w)}... . (1.61)

B cayuae rasa Bose—D3finmrefina ¢ n,=0, 1, 2, ... noayuaem

By 1
‘,,‘:‘ ¢ 1—e B (51’ (1.62)
i
1
~-Bg — —

e=be = I —55m (1.63)
g= ﬁiz In (1 —e B 1), (1.64)

‘

PaccMoTpuM 4acTHLY, HaxoAsilylocss B SIHKE M HE B3aHMO-
AeHCTBYIOULYIO ¢ APYTUMHM uacTuuamu. Ymcsao mop B simuke, y Ko-
TOPBIX HMIYJbC 3aKJ/IOYEH B TpPexXMepHOH obnactH dp, paBHoO
s (d*k/(2m)®)V, rpe V-—o06beM, a s—uHCA0 BO3MOMKHBIX CIHHOBBIX
CoCTOIHHEA [Hampumep, AMf ChnuHAa | ¥ OTIMYHON OT HyJs Macchl
NOKOst $=3, TOrja Kak /A CIdHa | ¥ Macchl NOKOSi, PABHOH HY.JIO
(¢oTon), s=2]. DHeprus yacTHubl paBHa

p? fi2g2
E=om= om

Mbl allIPOKCHMHUPOBAJIH AHCKPETHEIH Habop MOJ HelpepbIBHBLIM CHEKT-
poM (Y4TO CHpaBEAJNHBO, CTPOrO TOBOPS, TOJBKO JJIfi CJydasi COBep-
LeHHO cBOGOAHOMH YacTuubl). Toraa cyMMy npu BHIYHCJAEHHH g MOMXKHO
3aMEHUTL UHTErpajoMm

gzsijln(lhe‘ﬁf”/?meﬁﬂ) & |4 (1.65)
p @nk)3

<V . 1 dg _ e~ Bp?/2m B @Bp
P"_V—‘-—’V‘E}]“SJI —eBo2mgBu (onfys (1.66)

40



§ 9. Upeanchbiii ras Bose — DiHwTeliHa
Jns ynpoleHHs pacyeToB NOJOXKHM o =eBt u x*=Pp*/2m; toraa
pt=2mx*/p, a dp=(2m/p)/:dx. Vmeem

Ly, 4mpdp <2_m)3/:d
ahy P @nkys ~ 2n2R3 \ B ’

@0

e~ %o X2 2m\?*/s
b= S\(Sl—e_)"a {:ME-(F) ]dx——

1 2m>3/2 [ 2 2 2
=5—07—| = X (e=* dx -afe=2%" dx 4- .. . ]:-
e (1) L3¢ + tes)
mkgT \*. a? al .
—s(%5er) (a5 + SOE (1.67)
MBI HCIOJbL30BadH 31ech snHaueHue uHTerpaga (1.58). Ilosaras
o]
N ~ oo
;r (O(’) = z}' ’
n=1
HMeeM OKOHYATE/bHO
mkgT \*/
—s (5 ) " Lo, (. (1.68)

Takum o6pasoMm, Npu 3aJaHHOM P MBI MOXKeM (B NPHHUUNE) Olpe-
LeauTh o =¢bBl, pemas ypaBhenue
1 2nh2\ ¥, Y
b @ =5 (k) 77
J1a nonHOH 3Hepruu cuUcTeMbl HMeeM
d
U=20 ppems =
(e- ﬁp’/2meﬁu) p%/2m d3p
1 — ¢~ Pp2/2m pu. @k =

3 kpT \*/2
=s—2-k37“(%%§—>/ Ve, (a). (1.69)

=3§

Ilpn oyeHb MasbiX 3HAYEHHSAX O WU BHICOKHX T (HJM H TOM H
ADYroM YCJIOBHH OJHOBDEMEHHO) OTHOWeHHe ©/7T°'/: oueHb MaJo;
Torja Majna COOTBETCTBEHHO M BeJHYMHA {s, (2) H, C/eloBaTeJbHO,
Mana cama BeJqHYHHA o. B stom caydae §, (@)= a, Ly, (o) = «,
TdK YTO

gs/, () ~1
ZQS/2 ()

" UV = 3/,kgTp. DT0 ycl0BHE COOTBETCTBYET, TAKHM 06pa3oM, K.jac-
CUYeCKOMY Ipejeny.
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In. 1. BeefeHue B CTATUCTMUECKYIO MEXaHMKY

PaccyMoTpHM Temeps NPOTHBONOJNOXKHBEIA npenen. IIpn nonuxe-
Hul TemnepaTypbl T ¥ NpH (QUKCHPOBAHHOM 3HAUEHHH  BeJUUYMHA
{s, (2) BO3pacTaer, W o NnpuOJMIKAETCH K €IHHHLUE;, ecaH o> 1, To
{-pynxuua pacxogurca. Has a=1 umeem

1 !
G (D =1+ 47+ ... =2,612,

1 1
Q/,(l):l—l-—‘ﬁ;—]—?—/—z—i— co.o=1,341.

Temneparypa T,, npu KOTOPOH o =1, Ha3bIBACTCH KpumuuecKoll
memnepamypoll Aas Konaencauuu bBose—D3finwrefina. Ilpu 310
TeMmeparype

o= () 2012 (1.70)
i
2ﬂﬁ2 p/s #/s
Te= kg (2,612) : (1.71)

Bosnukaer Bompoc: 1moyeMy Hallle pacCMOTPeHHe TepsieT IpHMe-
Humocts npu T =T, OTBer Ha HEro 3ak/O4aerTcss B TOM, YTO HpH
crosnb HM3KuX temneparypax (T <T,) cymmy B (1.64) Heabn3s 3a-
MEHsITb HHTErpaJjsoM, Kak 3710 caenaHo B (1.65).

BosBpawasce K HCXOAHBIM BhIpaeHHAM 1isi ¢ U <N> (10 3a-
MEHBl CYMMHPOBAHUA WHTErPHUPOBAHUEM), HANOMHHM, 4TO

g:% Z in (1 -—e'ﬁaieﬁ“)=ﬁi2i: In (1 —e ),
g __ 1
N=— alg. Z —-Bs _Z B —EL_: R ﬂa .

1 — lg

IMpu wmaamix o BenuunHa e~BY Besuka; cjaraeMble ¢ HU3LIUMH
3HAYEeHHSAMH ¢, He 1aloT GOJbINOTO BKJada B CYMMY, H €€ MOXKHO
3aMEHUThL MuTterpajsoM. B Tom cayuae, korga senmuuna e~Br mana,
3Ta 3aMeHa HEKOPDPEKTHA, TaK KaK HeCKOJIbKO HH3LIHX JHCKPETHBIX
YPOBHeH BHOCAT BaxKHBIH BKJax B cymmy. Toria

dg 1

<na> - aga'—‘ (e‘ﬁ”gﬂga)__] ’

H, MOCKONBLKY <f,>— HOJOKHUTEJNbHASA BENNYHHA, PA3HOCTL (g,——uU)
J0/1KHa ObITHL Takxke MoJoxuTe bHON. UToOb BesuuuHa <N> Geina
Goablue, yeMm npu T =T, pasHocTb (g,—W) H0JKHA ObITH He TOJb-
KO TIOJIOXKHTEJbHOH, HO H OYeHb MaJ/JoH, TaK KaK TOrja cJaraemble
€ HH3KUMH 5HEpTHAMH GynyT HaBaTh 3aMeTHbIH BKJan B <N ). [Ipex-
nojiaras, 4T0 OCHOBHOE COCTOSIHHE He HMeeT CJy4YaHHOro BBIpOXKje-
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§ 9. Upeansubiit ras bose — DuHwrteHa

HUA (T. €. £,5%=¢,), MOXKHO CJe/]arb BHIBOJ, YTO AJsl JOCTATOYHO
HU3KHX TeMIeparyp
1 1
<y = B ei—w < e Bleo=1) = -

He Tepsis oOWIHOCTH, MOXHO BHIOpPaTh 3HaYeHHE g, 33 HA4YaJa0 OT-
cyeTa 3Hepruu.
Torpa us gopmy.ael

o> =-""m 7

uMeeM

—— k. TIn(1 —)
” B *—<fl()>
OTKYJa NPH GOJBLUHNX <n,> NoJydaeM
kgT

WA —=2—,

T >
INpu HHU3KUX TeMmnepaTypax 3HaueHHe W OUeHb GJIHM3KO K HYJIIO, TaK
yTo 474 COCTOHHHﬂ C SHepFI/IﬂMI/I, HpeBbIU_Ia}OHJ,I/IMH 80, MO2KHO Hpe'
He6peup Bequ4yHHOH w. Cymmy agast <N —n,> MOXKHO aNIpOKCHMH-~
pOBaTb HHTeraJIOM

o«

B d3*p 1 _
Nyps = <N —1p> = 3 eﬁT“ ~ svj(zwﬁﬁ e

i=1

~2612<’”i%T> sV = <N>( )“

HerpyaHo BuAeTh, YTO, COTJIACHO HaUleMy OMNpENeIeHHI0 KPUTH-
yeckol Ttemmepatypsl, npn T < T, B OCHOBHOM COCTOSIHHH AOJIZKHA
HaXOAUThCHA 3aMeTHas joJs oOlero 4Yuc/Ja HacTHIL:

1> =LN>—N,o,6 =<N> [1 —<%>/] .

Ilpu T < T, noauasi 3Heprusi pasHa
3 kT \*/2 ¢ ,.
U:7k3T5<m B > Ve, (1) =

onfi2
:—g—kifTNBom ‘5/2(;; ——k YNBoan (0 0134)
3
— 3 kT (0, 5134)( ) ¢N>. (1.72)

Torna tenacemkocts C,=0U/0T nponcpuuonaisua T'> npu
JOCTATOYHO HHU3KHX TEMIepaTypax.

HOpu 7> T, umeeMm <N>=(mkyT/2rh?) /L, (o)sV; ucnoan3ys
omnpejeneHue T unmeeMm Takxe L), (o) =2,612(T,/T)7. dro ypag-
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fn. 1. BeepeHne B CTATUCTMYECKYIO MEXAHWKY

Henue onpejenser o kKak ¢yurumio <N> u T, tak 4ro

3 Cs/ ()
U=5kgT<N>—2—, 1.73
o B NS Ca/, (o) ( )
[ToBenenue remsoeMkocTH rasa bose—D3iiHmtefiHa BOaM3H T,
BecbMa HaNOMHUHA4ET NMOBEJeHHE TEMJIOEMKOCTH MWUAKOTO resinsi BOIU3H
Tak HasblBaeMOH A-TOYKH (¢ur. 1.7); BelUKC/IEHHE CKAYKA BEJHYMHBI

v p ¢y

/= _

* -

T T 217K T

QUr. 1.7.
[Topenenne rasa Bose—Ddifnwrelina s6ausu T, (c/ieBa) H KHUAKOTO T'eqHst BOIH3U
A-ToukH (cnpaBa).

(0Cy/dT)y B TOuKe mnepexoja cM. B [l]. [lpu maHHOM p KpuTHue-
cKasi remnepatypa T, u A-To4Ka OYeHb GJIHM3KH APYT APYTy (A-TOYka
JIEXKUT NPH HECKOJMbKHX rpaaycax Keabsuua). M3-3a "asimuus cua
B3aUMOICHCTBHSA MeXAY YacTHUAMM >KHAKHH reJui, 6e3ycJI0BHO,
He/Mb3A CYWTATh HAeaJbHbIM 0$03e-TasoM, ORHAKO, NO-BHAHMOMY,
sIBJIeHHe A-nepexosa, XoTsa Obl YacTHYHO, OOBACHSETCS GO3e-KOH-
JeHcanveii,

Bosee TouHO NOBeseHue TENMIOEMKOCTH XHAKOIO revusl BOJIM3H
A-TOUKH ONHCHIBAETCS SMIUPHYECKOH (GopMyJIoH

c { a-+bo1n|T—T,), T <Thy,
Ve +b6In|T—Ty|, T>T,.

OGBSICHUTL 3TO SIBJEHHE MBI npenocrasJasgeM YuTaTel0 B Kauye-
CTBe CaMOCTOATENbHOrO yhnpaXKHeHHus. Ecau BaM 370 yaacrcd, OHyﬁ-

JHKYIiTel
§ 10

a3z ®Pepmu — dupaka
Iast depmu-rasa BCe pacCykieHHs B TOYHOCTH [OBTOPSIOT pac-
CYXACHHA Anaa 6o3e-rasza BOJIOTH JO MOMEHTAa BbIYHCJIEHHUA BeJIUY UHBI

e=Be = Dle-Br =¥ o=Breea-p) | (1.74)

ny ny
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§ 10. Faz Mepmu — Aupaka

3necs n; =0, 1; n,=0, 1; 70 xe u ausa apyrux n; Takum
o6pa3oM,
e~Be =TI (1 +e B W), (1.75)
{
= — 33 in (14670 (9) (1.76)

3nech MBI BHOBb MOXEM IepeHTH OT CyMM K HHTerpaam, MpH-
gyeM Ha 5TOT pa3 OTCYTCTBYeT ONACHOCTh TOT'O, YTO 3aMeTHas H0.s
yacThu 6yJeT HAXOAMTbCA HAa HHUXKHEM YDOBHE (B OCHOBHOM COCTO-
aHuu). PaccMOTpHM ras 3/MeKTPOHOB, TaK UTO Ss=2; Toria

g=—(5)fm+e-pwrn- m)(;fﬁ‘)’a :

<N> 1 og _ j ) 1.78)
- - 1 -e—Bp*2m Bu (onFya ? (1.

(1.77)

og e~ P(ea™h) 1

<na> =—0—8—;= : +e-ﬂ (Ba-l‘-) = ep (ea_u)+l . (1 79)

Kpusble 151 <n,> 1pu T =0 u npoussBoabHuix T > 0 moxasansl
Ha ¢ur. 1.8. Mel BuaMM, 4TO NpH HyNneBOH TeMmeparype <n,>=1,
ecad e, <, u <n,>=0, ectn e, > p. Ilyetb p=p, npu T =0;

<ng) r T=0 g T>0

T
i \

o KMo £

o}

0 #o

®UT. 1.8.
3anonnenne cocrossuufi npy T =0 u npu T > 0,

HUHbIMH csioBaMu, TpH T =0 Bce COCTOSHHS C HEPTUAMH, MeHb-
IUHMH [, 3AHATHEl, & COCTOSIHHWA C SHEPTHSIMH, MPEBOCXOAAILHMU
W,, CBOGOIHBI. Besuunna W, HasbiBaeTcs guepeuett Pepmu, a po/ky —
memnepamypoti Pepuu. Tlpu srom

Po

(o [0 gy o dned) L
p—_§2[<2nﬁ)aJd”'2< ¥ ) i (50




Fn. 1. BeepeHne B CTaTUCTHUEOCKYIO MEXaHMKY

rae p,=py/2m. Kak npasuio, W,>>kgl A ,pasyMHBIX“ 3Haue-
Huli p, 0 T (Hampumep, A1 MeAu W/kp=82000 K)v.

QUI. 1.9.

7€) Hr. 1.9
> 3aBHCHMOCTb IJIOTHOCTH

s c=p /Z’” COCTOSIHMH OT SHepruu.

Beuny toro, uto

4rrp2dp__4n(2m’)3/2 V.
@nh)s  (2nh) v ede,

NJIOTHOCTb COCTOSHHE (MO I1IKaJje sHepTHil) HMeeT BU]

4 (2m) e
f(e) = ey Ve

sTa ¢yuxnus usobpaxkena Ha ¢ur, 1.9, Hanee

U _ 1/ 2 -Bpr2m—p) o3
um=m g (B )= j(f—) e P (1.81)

vV ap 2m | | 4 o= Bp?/2m=11) (onf)a
Ilpu T'=0
R‘o Xr’ro
(P 4ap?dp 4 =
“(0) §<2m>2<(2nﬁ)3> (Qnﬁ)a 2'” <g dp>
4n 11
_(2nﬁ)32 = P (1.82)
4n 1 2 5
—— |5z ) = Po
«(0) [(2nﬁ)3< >5 ]_3<p2>:3
= =5 ) = F o (1.83)
| @y 3 }

3aliMenMcsa Termepb CJydaeM KOHEYHBIX TemmepaTyp. Kakosa senu-
uMHa @, TeryoeMKocTH H T. M. npu T 502 Hmeem [cm. (1.78) u

1) 3ameTHM, 49TO AJ5 BelleCTBA, HAXOMALIErOCS B CHJALHO KOHAEHCHPOBAHHOM
COCTOSIBHH (HanpuMep, B HeHTPOHHOH 3Besje), W/kp AJS HeTPOHHOH, NPOTOHHOIM
H 5MeKTPOHHON KHUAKOCTeH HMeeT BeAMUHHY mopaika ~ [1010—1011 K, torja kak
T~ 108 K.
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§ 10. Mas Depmu— lupaka

(1.81)]
<N _ 1 og _ e—Bp2/2meB 2d3p
p=—=— Vou J1 o= Bpmepit (23 ;

_( (p¥/2m) e=Bp2/2mebu 2d3p
h= S If-e=Pfr2/2mefll  (onfy3”

[ass yroOcTBa BBIPAa3HM IMOABIHTErpa/dbHble BHIPAXKEHUA uepes
SHEPruKo &:

_ e — e
E=g-, V ome = p, dp = % de,
Torja d*p NepexoiuT B
4np2 dp = 2m (2m)*/2 V€ de,

TaK 4To
C1 dm@emvr, - ¢ Vide
0= 566(8 - ] (231:ﬁ)3 VSde:aS‘m (184)
0 0
n
0 4m (2m)3iz _ K e3/2de
Seﬁ(e W1 (eaf)e 83’2d8_aSzM’ (1.89)
0 0
rue
4z (2m)3/e
T (2nk)e

B obonx caydadx cjaeayeTrT BbIYMC/JAHTL HHTErpas Buaa
@

g(e) de
Izgm,
0

rae g(e)=ale 11a p u g(e)=ae"s xasa p. DTOT UHTErpa MOKHO
3anucatb B BHJAE

R g (e} de ¢ g (e) de g (e) de
[zgeﬁ<e—u>+1:.§eﬁ<8 w+1+5é’(8)d8—ge —pe-m "
0

un

[ToaoxkuM x=p(e—W) B NepBOM cjaaraeMoM H x=—f(e—p) B
TpeTheM. Torza

—
=

B
1 g(a dﬁ*f—gg(u—*—x/ﬁ)dx g(u——x/ﬁ)d_x (186)

e“+1 P "1 B
0

oQ/—D
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Fn. 1. BeepeHne B CTATUCTHHECKYIO MEXaHUKY

g Tex 3naueHHd p W T, KOTOpble Mbl Has3BaJad ,,pasyMHbBIMH,
MOHO, He fenas OGOJbLIOH OIIHOGKH, 3aMEHHUTH g(p—l—x/[ﬁ) 3Haue-

fiu
Huem g{(p) = (x/p) g’ (1), a unTerpas S — UHTerpasom S Torna
HMeeM ' '

W

I~ Xg(e)deJrﬁ“g(vt)Sev+l gg(e)d ”gég*".(l.W)

=

[Unterpaa

xdx

e* 1

S8

MOXXHO BBIYMC/IHTH, pasjaras xe */(l 4-e~*) B cremeHHOH psig, 3a-

TeM WHTerpHpys MOYJIEHHO M CYMMHpY$; 3HAYEHHE HHTErpasa paBHO
m*/12.) WHrak,

f T2, e .
1= gle)de+ 3 kpT e (). (1.88)
0

Benomunas, uto g(e)=ale aas I=p n g(e)=ae*s gast [=u,
HMeeM

_aSl/edeT (kpTY? 5= T <2">H T T %= . (1.89)

QVt

Onnaxo, coraacto (1.80), umeeMm takxe p=(2a/3)p%/s; Takum
obpasom,

n2 kRT?
w o (1-5E), (1.90)
” 3
uzag‘ g'/rde -+ T (IzB’I‘2 al/u-—
0
Iy w? 2 3a, /-
= e’ + T (kTP 5V m
2 . bnT 2 —
~ % apr—apy ! 33’ + 5 (kTP Vit =

= U, + ‘ﬂ V-Mo (kBT)2 =4, + ‘VTzv

(1.91)
V—“—VpokB, uz”o‘}'vT“:
U=uwV=U,+yVT*=U,+v'T? CV—aT—2Y T.
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Nureparypa

Jlasi MeTana NPH HUSKUX TeMIepaTypax HMmeem
Cr=29'T +aT?,

rie nepBeldl u/eH npejcTaB/isieT CO00H BKJAak 3J€KTPOHOB, a BTO-
poil —BKJaj Kosebanuil pewerkd. IIpy oueHb HHM3KHX Temmepary-
pax usneH y'T JIOMHHHDPYET, T. €. 3JEKTPOHHBIA ras JaeT 3aMeTHBI
BKJaJ, B TeIJIOEMKOCTb.

Ilpn BLICOKMX TeMmneparypax A1 TeMJOEMKOCTH MeTajljla HMeeM
Cy=2y'T +3R; 1pu 5TOM 4acCTh TEI/JOEMKOCTH, CBSI3aHHAasf C KO-
Je6anusIMA PELIeTKH, [IOCTOAHHA, TaK YTO 3JEKTPOHHYI0 YacThb TEIl-
JIOEMKOCTH BHOBb MOXKHO BBIAEJHTH.

3aMeTHM, YTO NpH OYEHb BBICOKHX TeMmieparypax clelyeT ydH-
TBIBATb BLICIIHME YJeHBl B PasjoXeHUU g(e), TaKk 4TO 3JeKTPOHHAsd
4acTh TEIJIOEMKOCTH yiKe He OyjeT NMpomnopuuoHanbua T,

B rtoMm, 4TO BHYTpeHHSS 3HEPTHs MpONOpIHoHaAbHA T2, MOKHO
ybenuTbcsa 00jee TIPOCTHIM IMyTeM, 4YeM 3TO clesaHo Beiuwe. [Ipu
Ji060H TeMmmeparype HHke (QepMHEBCKOIl MOYTH BCE COCTOSHMA C
sHepruedl HuKe (QepMHeBCKOH 3aHATH, TOrfa Kak MOYTH BCE COC-
TOAHUs ¢ Oosee BLICOKOH sHeprheli nyctel. Koraa rtemneparypa
3J1eKTPOHHOIO rasa MOBBLILIAETCS OT HYJS J0 T, CpelaHsas JHEprus,
KOTOPYIO MOXCHO COOOLIMTH OJHOMY 3JEKTPOHY, MO MNOPALKY BeJH-
YHHBl CTAHOBUTCA paBHOH kpT.

KpoMe Toro, Bo3OyXJAalOTCA JHIIbL T€ 3JEKTPOHbI, JHEPTHH KO-
TOPBIX OTCTOAT OT ypoBHA PepMH Ha paccrosiHUM nopsgka kT
(3/1eKTpoHAaM C MeHbllell sHepryuell HeKYy/Ja NepeXxoquTh — BCe COCTOS -
HHUSA 3aHATHI). UHCIO 371€KTPOHOB, 3HEPTUH KOTOPBIX JIEKAT MEK1y
W, U n,—kgT, paBHO

Ko
N = S as'/sde.
Wo—kpT

Ipu p,> kT uncio N nponopunoHaibHo kT, Tak uro poba-
BOYUHAS BHYTPEHHss1 3HepPrus nponopunonanbia (RgT)kgT = k3T>.

JIUTEPATYPA D

1. Janday JI. O., Jupuwuy E. M., Cratucraueckas pusuka, M., 1964 § 9.
2*. Kpymros 0., 1AH CCCP, 1, 3 (1933).

3*. UWly6un C., JAH CCCP, 1, 301 (1935).

4*. 3y6apes . H., HepaBroBecHast craTHCTHYeckas TepMOAMHaMuka, M., 1971,
5*. Yecmep k., Teopus Heo6parumbix npoueccos, M., 1966.

6*. DddexT Mecc6ayspa, 6. craredt, UJI, 1962.

1 3nech M janee JHTepatypa, OTMeueHHas 3Be3fOuKofl, JoGaBlieHa peXaKTo-
pom nepesoga.— [Tpum. ped.



2

MaoTpuubl MAOTHOCTU

$ 1
Beegenve

Pelnass KBaHTOBOMEXaHHYECKYIO 3alady, Mbl MO CYILIECTBY JEJHUM
Beesenayio Ha JiBe YACTH: M3Yy4aeMyl0 CHCTeMY W OCTAJbHYIO YacTh
Bcesenno#i, [ajee Mbl feficTByeM Tak, Kak eC/IM OBl HHTepecylo-
as Hac CHCTeMa cocTaBasija Bclo Beesennyw. Urtobe o6ocHoBaTH
npuMeHeHHe MaTPHI IJIOTHOCTH, pacCMOTPHM, YTO TMPOHCXOJHT,
KOrfa Mbl BKJIOYaeM B PACCMOTPeHHe OCTaJbHYIO 4acTh BcesleHHOH.

[Tycte nepemMeHHast x ONHUCHLIBACT KOODAMHATHI CHCTEMEI, 4 nepe-
MeHHas §— KOOPAHHATHl OCTalbHOH yacTu Bcenenno#. ITycte ¢, (x)
npejcraBgaser co0Of TOJMHBIA HabOp BOJHOBBIX (QyHKUMH. B Haubo-
Jee o0WEM BUje BOJAHOBas (yHKUUS MOXKeT ObITb 3allMCaHa Tak:

P (x, ) =2C:(y) ¢; (x). (2.1)

i

[MepeiineM Tenepp K oCo3navennam [lupaka.

Ilyers | ;> ecTh noaHbHA Habop BEKTOPOB B BEKTOPHOM MpOCT-
paHcTBe, ONMUCBHIBAIOIIEM cucTeMy, a |B;> —cooTseTcTByromui Habop
I1a ocranbHof wacty BeesenHnoi:

@; (%) =<x] ¢, 0; (y) =<y |0

Toraa BosanoBass GyHKUUS B Hanbosaee oflWleM BHIE MOXKET OBITh
3anucaHa CjaeJyWuM 06pasoM:

V> =3Cile>]0,
Fu ! (2.2)

P (x, y)=<y[<x[w>=2Ci/<x|(p,~><y[9,>.
7
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§ 1. Beegenne

Bripaxenune (2.1) MOXKHO MOJY4YUTH, HoJaras
Ci(y)= ECU <y 9.
l

Ilycts A—oneparop, AeHCTBYOUMA TOABKO Ha CHCTEMY, T. €.
A wue nefictByeT Ha ¢yukunu |0,>. Ilpu pefictBun A Ha npousBe-
JICHHSI BOJIHOBBIX (YHKUHH (Hampumep, |¢>) MBI CUHTaeM, 4TO
Ala>|b>==(A]a>)|b>. B stom cayuae omepatop A onpeiefsercs

He BhipaxKeHHEM
|
z Ay o> <9y,
i’

a BhIpaxxeHHeM
: A [ 9> ]0> <0, | <pjr.

1’y
Toryxa pnasi cpegHero 3HadyeHUs HMeeM
<A =< A1P> =D C}; Cirj <0, | <p; | A @r> | 6> =
i

iy
=D ChiCoi<@i| A @i > = 3 <@; | Al 9w > pints (2.3)

ijir ii’
rane
p['iZEC;}C” (24)
7

npejcTapaseT coboil MaTpully nJotTHocTH. OmpenesnM oneparop p
TaK, 4To P;.;=<P;.|0|@;>, IpHUeM p 1e ACTBYET TOJIBKO Ha NePEMEHHbIE X,
ONHCLIBaOIine cucreMy. lmeem

<Pl A 1P>:i2<(Pi|AiZ’(Pi'><(Pi' lole> :;]«p,‘l Aple>=SppA. (2.5)

Mbl ucnosb3oBalH 37ech CBOHCTBO MOJIHOTH

ZlfPf'> <@y |=1.

W3 suipaxenns (2.4) caegyer, 4to p—3pMutos onepatop. Cre-
JIOBATeJbHO, OH MOKeT OblTh IMAroHaJH30BaH, MNPHYEM €ro CobeT-
BeHHBIC 3HAYEHHS W; AeHCTBUTCJbHBEl, a COGCTBEHHBIE BEKTODHI [i>
06pasyioT MOJHBI OPTOHOPMHPOBAHHLIH HaGop:

o= Dw;|i><il. (2.6)

Tlosarast A paBHBHIM eIHHUYHOMY OIEpPaToOpy, HMeeM
S0, = Spp = <A = | > =1. (2.7)

11
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In. 2. Matpuubl nnotHoctu

Ecan nosoxutb A paBubiM [i'><i’|, TO moayuaem

i =SppA=CA> =<P| A|¥> =3 (P [i'510,>) (<6, [ <i" | p>) =
1
=M 1<0; D > P, (2.8)

OTKyJa

w; =0, Sw;=1 (2.9)

PaccMoTpuM Tenepb NOHSITHE MATPHUBLI JIOTHOCTH, HE HCIOMb-
3ysl NpuBeleHupie Bblllle coobpaxkenus. [lpexnae Bcero chopmy.in-
pPyeM OCHOBHBIE NOJIOKEHHSI KBAHTOBOH MEXaHHKH.

JlioGast cucreMa oOnuCHBaeTcA MaTpHLeH IIOTHOCTH o, Tle p
umeer BURX Zw;|i><i|, npuuem

i

1) BekTOpsl [i> 06pasylOT NOJIHBIA OPTOHOPMHPOBAHHBIA Habop;
2) w; 2=0;
3) Juw;=1;

4) cpennee 3HayeHHe JaHHOro oneparopa A onpenensieTcs cie-
AyIOIWHM 06pa3oM:
{A>=SpopA.

3aMeTHM, 4TO
CA>=SppA=F<i" |pA|i'>=Fw, i’ |i><i[A]i"> =
=Yw;<i| 4 [, (2.10)

[Mockosbky <i|A|i> mpeacrasasieT Co00# cpefHee 3HaYEHUE Ole-
paropa A no cocrosaHuaM |i>, u3 cBoicTB 2, 3 U BolpaxeHus (2.10)
C OYEBHJHOCTBIO CJELYeT, YTO BEJHYHHBI W; MOXKHO HHTEPIPETHPO-
BaTb KaK BEPOSITHOCTH TOIO, YTO CHCTEMa HaXOJHTCH B COCTOSHHH i,
Ecain Bce w;, Kpome OJHOro, paBHBl HY/IO, MbBl TOBOPHM, 4TO
cHCTeMa HAXOXMTCA B HUCMOM COCMOSHUU; B TIPOTHBHOM CJyYae OHa
HaXOJUTCA B cmewannom cocmosnuu. Hetpynso nmokasate, 4TO He-
06XOAMMOE H JOCTaTOYHOE YCJOBHE TOro, 4TOGBI COCTOHHE ObLIO
YHCTBIM, COCTOMT B BHIMOJHEHMH paBeHcTBa p=p°. Ecam cucrema
HAXOJUTCS! B YHCTOM COCTOSIHHMH |igyc;>, MAaTPHILY NJIOTHOCTH MOXKHO
NPEACTaBUTb B BHIE

0 =l layer> <lquer |»
P =< |0 0> =<P; | luper> ayer | 9> =
=<(Pili!mcr> (<(Pj[[!mc1‘>)*' (2'“)
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§ 1. Beeagenne

B Gosiee obwem ciayuae
Pij= W <P; | k> <p; [ BD*. (2.11a)
k

Ecau AOMYCTHUMO OIUCHIBATE CHUCTEMY B X-NIpEACTaBJIEHHU, MOXK-
HO BBE€CTH OIIpele/iCHuE

o, xX)=¢x" [o|x> =2wi <x'|i><i| x>=Zwii (x")i* (x); (2.12)

B YaCTHOM CJly4yae YHCTOTO COCTOSIHMS |{> 3TO BBIPAXKEHHE [PHHH-
MaeT BHI
o(x', x)=10(x")i* (x). (2.13)

COOTBETCTBEHHO B X-NIpeACTaBJECHUH

<A>=SppA={dx<x|pA|x>
Oxanako

<x|pA|x>=<x|p<de'[x'><x’ )Aix>=
=de’ xlplx"™ <x’|A[x>=Sdx’p(x,x')A(x',x), (2.14)
<A>=dedx’p(x, X)VA X, x).

BosBpamasice BHOBb K 3ajaie O CHCTeM€ H OCTaJbHOH 4YacTH
BceneHHOH, HeTpPYAHO 1IOKa3aTh, YTO

A=, AW, 0, y)deds dy;

B 3TOM (CJy4dae, KaK JIErKO BH/IETH,

o5, ) ={ v v, pdy. (2.15)

PaccmoTpenHblil IpuMep, B KOTOPOM Mbl pasjenusn Bceseunyio
Ha JABe 4acCTH, II0OKAa3blBaeT, YTO YHUCTbIX COCTOAHHUI HEICCTATOYHO
47151 OIIHCaHUsl KBAHTOBOMEXaHUUYECKOH CHCTeMbl, siBjsiouleiicsa JHIIb
YacThio (noacucremoi) Bcesennoll. Haxoputcst nm Bes Beesennas
B UUCTOM COCTOSHHH — Heu3BecTHO. HToObl cPOPMyNHPOBATH KBaH-
TOBYIO MEXaHHKY Ha GoJiee o0LIEM SI3bIKE MAaTPHIL NIOTHOCTH, yAGOHO
HalHTH ypaBHeHHe JBHKeHMsA 1ns p. OIHAKO CHadaja B KadecTBe
IPOCTOTO NpPHMepa MPHUMEHEHHS MaTPHIb! IJIOTHOCTH TMONBITaeMCs
OnycaTth MOJSPU30OBAHHEIN CBeET.

PaccMoTpum nyuyok cBeTa, pPacHpOCTPaHSMIONKICS B HamnpabJe-
Huu 2. BBemem cienymolne BOJHOBble (YHKIHH:

/1N
O)-——BOJIHOBaH GYHKIHA COCTOSHHA MOJAPU3ALMM BIOJb OCH X;

(2.16)

1

0
< —BOJIHOBas (YHKUHS COCTOSIHHS TNOJSIPH3aLHH BAOJb
4/ ocH y.
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Fn. 2. Marpuusl nnoTHOCTH

Jlioboe uyucTOe COCTOSTHHE MOXeT ObITh 3afHCAHO B BUJE JHHeH-
HOH KOMOMHaluK ABYX cocToaHuii (2.16):

> (\4 b/o\ (2.17)

aP1bp=1.

rae

Hcnonwsyst (2.11), MoxHO 3amucaTh MaTpHly IJIOTHOCTH [
YHUCTOro cocrossHus (2.17) B Buie

[aa* 'ab*>

0=\ pg* po* (2.18)

nmpu 3TOM Mbl CUMTAJIHU, HTO

[@> = <(1)> , [@,> = <(1)> .

PaccMoTpuM Tenmepb YeThbIpe UHUCTHLIX COCTOSIHHSI H COOTBETCTBYIO-
1IHe MM MaTpHUbl IIJOTHOCTH.

Cocmosnue noarapusayuu 60oap ocu x: NycTh a=1 u b=0 B
ypaBuenun (2.17). Torxa us (2.18) umeenm

1 0\
=g o) (2.19)
Cocmosanue noaspusayuu 60046 ocu y: nyctb a=0 1 b=1; toraa
0 0N
=g 1) C(2:20)
Cocmosnue noaspusayuu nod yeaom 49°: nycrb a=1 V2 n
b=1/)2; rtoraa
1/2 1/2
p45°:<1/ 1/>- 2.2h
2 /2
Cocmosnue noaspusayuu nod yeaox 135° nyeto a=—1/1'2 u
b= 1/]/2 ;  TOTAa
/ 1/2 _1/2
D13s° :K—‘/ b ) (2.29)
2 2

qupre Nnoc/ieAHHX BbIpaxKeHusd I O OTHOCATCA K UYUCTHIM
COCTOAHUAM. PaCCMOTpHM Tenepb CJA€AyolHMe JaBa CMEINAaHHBIX
COCTOAHHA:
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§ 2. [lononHuTencHbie CBOWCTBA MaTpPMLbl MIOTHOCTH

1. Cmeco 50%, cocmodnuir noaspusayuu 60oas ocu x u 50%,
cocmoanull noaspusayuu edoas ocu y. B coorBercTBHH ¢ (2.11a)
MaTpHIla NJIOTHOCTH JJIsi 3TOH CMecH COCTOSHHHA paBHa

1 1 Yy O
p:ipx+7py=<02 1/2>, (2.23)

2, Cmece  50% cocmoanuil noaspudayuu nod yeaom 45° u
50% cocmosanuil noagpusayuu nod yeaom 135°. Martpuna miaoruo-
CTH 4JIfi TAKOH CMecH HMeeT BHJ

1 | Y, 0
P=7P45°+79135°=<02 1/2>' (2.24)

Taxknm o6pasoM, ABe yka3aHHBIe CMECH COCTOSIHUH MMEIOT OfHHa-
KOBble MaTPHIbl IJIOTHOCTH W OGHapY:KMBAIOT OAMHAKOBHE (PU3NYe-
cKHe cBOficTBAa. 3aMeTHM, uTO JaHHOe YHCTOe COCTOsIHMe (Hamnpu-
Mep, COCTOsiHMe MOJSPH3aLHH BOJNbL OCH X) OIpefessieT BeKTOop
COCTOSIHUA (BOJIHOBYIO (DYHKLHIO) JIMIIb C TOYHOCTBIO A0 (Pa3oBOTO
MHOKHTEIS, TOrJla KaK MaTrpuua INIOTHOCTH OMpejiesieHa OJHO3HAYHO.

§ 2
HononHutensbHeie
CBOUCTBA
MaTpuubl nnoTHocTu Y

HanoMHuM, UTO cTaTHCTUYECKHHA onepaTop (MaTpHLAa MJIOTHOCTH)
MOXKeT ObITh 3alucal B BHJIE

p:Zw,-]i)(i], (2.25)

ecjan cHeTeMa C BepPOSITHOCTBIO w; HAXOAHTCA B COCTOSHHH |i>.
C teueHneM BpeMeHH BO3MOXKHBIE COCTOSIHES CHCTEMBI TAKKE MeHs-
[OTCSt, TAK YTO

p (D) =@ | L ()><E(D)]. (2.26)

Herpyano nafita, Kak usMeHsieTcss BO BDEMEHH COCTOsiHUE | i (£)),
tak Kak cocrosuue |i(0)> MOXKHO PpAasJOXKHTb IO COGCTBEHHLIM
¢$yHKUIHAM raMuabTOHHaHa H, a u3McHeHue BO BpeMeHH MOCAEIHHX
ussecrno. Ilyete H|E,>=E,|E,>; toraa

|i(8)> = 2| E> <E, | (0], (2.27)

n

1Y Yyratenefl, HHTEPCCYIOWUXCA IPHMEHEHHAMY MAaTpHUbl NJOTHOCTH, OTCHI-
AaeM K Kknuram [1—3} uw o63opam [4, B].— Hpum. ped.
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Fn. 2. Matpuubl NNOTHOCTH

OTKyla ‘
li(t)> =2 E,>e” "B <E, |1 (0)>

(na ynro6CTBAa MBI HCIOJABL3YEM CHCTEMY €XHHHIL ¢ ﬁ:l). Ecan
onpejiesiuTh oneparopuyio ¢yukuuio f(H) ypasnenuem f(H)|E,>=
=f(E,)|E,>, TO MOXHO 3amucartb

Li(t)> =D e~H E,><E, |1 (0)> =e~ i (0)>. (2.28)

3aMeTHM, YTO, COIJIACHO HAlUeMy ONpejesieHnio, ecad (GyHKIHIO
f(H) MOXHO pas3loKUThL B CTeNeHHOH psAf AJaa JoBoro cobcTBeH-
HOro 3HayeHHs f, TO TakuM Ke 06pPa30OM MOKHO PasOKHTh (DYHK-
uuo f(E,). IoacraBaas (2.28) B (2.26), nomyuaem

p (1) =Dwe= 1] i (0)><i (0) |t =e~it1g (0) €1ty (2.29)

auddepernupys obe 4acTH MO BpeMeHH, HAXOAUM
p=—i(Ho—pH). (2.30)

MoxxHo, npaBia, yCOMHHUTbCS B TOM, JOMYCTHMO JIM PaccMaTpH-
BaTb H Kak uucaAo npu aubdepeHUHPOBAHHH YJIEHOB BHAa e~ it
ONHAKO 3Ty MPOLEAYPY MOXHO O0OCHOBAaTb, pasjaras ONeparop
e~ ' B crenennolt pax. C jxpyroit cropoms!, ypaBuenue (2.30)
MOKHO noaydaute u3 (2.29), auddepeHOupys MaTpPUUHBIA 3/1eMeHT
<E,|p ()| E,>. Tak unm wunade ypasHeuue (2.30) BepHO, H OHO
urpaer Ajia MaTPHU NVIOTHOCTH TaKYIO XKe PoJib, KAKYIO ypaBHeHHe
Hlpeanurepa urpaet Ajst BOJHOBLIX PyHKUHH. Cleqyer 3aMeTUTh, 4To
onepaTop HabaofaeMoH (HM3NYECKOH BeAWYWHBI B NPEACTABJIECHHH
[efizenGepra yj10BJeTBOPSICT ypaBHEHHIO

A= +i(HA—AH), (2.31)

npuyeM 3HaKkW npasbiX 4acredl ypaBuenu#t (2.30) u (2.31) nporuso-
nonoxubl. (I1pn HEOGXOAUMOCTH MOXHO BBECTH BO BCE yDABHEHUS
nocrosiunyio Ilnanka, saMensis Bciogy onepatop H ma H/h.) Us
(2.29) umeem

Sp ™ (£) =Sp [e~17* (p” (0) ™) ] = Sp [(p" (0) e'") e~ #!] =
=Sp p” (0), (2.32)

rjie UCNoab30BaHo cBoicTBO Sp AB =Sp BA. Takum ofpasom, Sp p”
eCTb Be/JHYHHA, MOCTOSIHHAA BO BPEMEHH; CJIeJOBATEJbHO, TO Ke
cnpaBepnuBo ¥ aas Sp f (p), rae f—mobas GyHkuus. ITOT pesynn-
TAT MOXHO TakKe MOJYUHUTb, 3aMeuas, yTo

ph = 2wt id<i|;
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§ 2. [lononHuTensHble CBOWCTBA MATPHibl MNOTHOCTH

C.iepoBaTesbHO,

f<p>:th<wi>|i><i|. (2.33)

Hanee, Spf(p)=_2f(w,;), Tae w;— NOCTORHHLIE BEIHUHHBI, ABJSIO-
7

uivecss COOGCTBEHHBIMM 3HAYEHHSMM O H TOTOMY He MEHSIOIHecs
IpH YHUTApHOM npeob6pa3oBanuu [Hanmpumep, Buaa (2.29)].
MoxHo onpenenuTh , HTPONHIO” CAEAYIOMIHM 00pasoM:

,,S“:-—Zw,- Inw;. (2.34)

Jlna gucroro cocrogHus ,S“=0, Toriaa Kaxk A1 CHJLHO CMe-
MIAHHBIX COCTOSHUH ,SHTPONKNA® NPHHHMAaeT OOJIbLIME NOJOKHTENL-
Hble 3HaueHHs. [,JDHTponus“, onpejeleHHas BupameHueMm (2.34),
OTJHYaeTcss OT OOGBIYHON TeM, 4TO OHA He BO3pacraeT, a OCTAETCH
MOCTOSIHHOA BO BPeMeHH M IIO3TOMY B3SiITA B KaBBIUKH. ]

ITocTapaeMcs Temepb HECKOJbKO YIVIYOUTh HAlM 3HAHUS O MaT-
pHLUAX NMJOTHOCTH. B 06bIYHOH KBAHTOBOH MeXaHHKe HEeTPYAHO omnpe-
JeJUTh TAKHe BeJIMUHMHBI, KAaK CpeJHee 3HAUYeHHEe KOOPAMHATHI H
HMIyJ/bca, a4 TaKXe BePOSATHOCTb TOTO, YTO CHCTEMAa HAXOAHTCH
B JN4HHOM COCTOSIHHH.

1. Cpedree srauenue roopduramst. Coraacso (2.14), pas maio6o-
ro oneparopa A

<A>:dedx’p(x, YA, x).
B naunom cnyuae A=ux, H
A, x)=<x"|AJx>=x<x" [ x>=x0(x"—x), (2.35)
Tak 4TO
<oy = dexp (x, 2. (2.36)

2. Cpednee 3nauenue umnyipca. 31ech Cleyer NOJIOKHTh A =p.
ITockogabKYy

xlplp> =2 2 cx s,
nMeeM
) Y
A, =225 — ). (2.37)

Hurerpupyss 1o 4YacTaM H yuHTHIBas, 4TO A1s JIOGOH ¢yHKuuu [
HMeeT MecTO CBOMCTBO

(1 gs e —nde=— (50— Zf () de=—F (),
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In. 2. Matpuubl NNOTHOCTH

noJyuaeM

<p>:~—5dxdx’ ZLL.L—(S()C’——X) Ea}p(x, x") =

:-—é\g‘dx ,:(%p(x, x’)]xl:x. (2.38)

3. Bepoamuocmoe wnaxoxcOenus cucmempt 8 cocmoanuu |y». Onpe-
JeJNeHue BEPOSTHOCTH TOro, 4TO CHCTEMa HAXOAMTCA B COCTOSHHU
|%>, SKBHBAJEHTHO OMNpEJEJEeHHIO CpPeJHero 3HayeHHs ofeparopa
%> <y |. Hrobel y6enuTbess B 3TOM Ha NPHMEPE YHCTOTO COCTOSIHHS,
3aMeTHM, 4YTO, €C/IH CHCTeMa HaXOJHTCH B COCTOSIHHH |¢)>, BeposT-
HOCTh OGHAPYKUTb €€ 3KCIePUMEHTa/lbHO B COCTOSHHWH |Y)> paBHa

<> 2= <P > < 0> =<1 (> <x DT>
CJIGAOBaTEJIbHO, 3Ta BepOHTHOCTb MOXKeET 6bITb 3anucana B BHE

P=Spplx><x!=5p2wili><ilx><x1-——
= 2w | <i[x>]2=<xlp x> (2.39)

Bripaxenne A/15 BepOSATHOCTH
P=2w <]y}

BIIOJIHE COIJIAcyeTcsl ¢ HallUM HCTOJIKOBAHHEM BeJUUHH w; Kax
BEPOSATHOCTEH 3aHATHUSA CHCTEMONl COCTOSTHMI |i).

IT10THOCTL BEPOSATHOCTH 3HAYeHHS KOOpAMHATHL X, €CTb BepodAT-
HOCTb TOTO, YTO CHCTEMa HAXOAUTCS B COCTOSHHH | X,>, H, COIJIACHO
(2.39), oHa paBHa p(X,, X,). [l YHCTOrO COCTOSIHHUA |P> HUMeeM

p(xo’ xo) =|‘P(Xo)12-
$ 3

MaTtpuua nnoTHocTH
B CTOTUCTHMYECKOW MEXAHUKE

Ecau | @;> — coOCcTBeHHbH KeT-BeKTOp (coOcTBeHHash (yHKOuA),
COOTBETCTBYIOMNE COOCTBEHHOMY 3HaueHuK L; ramuabroHuana H
CHCTEMBI, TO BEPOATHOCTb HAXOMAEHHS CHCTeMbl B COCTOAHHUH |@;>
paBHa

1 -BE¢
q° . (2.40)

Taxum o6pazoM, MaTpHIa MJOTHOCTH paBHa

p=Dw,|ep<e,l, i wy=gePL(241)
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§ 3. MaTpuua NNOTHOCTU B CTATUCTHMHECKOW MexaHuke

C apyrofi CTOPOHBI, B KOOPAHHATHOM MpeACTaBJeHHH
: 1 ,
o (x, x') =2 e P, (x) o (v'). (2.42)
i
[Tockoasky H|¢,>=E,|¢,>, sbipaxenue (2.4]) MOXKHO 3amucarhb
B BILI€

A —BH
p =g 2o 0,5 <0, =, (2.43)
rie
e_.'SF:Q:Ze—ﬁEn—_—Sp g-bH (2.44)
TdaK 4TO
e'ﬁH
0 ::SPE_B—H. (245)

Cpeansas sueprusi cucreMbl U moxeT ObITb 3amycana CJaeiyIoLHM
o6pasom:
Sp {He" ﬁH]

T e

(2.46)

3nas cpeAHIO HEPTHIO CHCTeMBl U ee CBOCOLHYIO HEPTHIO, MOXKHO
HalTH 3HTPOIIHIO, MOJb3YfHCh COOTHOILEHHEM

F=U—TS. (2.47)

MoxHo mokaszaTh, 4TO Ajas Ja0OOro Jpyroro raMuJ/bToHHana H
CHpaBejiBO HEPaBEHCTBO

F<<H>—TS,, (2.48)
rje
__Sp [He‘BHOl
CHoo ="y (2.49)

a S,—sHTponus, BelUMCcAfeMas ¢ noMowbio f,. Beanunna F B (2.48)
apejicrapaser cofoH HCTHHHYIO CBCOOAHYIO 3HEPTHIO, COOTBETCTBYIO-
{1VI0 UCTHHHOMY TaMHJIbTOHHAHY [{ U ONpejesieHHYIO COOTHOLIeHHEM
{2.44). Bpoasi cBoGopHylo 3Hepruio F,, COOTBETCTBYIOILYI TaMHJb-
ToHuany H:

Fo=<H>,—TS, (2.50)

u Bhiuutas (2.50) uz (2.48), Haxomum

Sp [(H—Hy) e PHo]
Sp [e= ]

{312 Teopema Oyjer jokasana B § 11).

F<F,+ (2.51)
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Fn. 2. Matpuubl NNOTHOCTH

PaccMOTpHM Telepb MaTPHIY NJAOTHOCTH KakK (YHKLHIO mapa-
merpa P:

o~ BH
Y (ﬁ) :Spe‘BH s
NpHYeM HeHOpMI/IpOBaHHaﬂ MaTpuila IJIOTHOCTH O Olpelensaercs
COOTHOUIEHHEM
pu (B) =e=B1; (2.52)

najnee OyneMm Besje BMeCTO py mucarb . Ilokaxkem, uto p () yios-
gergopsieT AuddepeHunanbHOMY YpaBHEeHUIO

~——E—-Ho (2.53)

JlokasaTeqbcTBO OCHOBaHO Ha TOM, YTO B 3SHEPreTHUECKOM MNpes-
CTaBJIEHUH MaTpULy NJOTHOCTH (2.52) MOXKHO 3anucarb B BUHJAE

pif: 61.{.6"BE!'; (254)
nudpepeHinpysa 5TO paBEHCTBO, HMeEEM
0p;
— 0[3]“6 Ee=PEi=Ep,, (2.55)

OTKYJa noayuaeM ypasHeHHe (2.53).
HauanbHoe ycnoBue ans ypaBHeHusa (2.53) umeerT BuUJI

o(0)=1. (2.56)

¥Ypaprenue (2.53) MOXHO 3anmucaTh B KOODIUHATHOM IIPEACTABIEHHH:
¢/

— L&D Hp(x, x5 B, (2.57)

rie wHaekc x y H, yxasbiBaer, 4yto oneparop H, #xelcTByer Ha
nepeMeHHyto x B p(x, x'; p). CooTBeTCTBeHHO HaYa/IbHOE YCJIOBHE
HMeeT BUA

p(x, x'; 0)=08(x—x"). (2.58)

$ 4
MaTpuua nnoTHocTH
ons cBoGOAHOM HACTULbI
C ofHOWM cTeneHblo ceobopbl

Pewnm nuddepeHunassHoe ypaBHeHHe, obcyKiaaslleecs B § 3,
IAs caydyast CcBOOGOAHOH YacTHUBl € OJHOH CTeNeHbild CBOGORHI.
FaMu/bTOHHAH TAKOH YaCTHIBI HMEeT BHJ

H=E, (2.59)

2m
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§ 4. Matpuia nnotHocTn ans ceoBOAHONM YacTHUbI

a anddepeniuasbioe ypaBHeHHe, corsacHo (2.57), samuuercs cije-
AyiouM o6pasom:
dp (x, x5 B) h2 g2

— =— g 370 (X, x5 B). (2.60)

D710 ypaBHEHHE THIA ypaBHeHHS AUPPY3UH, U €0 pelleHHe MOXKHO
3amucaTb cpasy:

’, — m [ —x')?
0(x, X' P)= ]/mzﬁ exp[ <2m>(x ) } (2.61)
Yuc/ieHHbI MHOXKHTENb BBIOPAH TaK, YTOGHI BBIIOJHSJIOCH YCJAOBHE
p(x, x5 O)=8(x—x"). (2.62)

Beruveaasa mwnyp obeux vactedl ypaBHeHHs (2.61), mosdyuaem aas
OJHOMEPHOH cHCTeMbl NJIUHOA L
e‘ﬂF=Sp(x, x)dx=L

kaT R
onh? ’

3Ta BeJAMYMHA IpelcTaB/aseT COOOH CTaTUCTHYECKYIO CYMMY AJIsi
JaHHOH CHCTEeMBI.
3adaua. TlokasaTb, 4TO CTAaTHCTHUYECKas CyMMa TpeXMepHOH
cucTeMmbl, cocrosumed w3 N yacTHl, HMeeT BHJ

e—ﬂF — 7/aN <T_’E_I£>SN/2

(2.63)

. (2.64)

Bripaxenue (2.61) a8 MaTpHUBI NMJOTHOCTH MOXHO [MOJYYHTh
WHaue, BCIIOMHHAs, 4YTO

p (%, x; B) = e~ Prmp, (x) Yy, (x"). (2.65)
Ecan uyacTHua HAXOXHTCA B OOJBIIOM fIIHKe 00beMOM 92, MOXKHO

IIPOK3BECTH 3aMeHY

2—" Z(;:)Z ’ 'll)m (x)-—* 'll)p ()C):T/_%_eip,x/ﬁ,

m

Toraa Bripa:keHue (2.65) npUHEMaeT BUI

p(x, X3 B)= (2d3f€)3e-ﬂpz/ 2mel (p/h) - (x=x")
JU
m 3/ _ x| 2 3
= () e (2.66)

4TO COBNajnaeT ¢ BuIpaxkeHuem (2.61).

1) 3ameTHM, 4TO NpPH TOCTOSHHLIX 3HAUEHHSX X, ¥ HE CYWIECTBYET DPa3JIOKe-
HHA o (x, x5 B) mo crenenaM P B6au3n f=0. ITo--BamHOe CBOHCTBO MaTPHILLI
NJIOTHOCTH CBOGOJHOH YaCTHLEl Pcpog, H OHO BJHSCT HA MOCTPOEHHE DAJA TEODHH
BO3MYUIEHH.
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n. 2. Matpuusl nnoTHOCTH

)
Nurednsin
FOPMOHUYECKMK OCUMUMNSATOP

FaMu/JbTOHNAH JHHEHHOTO (OAHOMEPHOr0) FapMOHHYECKOrO OCIIHI-
JASTOpa HUMEeT BHJ

Pt moei? .
H——Qm—,— 5 (2.67)

TaK 4TO HUMeeM cJjefyiomee uddepeHUHaTbHOE YDaBHEHHE A5 O

Jdp he o2 mo?
T T T amaae Pt xe (2.68)
BBeneM HOBBIE mepeMeHHBbIE
mo h fi
E= Tﬁﬂx, f:?wﬁzw;;r' (2.69)
C MOMOLIbID KOTOPLIX ypaBHeHHe (2.68) ympomaercs:
J 0>
-—-097=—-5§%+§2p. (2.70)
HauannHoe ycsoBHE [1J1s1 3TOTO YPaBHEHHA HMEET BM,
p=0(x—x') mpu [=0 (2.71)
HJIU
p=1 F0E—E) nmpu [=0; (2.72)

MHOXKHTEJb Vmw/ﬁ BO3HHKAeT 3a CueT M3MEHEHHA MacluTaba y apry-
menta S8-pyHkuun (Boobue 8 (x—x,)=|f"(x)|8[f(x)—[(x,)] aas
MOHOTOHHOH (GyHKOIHHU [).

Ilpu Magbix 3HaueHHAX [ (BBICOKHE TeMMepaTyphl) MOBeAeHHE
OCUMJ/IATOPA JO/KHO B 3HAYHTEJbHOA Mepe HANOMHHATL MOBeje-
Hie CBOCOJHOH YacTHLIbl, TaK KaK BEPOATHOE 3HAUEHHE €ro KuHe-
THUECKOH SHEPrMH BecbMa BEJHKO. [J03TOMy MOXKHO OXHAAThH, UYTO
NpH  MaJblX 3HAYeHHAX [ MaTpHIa MJOTHOCTH TapPMOHHYECKOrO
OCUHJIATOPA OyaeT NPHO/IMKEHHO ONHCHLIBATLCH BHIpaAXKEHHEM

0E &, D~ ﬁ%e-@-i’”/”. (2.73)

D 910 cnpasepnuBo Jmme npu £ E. Ilpn E=F Benuumna p (&, £, )
COBMANAET € Pcpog TOABKO Apu f=0 (nogpoGuee cM. ra. 3, § 10). Ouepnano, npu
BBICOKHX TemnepaTtypax I, KOPJla AMIVIKTYJA KJACCHUECKOTO ABUIKEHHS BeJIMKa,
OCLUMJVISITOD ,4yBCTBYET* BO3JeHCTBHE CHJIBI (MEXKAY SaJAHHLIMH SHAYEHHSIMH X
B Xx') TeM MeHbLIe, YeM GOJblie 3Ta aMNNHTYHA.
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§ 5. JluHelinbit rapmoHMUeckuil ocumnnatop

YuurhiBasi TayCcOBCKHH XapakTep 3aBHCHMOCTH 0.z OT &, mornpo-
6yeM HCKaTb pelleHHe B cneay}omeﬁ dopme:

p=exp{—[a([)E+b())E+c(N]}. (2.74)
INoacraBass (2.74) B ypasuenue (2.70), moJyuyaeM ypaBHeHHe
a8 b0'E+-¢ = (1 —4a") §* —4abt - 20 —b?, (2.75)

rie WTPUX o3HadaeT anddepenunponanve no f. M3 ypasuenus
(2.75) nmeem

o' =1-—4a° (2.76a)
b’ = — 4ab, (2.766)
¢ =2a—b*. (2.76B)

Wuterpupys ypaBuenue (2.76a), umeem

o= cth2(f—1,),

npuYyeM B CHY HAYa/JbHOrO ycJaoBuA (2.73) NOCTOSHHAS HHTErpu-
poBaHus [, A0oJXKHa o6pamaTbca B HYJb!

a= ? cth 2f. (2.77)
Hurerpuposanue ypasHenuil (2.766) u (2.76B) naer
b— A
~ sh2f>

: . (2.78)
c=7 In (sh 2f) +—5 ¢t 2f—In B,

rae A u B—nocrosunbie. HMcnonbsya soipakenns (2.77) u (2.78),
HaxoJuM

:V%exp[ (5 cth2f+sh2f+2 tth” (2.79)

Ipu f-—0 nomyyaem u3 Bhipamenus (2.79)

224z A2
— rrexp (SRR,

(2.80)

Yrobu pesyabraT (2.80) corsmacoBmBagcs ¢ (2.73), M0LKHBL BbIIO-

HATHLCA paBeHCTBa
A——%, B= . 2.
3 }/m (2.81)

Tloxcrasiass aTH 3Hadenus B (2.79), HAXOAHM OKOHYATEILHO

m

ox, x'; p)= ]/E;ﬁ’n—jqu exp {—m [(x*4-x")ch 2f—2xx']} ,
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. 2. MaTpuubl NNOTHOCTH

HIH

By = 1) me
p(x, x5 p)= Vgnﬁ sh (fim/kBT)><

% ex {_$
P 2% sh (hw/kgT)

B wacTtHoM cnygae x=x' umeeM

o(x, x; B)= 1/2—31% exp (—-%“3 x® thf). (2.84)

Ora BeJMUYMHA OIpefiesisieT BEPOATHOCTh OOHAPYKHTH OCHHJISITOD
B Toyke x. Kak HeTpyAHO BHIeTb, OHa HMEET rayCCOBCKYIO (OpMy.
C nomombio BEIpaxkeHus (2.84) BEIYHC/ISIETCS CpeHee 3HayeHHe x2:

[(x2 +x') ch ,:ijT—Qxx']} . (2.83)

S x%p (x, x)dx k 3 bo

<x2>:S Y =5 cthf cth
p(x, x)dx

Tmo © 2k gT ; (2.85)

TakuM 00pa3oM, A/ cpeJHero s3HayeHUu s NOTeHIHaAbHOH sHepruu E
uMeeM
ho

<Epor> =5 mo P<x*y =—p—cth]. (2.86)

nor

MoXHO CpaBHHTb 3TOT pe3yJabTaT CO CPEAHUM 3HAUYEeHHEM MOJHOH
3HepruH E, BEHIUHCJEHHBIM C IIOMOLLBIO CTATHCTHYECKOH cymMBl, Kak
H3BECTHO,

fio | hoe=horkgT  fo1de-¥ o
<E>=_—+ e—ﬁm/kBT =Tl . 2f—— thf (287)

BennunHa (2.87) poBHO B xBa pasa NpPeBOCXOAUT BeldHUuuHy (2.86);
OTCIOfla HAaXOAUM JJIS cpeiHeH KUHETHUecKOHW sHepruu E

<EKHH> = <En0-[> = ho Cth f (288)

KHH

W3 Bripaxenus (2.84) HaXOAUM CTATHCTHYECKYIO CYMMY

_ (" mo 7k 1
e BF:jp(x, X)dx = l/Qnﬁshm’ ]/mmthf:i?shf’ (2.89)

OTKYJa

- Lﬁ In (2sh f) = k,T In (eho/2k 5T —g=ho/2kpT )

ﬁ"’+k3T In (1 —e—ho/kgT); (2.90)

B TOYHOCTH TakKOe K€ BbipaxkeHue 1Jja CBOOOJHOH SHEPruu yike
OBLIO NOJYYEHO paHee.
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§ 6. AHrapMoOHH1ECKMI OcCLMNAATOP

Mo:kHO paccMoTpeTbh NpefesbHBIH ciaydail BHICOKHX TeMmepaTyp
(mMaablx 3madeHuil f) B Beipaxkennu (2.84). Toraa umeem

o (%, x; ﬁ)—»exp(—ﬂ,‘;%’?z)=exp(—‘%’;)> (2.91)

C TOYHOCTBIO 70 TPEAKCINOHEeHUHAJBHOTO MHOXHTelf. Pesyib-
taT (2.91) corjacyercss ¢ KJAacCHUECKOH MeXaHHKOH.

[TpezebHBIA cayuall HH3KHX TeMIEpaTyp MOXKHO PACCMOTPETh,
M0J1b3YsiCh BBIpAXKeHHEM (2.83):

m(ox2 mo?x'?
o (x, x7) —»I/fé%xp( QkBT exp<— exp(—-—zﬁ—>; (2.92)

¢ Apyvrofl CTODOHBI, HMEEM B 3TOM Tpejene

o(x, x') = 26‘“:‘ 0; (%) @ (x') — e=BEo @, (x) @7 ("), (2.93)

Tak Kak npH f— oo a(peKTHBHBIA BKJAX JaeT TOJBKO OCHOBHOE
cocTosinue. Bripaxkenue (2.92) cormacyercs ¢ (2.93), Tak Kak 1.s
OCHOBHOIO COCTOSIHHA BOJHOBas QYHKIUA HMeeT BUJ

®, (x) :<m>‘/4e(‘mm/2h) o (294)
ah

$ 6

AHrapmoHundecknin ocuunnaTop

PaccMOTPUM MOTEHLUHaABHYIO 3HEPruio, H306pa*KeHHYIo CHJOLI-
Holt kpuBolt Ha ¢ur. 2.1 u onucwiBaeMmyio QyHKIHeH

V(%) = —- x* -+ kx®. (2.95)

Mui G6ygeM paccMaTpuBath JHIL 0671acTh 3HaueHHH BOIM3H x =0,
He 3arparuBasi obmactu, rie V (x) <O0.

B aHrapMOHHUYeCKOM C/y4ae NpH MNOBLILIEHHH TEMIepaTypHl cpes-
Hee MoJIoKEeHHe OCIUAAATOPA CABHIAeTCst, KaK NMOKa3aHo Ha ¢ur. 2.2,
Fmess ato B BULy, NPHMEHHM K 337a4e 00 aHrapMOHHYECKOM OCIIH/I-
JATOPE YHNOMSIHYTBHIH BbILE MPHHLUHAI MAHHMYMa cBoGOAHOH 3Hepruu,
KOTODBI (popMy.aHpyeTcs CJAeLyIOUWHM 00pasoM:

F<Fo+<H'—H0>07 (296)
rae F—ucTHuHHAs cBoGogHas 3HepPrusi, H — UCTHHHBIE TaMHJBTO-
HuaH. Ilpu stom H,—moboil ramuabTOHHAH, [;-—COOTBETCTBYIO-

wasi cBoGoAHas 3HEPrHdA, a CKoOKH < >, 0003HAYAIOT YCpeIHEeHHe
o CHCTeMe, XapakTepusyemoll raMuabTOHUAHOM f,.
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Fn. 2. Matpuupl NNOTHOCTH
B kauectBe H, ansi jaHHOH 3ajauyn BuibepeM raMHJbTOHHAH
p? . mo? 2
H0=2—m"+'—2—-(x—a) , (297)

ONHMCHIBAIOMUA rapMOHHYECKHH OCHUJLIATODP, Y KOTOPOrO IOJ0KEHHE
paBHOBECHS CMELEHO Ha PacCTOsHHE a4 OT HyJas. BeinunHa o B ra-

QUll. 2.1.
o
< —3-~ IorennnanpHas sHeprus
z aHrapMOHHYECKOTO
OCLUIATOPA.

MHJIBTOHHAHe (2.97)—Ta ke, 4To W B BeIpaxkeHun (2.95). Cor-
JacHo (2.90), umeem
fiw g
Fy=kgT 1n(zsh o T) (2.98)

TAK YTO OCTAeTCsl TONBKO BHIYHCJAHTBL CpelHee
2 2 , )
CH—Hyy={ T~ 4 hxr—" (x—a)? ) . (2.99)
ITpousBoas 3ameHy y:x——a sanuieM (2.99) B Buae
CH—H 3 ={ mo*ay + 5> ® @ - ki -+ Sky’a - 3kya? +ka* ) . (2.100)

Ttockoabky H,= p*/2m -+ (m®?*/2) y*, HeTPYAHO BBIYHCJHTbL CpelHHe
3HayeHusl pasIMYHLIX cremeHed y. M3 coobpaxeHHH cuMMeTpuHH
nMeeM

Yo=Y =0, (2.101)

TOrga Kak, corjacHo (2.85),

. 3 oth (g Qi"’T) (2.102)

IloacraBasia (2.102) B ypaBHeHHe (2.100), HaxomuMm

F< Fot <H—Hodo=Fy + 5% a* 1 ka® + 3ka<y®>,. (2.103)
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§ 6. Anrapmonnueckui ocuManaTop

Haunyumyio oueHky aias cBo6ogHo# sHepruu (2.103) MoxHO
MOJIYYHUTL IyTeM MHHHMH3aUKHU npasoit yactH. Ilockonbky Hac wH-
TepecyloT JIMIIL MaJjbie KoJeGaHHs, Mbl IpeHeGpexkeM ujeHoM ka?,

} QUT. 2.2.
\ /
\ a7 7"
\ / /
\ /
/;
-+ |
0 ‘;c"' Cuverenne cpeanero
NOJIOMEHHsT OCUHIIATOPA.

TaK 4YTO OTpHUATENbHHE 3HaueHUs V (x) He BOHAYT B paccMoTpenne.
Huddepenunpys (2.103) no a, monyyaem

meoa 43k <yt>, =0, (2.104)
OTKY /4 —
3k 3kh cth 2kgT
a:—_—_w<y*>0:_—°_§,%%é__3—z, (2.105)

B cuay yenobust (2.104) coornomenue (2.103) npunuMaet By
FF—"a, (2.108)

CmelienHe MOJIOXKEHHSI PaBHOBECHS d, ONpeAeNsieMoe BhIpaxe-
Huem (2.105), umeer npoctofi ¢u3HYECKHH CMBICA: B 3TOH TOYKe
ofpamaercs B HYJb cpeiusis cuia <& >, nefcTByiomas Ha OCIHI-
agtop. [leHcTBuTeNbHO, coryacHo (2.95),

F =mo*x+3kx*=mo® (y+a)+ 3ky* 4 .. ., (2.107)
F>=motat3k{y>+ ..., (2.108)

TaK yTO, npeHeOperas BHICIIMMH CTelleHSIMH @, Mbl IIPHXOAHM K ypaB-
Henuwo (2.104).

3ada4a. PaccMoTpeTh NPHTATMBAOWMA nmoTeHuHans V (x) obuwero

BUJa (Hanpumep, u3o6pakeHuslit Ha ur. 2.3). CooTBeTCTBYIOM KA
raMHJbTOHHAH HMEET BHJ

H=E 1v@). (2.109)
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n. 2. MaTtpuubl NINOTHOCTH

B kauectBe npoGHOro ramu/ibToHHaHa H,;, BXoaawero B gopmy-
JIUPOBKY BapHalHOHHOro npuHuMna (2.96), BEIOpaTh CaeayiOuiui:

Hy= P | M98 (x—q), (2.110)
2, 2
1 NpOBapbLUPOBAThL a, M, U o,. [loKasaTb, 4TO
my=m ‘ (2.111)
H YTO ®, ¥ 4 ONpeJefsitoTCs YCAOBHSIMH
<V (x)>,=0, (2.112)
GV (10 =( £) . (2.113)

3zech, KaK u paHee, < >, O3HauaeT YCpeJHEHHe N0 CHCTeMe, Xa-
pakTepusyeMoil raMu/JbTOHHaHOM H .

V@'} y OUTT. 2.3.

O6uwuit BUA
= NPHUTSATHBAIOWEro
Zz noTeHUHana.

CootHotlenue (2.112) onpegeasier abco/IOTHOE NOJOXKEHHE CH-
cTeMbl (CABHI TNOJIOKEHHs paBHOBecHs), Toraa kak (2.113) ompeje-
asieT Mmacwital ee nepeMeHHnIXx. Tounee, (2.113) cooTBetcTByeT
BHPHAJILHONH TeOpeMe, COIVIACHO KOTOPOH

AV’ (> =( £}, (2.114)

IToxaxem Tenepb, uro ypaBHenue (2.114) cBssaHo ¢ Maclurabom
llepeMeHHbIX; A 3TOr0 BhIBeJeM BHpPHAaJbHYI0 TeopeMy B HoJee
obuieit dopme.

PaccMotpuM cueTemy yacTHL B K yGHYECKOM SIILHKE CO CTOPOHAMH
AnuHOH L. BosbMeM raMuJbTOHHAH B BHJE

2
Hp= ii’%ﬁlzivu,.,) (2.115)
i<j

(MBI mpenmosaraeM, YTO JBHXKEHHE CHCTEMBI MOMKET GbITh OMHCAHO
¢ MOMOWbIO MOTEHUNANa, 3aBHCALCTO OT PACCTOSHHE 7, =|r,—r;
MEXJy napaMu 4acTul).
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§ 6. AHrapmormueckui ocuunnsaTop

Ecan cucreMa orpaHuueHa, To IPH [OCTATOYHO GOJBIIKX pas-
Mepax sliMKa JaBJeHHE Ha CTEHKM NPaKTHYECKH PaBHO HY.IO.
Onnaxo, BooOule roBops,

Pe— = —am o (2.116)

[lycte F;=F pnsa swnka pauso# L. Hue MBI He TOABKO AOKa-
KeM HepaBeHCTBO F < Fy - <H — H>,, Ho 1 nokaxeMm, 9to <H — H,>,
(aKTHYeCKH $IBJISIeTCS NMONPABKOH MEPBOrO IMOPSAKA B PasioKeHHH
Ads F no Teopuun poamyuienui. [Tonyuum Beipaxkenue aas P, sanu-
ChIBasI

Fr (1+ey =~ Fr ~ INonpasoune unens,

HIH
FL(1+e)NFL+<HL(1+8)—HL>HL- (2.117)

OueBugHo, Hp (1. oTaNYaeTCH OT H; TONBKO Te€M, UTO NepeMeHHas
(r;), Moxker mpoberarb 3HaueHHs OT HyJas a0 L (l1--¢), a He g0 L;
TO K€ BEpHO AdA NepemMeHHeix (r;), u (r;),. Ilpoussexem nosromy

3aMeHy nepeMeHHBIX BHAa r;=r;/(l4€); mockombky p%:-—)‘iﬁ2 Vi,
NoJyYHM

~ p" , )
HL(l+e)=Lm+ZV (1 +e)ry] ~

‘ i

it , p” .
zzijn_[+ZV(rij)+e[—2;W+};mV (n,-)]-
‘ i< i<
(2.118)

ITocko/ibKy HOBHIE KOODAHHATH (CO IUTPHXaMH) NPOGEraioT Te xe
3HaueHud, 4TO ¥ cTapble (6e3 mrTpuxoB) B (2.115), MOxHO cHATH
WTPUXH HAL r;; U p; U 3aNACATh

<HL(I+£)—HL>HL =g [——2 Eyuw> +-< iz ri V' (r,j)>]. (2.119)
7

i<j
Beipaxkenus (2.116) u (2.117) nator
oF F o—F 1
3Pc7/a:_-La-L=—L—“£L—;———L-=—?<HL(H8)—HL>, (2.120)
Coraacuo (2.119), umeem
3PY° =2 E > —< [Z riVi(ri). (2.121)
j)

i<j
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Fn. 2. Marpuupl nNROTHOCTH

Has caydyass TApMOHHAYECKOTrO OCHUJ/IATOPA JaBJjieHHe P paBHO HYJO,
H MBI noJyvyaem

v (x> =( £ ) (2.122)

[s1OT pesyabTar cienyer cpaBHHTHL ¢ (2.113)].

HOnas ciayuyas yacTUUB, ABMKYyLiefica B CHJIOBOM noJe, yObIBaw-
meM ofpaTHO HPOMOPHHOHANBLHO KBaApDaTy pacCTOsSIHUA, MOJydaeM
KJaccHueCcKu#l pesysabTar

1

<EKHH>=——’2_<EHOT>' (2.123)

3roT MeTol MoxeT ObiTb ob6o6imeHn. Ilycte H -—raMHu/abTOHHAH
CHCTeMbl B flIHMKe, a H, —raMuJbTOHHAH TOH Ke cuCTeMBl B Oec-
KOHeYHOo MaJjo JetopMupoBaHHoM smuke. Ilpexmonoxum, uro
Fp= FH n uto He, — H =¢8; Torga OnucaHHBi Bhillle METOA NpH-

BOJHT K yc.noamo KS>x=0. Hanpumep, Bripaxenune (2.118) coor-
BETCTBYeT CJIyuaio, KOrja

[ o> 2L +2r,,V' (r,,ﬂ

¢

B kauecTBe JApPyroro npuMepa paccMOTpHM GECKOHEYHO MaJibli
CIBHT (TPaHCJSINUIO) BCEro sLIMKA Ha pacCTOAHHe & B Hampase-
uuH ocH x. Ilojarasa x’=x-—e, HUMeeM

He +2V(r,,)+az "V‘”" (2.124)
<l t<i
TaK 4TO
S= ; 0V(§;u) (2.125)
i<f
H
vV (rid\ _
( Y )=0. (2.126)

[CpaBuute ypaBnenne (2.126) ¢ ypaBHenuem (2.112).]
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§ 7. ®yHxkumua BurHepa

$ 7
Qyukumsa Burnepa

Marpuua nJaOTHOCTH MoxeT ObITh 3aldcaHa B KOOPAHHATHOM
¥ HMIYJbCHOM MpPeACTaBJEHUAX:

o(x, x")= ;}e' BEi @; (%) @F (x7), (2.127)

p(p, p’)=§e"‘351(9,~(p) o7 (p')=
- Sp (x, x") e~ iR (-x=p"X) (fx dx’, (2.128)

Jlnaronanpdbli 9JeMeHT
p(x, x)=P(x) (2.129)

BplpakaeT BepoATHOCTb OOHApyXHUTh YaCTHLY B Touxe x (¢ TOY-
HOCTbIO 10 HOPMHPOBOYHOro MHO:kuTessi 1/Spp). AHasoruuuo se/u-

YyyHa
p(p, p)=P(p) (2.130)

BbIPAXKAeT BEPOSITHOCTh OOHAPY:KHTb B HMITYJBCHOM HPOCTPAHCTBE

YacTHLY CO 3HAUEHHUEM HMIYJbca p.
Bripaxenue (2.130) ucnosbsyercss NPH BBLIYHCIAEHHH CpejHero

3HaAuYeHHUsI KUHEeTHYeCKOH SHEepruu
< p? > Sp [(p%/2m) p) Sp(p, p) (p%/2m) (dp/2sh)

_ _ (2.131)
Sp (ol (o (0. p)(dpj2at)

2m

B kJaaccuueckoil Mexanuke (yHKUHS IVIOTHOCTH f(p, X) B ¢aso-
BOM I[1pPOCTpaHCTBe 00/ajaeT CJAeRYIOUMHM CBOHCTBOM!:

P(p)={7(p, x)dx,
_ dp_
P()={f0, 555
IToctaBum Bompoc, cyuiecTBYeT JM B KBAHTOBOH MeXaHHKe (hyHK-

uus f(p, x), yaoBJjerBopsiomass ypaBHeHusm (2.132). OpHoit u3s
TakuXx ¢QyHKIMH sBaserca ¢yHkuusa Burnepa fy, (p, x):

fwe, ) ={o(x+3, x—3)e-tevhan; (2133

(2.132)

3Ty (yHKUHIO MOXKHO I[OJY4YHTb, paccMaTpuBas p (X, X’) Kax
$yukiuo nepemennbix (x4-x')/2 u (x—x')/2, o6o3Hauas 3areM nep-
BYI0O H3 HHX X H INIpPoBOAs npeoGpasoBaHue Pyppe no BTOPOH.
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Tn. 2. MaTpuus nROTHOCTH

Y6eaumes B TOM, uto (ynkuus (2.133) yzosaerBopsier ypaBHe-
Huam (2.132). Ilpexne Bcero

SfW(P, x)gdﬁﬁ=j x—{——n—, x——n2—><5e—f(pn/h)2;‘:_%>dn=
—S (x-i— ) x—%)@(ﬂ)dr]:p(x,x)zP(x); (2.134)

TakuM o0pa3oM, BTOpoe H3 ypaBHeHuf (2.132) Brinosnsiercs. Hagee,
ucnoabsysa (2.128) u (2.130), umeem

P(p)=p(p, p)={ p(x, x")e= /D pt=)dx dx’ =
—fo(v+1. y— Jemtehdydn =
= { fw (p, ) dy; (2.135)

MBl [POBeJH 34eCh 3aMeEHY MepeMeHHHIX

x=y+3,
(2.136)
x’———y——g—.

W3 ypaBuenuti (2.132) BunHo, uto ecau h(p, x) aBasercs QyHk-
el TOMBKO UMIYJAbCA p UJAH TOJABKO KOOPAHHATHL X, TO

<hp, 3> = Iy (p 2) h (p, 3) 3 d. (2.137)

QOpnako ypasHeHue (2.137) He BLIMOJHAETCH, eClIU A(p, X) ABAsETCH
NpOU3BOJBHOH (yHKIHEH p K X.

Hecmorpsa Ba To uro ¢yukuus Burnepa fy, (p, x) yiosaerso-
psAer ypaBHeHHsM (2.132), ee Heab3ss paccMaTpHBaTh Kak BeEpoAT-
HOCTh HaHTH dYacTHUy C HUMIYJbCOM p B TOUKE X, TaK Kak (QyHK-
uua [y (p, X) TPH HEKOTOPBIX 3HAYGHHSAX p H X MOXKET CTaHo-
BUTLCS] OTPHIATEJ]bHOM.

3adaya. BpluuenuTs ¢yHKIHIO Burrepa AJs rapMOHHYECKOro
ocuu/IsTopa. B 3ToM wacTHOM caydae dyHKuua [y, (p, X) Besje
IIOJIOKHUTEJNbHA.

Bripaxenue (2.133) onpenensier ¢pynkuuio BurHepa uepes mar-
PHLY ITJOTHOCTH; MOXKHO NOJYYHTh W 00paTHOE COOTHOLIeHHe

j,‘W( "+’“ >ei<p/h> (= x>2‘ffﬁ~p(x ), (2.138)
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§ 8. CuMmeTpuaoBaHHAS MATPMUA MNOTHOCTH

TaKHM 00pasoM, BEIHUYHHM fy (P, X) # 0 (x, x) CONEP:KAT OJHHAKO-
BYIO MH(OPMALHIO O CHCTEME.

3adaxa. Tloka3aTb, 4TO B HMIYJBCHOM MpeJCTaBJEHHH MaTtpuua
NJOTHOCTH AJAst CBOGONHOM yacTHUBI MMeeT BHJ

0(p, p')=2h8 (p—p'y e~ " kaT, (2.139)
$ 8
CummeTpusoBaHHas

MaTpULA MMAOTHOCTU
ans cuctembl M3 N uactuy

PaccMoTpuM Tenepb MaTpHIy NJIOTHOCTH [AJS CHCTEMBI U3 MHO-
ruX TOXAECTBeHHHIX 0o3e- uau QepMu-yacTul. Beezem aas ynob-
ctBa uuaekes D, S u A, ofo3Haualomne COOTBETCTBEHHO ,,pasJiH-
yambii®  (distinguishable), ,cumMerpuunnifi“ (symmetric) u ,anTu-
cuMMeTpHYRBIA“ (antisymmetric). PaccMorpum cuauana cayuail cgo-
GoaHbIX yacTHl. [aMHJBTOHHAH CHCTEMBI paBeH

F2
H= — 5 2; Vi, (2.140)
a Marpuua IJIOTHOCTH Qp YJOBJIETBOPsET ypaBHEHHIO
a
—gﬁg——-—HpD. (2.141)
Peilleyne 3TOro ypaBHeHHUs HMEET BHJ
Pp Xy Xgy ooy X X1, Xgy oo vy Xns B)=

m aN/e m n
- <23’tﬁ2f5) exp [_ 2h2p ‘i_“ (xk—xk) ] . (2142)

B o6uieM caydae, ecJad YacTHUBI MOIYT B3aHMOAEHCTBOBATH APYT
¢ APYTrOM, MOXHO 3aIHKCaTb
Pp (X1 s Xp X ooy XN )=
-"BE' ’
= X e (g, ey 2NV, e xR (2.143)

1o BCEeM COCT.

Ecay yacTuubl nogudMHAIOTCS CTATHCTHKE BOBG, HMeeM

pS(le s ey XN; x;y v ey x;\/; ﬁ):
= e PPra(xyy un, xy) WK, ol XR). (2.144)

o CuM. COCT,
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n. 2. Marpuubl NNOTHOCTH

Bpegem cuMBos P 1/ 0Go3HaueHHS [1ePeCTAHOBKH WYaCTHIL;
Hanpumep, AJA NepeCTAHOBKH

12345
Pl
54312
HMeeM
Px, = x,,

Ecnu cocrosiHme ; CHMMeTPHUYHO, TO
Yy (Pxg) =y (xz).

MoXHO TMOCTPOHTH pg, HCXOAS M3 Pp; PACCMOTPHM 3TO HA MpuUMepe
ABYX YacCTHIL:

PD (xlv xy xlv xz)—' ZC—BE' ‘PI (xlv 2) ‘Pt (xb xz)

no BceM COCT

IlepecraBuM Temepb MecTamHu x; H X

’ ’ -~BE . * ’ v
Pp (X, X5 Xpy 1) =" Xe~PEi W, (x,, x,) W7 (x5, )

1o BCeM COCT.

H BO3bMeM cpelHee apH(pMeTHYeCKOe IBYX BbIpaKeHHH; Toraa

l ’ [AY ’ ’
T [pD (xlr Xyi Xgy X3) =+ Pp (X4, Xgs Xgy xl)] =

= Y emBEOY (xy, %) g [WF (6, 1) AW (27, 1)) =

no BCEM COCT.
= 2 e—BEI P; (%41, xa) ‘lpt. (x;.! Xg),
[0 CHMM. COCT.
TAK KaK

— aHTHCHMMeTpHYHAs OYHKUHA ],
Y7 (X1, Xz)—CHMMETPHYHAS GyHKUUSA |} .

[‘Pt (%1, X2) + V7 (x5, x1)] {

Boobue rosops, ¢ noMoueio coo6pazkesnil, OCHOBaHHBIX Ha TEOPHH
rpynn, MOXHO M0Ka3aTb, YTO

1 .
TVTE‘p(Pxi» ey ka, ooy PxN)=
P

{ Y%, ..., Xp, ..., Xy)—CHMMETPHYHBI! cAyyall,
0—cayuahi moGo#t apyro#i cuMMeTpuy;

(2.145)
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§ 8. CummeTtpu3OBaHHAR MATPMUA NNOTHOCTH

31ecChb Z o6o3Hayaer CyMMY 110 BCeM II€peCTaHOBKaM YacCTHI.
3

Hcenoabays (2.145), MoxHo 3amucath Aas ciaydas N yacTHu

Ps Xty covy Xpy evey Xap Xiy ovey Xiy ovoy XN) =
S 00 (s ey X o i PX ooy PGy L, PRR). (2.146)
7
Torna craTucTHYecKas CyMMa TNPUHUMAET BHA
e‘f“’s:SpS(xl, ey Xpy eaay Xy e, Xp)dxy o day=
=7V]—,ZSPD(’51: ey Xpy ey Pxy, o0, Py, o )day oL dapy
P

(2.147)

3adaya. [ToNyunTh CTATHCTHYECKYI0O CYMMY HEB3aHMOAEHCTBYIO-
wero Gose-rasa. [[nsa sToro cHavaJsa noacraButh (2.142) B (2.147),
YTO Jaer
1 m 3N/2
_ﬁ'F = — ——
ETSEW (2:”‘»2(3) :
m
e }I;‘gexp {—— T [(xy—Pxy) .o+ (X — P+ ...+
—f—(xN——PxN)2]}dxl co.dey. (2.148)

Bbluncass cyMMy MO nepecTaHoBKaM, cJelyeT HauaTb ¢ TOXKAe-
CTBEHHOH [epecTaHOBKH, KOTOpasf JaeT MHOXHTeab VV; nasee
BLINOJIHSIIOTCS N€PECTAHOBKH Iap 4acTHll, LHMKJIHYECKHE lepecTa-
HOBKH TpPOeK 4acTHLL U T. A. IIpHu 3ToM cjefyer YYHTBIBAThL TaKKe
KOMOMHATOpHblE MHOXHTEJNH.

Pemenne. Jliobas mnepecraHoBKa MoOxeT ObITh pasbuta Ha
UK/, HAaDpHMep:

1 2 3 456 1 5 6\/2 3\/4
P=l] 11 1] l)]=asey@y@=(1 | L]l L]}
5324 6 1 56 1/\3 2/\4

[Mycrs mnepecraHoBka cofepxuT C, UHMKJIOB JIHHOA v, HpUYEM
> vCy=N. Ilpu v>1 nonoxum
v

m 3av/e
hv=<m> ydxldxa e dxy X

X exp { — 2 (6 =X+ 0 =% o+ (e =X o+

m A\ n A\ +oo—x)T)(2:149)
w=(m) ) o= (i)

75




Fn. 2, MaTtpuusl nnotHocTH

Torna eorpaxenue (2.148) MoxHO 3anucaTb B Buje
¢-BFs — NL!Z (H (hv)CV> . (2.150)
P v

Herpyauo nokasats, uro
gdy exp [—a(x—y)*] exp [—b(y—2)*] =
= (%)% exp [—E%_b—b(x—--z)z] . (2.151)
Hcnoawsys (2.151), maxogum

hv=v( m )/ (2.152)

2nﬁ2[3v

Tenepsr HEOGXOAMMO MOACYMTATH YHCIO BOIMONKHEIX MEPECTAHO-
Bok. Ilyere M(Cy, ..., C,) ecTb 4YHCJIO mepecTaHOBOK, KOTOpbie
cogepxkaT C; UMKJAOB aaudol 1, C, uuKJIOB aauHON 2, ..., G,
UuKaA0B anuHol g. Torga

etrs=mr S MG,y .., G T (). (2.153)
Cy, Cqy ..., C v

INpexkne uwem onpegpenste M (Cy, ..., Cy), paccmoTpum yacTHbIi
crywaih N=6, C;=3, C,=1, C,=C,=C,=C,=0. [Ipumepom
TaKofl 1epecTaHoBKH CAyxHT P =(5)(3)(2)(461). 3amerum, uTo
nocaefoBarensHocTs Q=25, 3, 2, 4, 6, | COOTBETCTBYET P; apy-
THMA  C/I0BaMH, C NOMOMIbIO NIOCJAEIOBATENBHOCTH @ MBI MOXKeM
OJHO3HAYHO MOCTPOUTE nepectaHoBKy P ¢ C, =3, C,=1. Ognako
C noMoubio nocsejoBaTebHOCTH Q' =2, 5, 3, 4, 6, | uan Q" =5,
3, 2, 1, 4, 6 MOXKHO TOYHO TaK e MOCTPOHTB Ty e IepecTa-
HOBKY P. HeTpyauo Buuets, urto umeercs scero 3!x 3= 18 pasjnuy-
HBIX  M0C/IE€I0BATeIbHOCTEH, KOTOpPble MOMKHO HCIOJb30BATh /IS
NOCTPOEHHA nepecTaHoBKH P = (5)(3) (2)(461) ykasaHHBIM Bhile
crnocoGom,

[TepeHocss 3To paccyxjeHne Ha cayuail jioboro naGopa ynce.sd
C;, Mbl BUIHM, YTO HMeeTCA ABa €rocoGa, ¢ MOMOLIBIO KOTOPBIX
MOXKHO HaXOAWTb pasNHYHblE @, AAOUIME OZHY M Ty Ke NepecTa-
HOBKY P:

a) NepecTaHOBKA LUKJOB PAaBHON /MM,

) UMK/IHYECKHE NepecTaHOBKH BHYTPH LAHHOMO LHKJIA.
Hneercs I] €v! cnoco6os mepecranoBKU MHKIOB OZMHAKOBOH AIMHBI

v

C,
u JIv® unkanveckux NepecTaHOBOK B NpefleaX KakKJAOoro LHUKJA.
v

Taxkum ofpasom, ana  Kaxmoi nepectaHoBKu P cymectsyer
G .

HCV! Hv v Pa3/MYHBIX [0CJeAOBaTeqbHOCTEH (, NpPUBOASALIHX

v v
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§ 8. CUMMETPH3OBAHHAA MATPHLA NNOTHOCTH

K OQHOH H TOH ke mnepecTaHoBke P. [lockoabKy cymiecTByer
Bcero N! BO3MOXKHBIX ), HCKOMOE UYHCJO PaBHO

M, ...,C)

. m
| R
v
Orciona caeayer, 4T1o

~BF
s ) HC,VCv (2.154)

Cpy Cay e e ot
rae Evaz N

v

Bmecto Toro 4tobnl BHUHCaAATH cymmy (2.154), nalizeMm cB0GOA-
Hy10 3Hepruio GOJbLLIOTO KAaHOHM4YeCKOTro aHcambisd, T. e. Gyzem
CYNTaTh, 4TO uucaA0 N MoxeT u3MeHsATbes. Toraa

e=BF = 2 e PFng*Vue, (2.155)
N=

[Tonaras, Kak oB6BLIUHO, oc=eLLB HMeeM
c
-BF _ o ¥ — (2o (=)
¢ Z chcv _C‘_ECI;I Cyl ’
Lo Cg

rlle Kaxjaoe 4YHCIO C npo6eraetT 3Ha4YeHUss OT HYJAs 10 oco. Mensis
NOPANOK OMeparHil II >\, noayuaem

e P = Z Ih—((JL—\QE——IIexp< —>—-exp(2h >

OTKYJld OKOHYATeNbHO HAXOIAHUM

0’0\ hvav m e a¥
pF=— 3 20 =_(m> VZT/ (2.156)

=1

DTOT pe3ysabTaT B TOYHOCTH COBIIAJAET ¢ Te€M, KOTOPHIH GbIJI MOJMY-
yeH paHee 3HAYUTENBHO 00Jee MPOCTHIM CHOCOBOM.

Ecsau njoTHocTh rasa HeBeMKA, TO MPH BLICOKHX TeMIepaTy-
pax mau B npeaete f— 0 BamHYIO POJMb UCPaeT TOJABKO TOMKAE-
CTBeHHasl MepecTaHOBKa, YTO OGBACHAETCS HAJHUMeM MHOMHTe/eH
BHAa exp [— (mkgT/2h%) (x—x')?]. TlocienHee 03HAYAET, YTO KBAH-
TOBBIE (PODEKTH NPOSIBJISIOTCA TOJIBKO NMPH HHU3KHX TeMIepaTypax.

Insi aHTHCHMMETPHUHOTO CJyuast

N ’ ’ I3
04 (Xyy vves Xpy vy X0 X5y voey Kby oony XN)=

1 , ' ,
=m—2(——1)’°pD(xl, ce Xy Pxy ool Pxh, ooal, Pxi),
P
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fn. 2. Matpuusl nnoTHOCTH

rae
1 nns yeTHOH mepecTaHOBKH,

—1 ana HeueTHOH nepecTaHOBKH.

04V={

Sadaua. O6GOGWIHTL pacCyXKJeHHs, C MOMOILbIO KOTOPHIX GbLIO
NoNyueHo cooTHoweHue (2.156), ¥ NMONYUYHTH COOTBETCTBYIOUWIHH
pesyabTaT Js1 HeB3aHMOAeHCTBYloUlero (pepMu-rasa.

§ 9
YHactnuHele
MATpuubl NAOTHOCTH

INonnas marpuua naoTHocTH anas N 4acTHU MoxeT GbITb 3aMu-
caHa B BHIe

P(Xgy Xgy «ovy Xpi X{, X3y oo, XN) =
=20 (1, oy X 9T (X, .10, XR). (2.157)
13
CJle,U,yeT OTMETHUTb, YTO 31€Cb MBI HE€ OrpaHHYHBaemcs ciaydaem

CTATHCTHYECKOH MeXaHHKH. BholuncieHne cpeaHero 3Havenus P?*/2m
NPOH3BOAUTCH CJAEAYIOUUM 0GpaszoM:

(5_3) 1 Sp P%I
m

“5p 2m

_ 1L ke o , d d

= "Spam (ﬁp(xl, cees XY X1y eeas XN) xp=x] Xy..AXy=
he 92 . Pt

=5 dx, t Py (X1, %) x=x, T Spp, 5,% ! (2.158)

rje Mbl HCHOJIL30OBAJM OnpejneeHue OJHOUACTHYHOM MaTpHuubl nJjaoT-

HOCTH! KaK CBePTKH O MO BCEM NeDEMEHHBIM, KpoMe X H X'

Sp(x, Xos vees XN5 X'y X, oiu, XN)dXy. . dxy
Sp [p]

Hcnosibaysi 0fnOYACTHYHYIO MaTPUIY IJIOTHOCTH, Mbl MOMKeM, Ha-
NpUMep, BBIYUCJAUTL CPEIHEE

( ;;'E>=—N“%§;—zpl(x, x’)]x,=xdx=NSp [%p,] (2.160)
k

py(x, x')= (2.159)

1 MeToA YaCTHUHBIX MATDHI NJIOTHOCTH (CTATHCTHUECKHX oTepaTopoB KOMI-
JIeKCoB Mostekyan) Obiar paspaboran H. H. BoromoGossw [3] naa sajau pasnosec-
HOH H HEDAaBHOBeCHOH KBAaHTOBOH CTaTHCTHKH.— [lpum. ped.
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§ 10. PaznoxeHue maTpuubl NNOTHOCTH B8 PAA

(B NpeanoJIOXKEHHH O NOJIHOH TOX/JeCTBEHHOCTH qacmu). Anano-
THYHO

(§V(x,,))=1v (Ve (x, ndx=NSpvp]. (2.161)
JByxyacTuyHas (cBepHytas no N —2 nepeMeHHBIM) MaTpula
NJOTHOCTH P, ONpejesisieTcss CJeAyloUHM 00pasoM:
P (%1, Xg» x;v x;)=
Sp, (X1, X0 Xgy «oos XN3 X1, %20 X3o ovvy, XN) dXg...dXy
- Sp [p]

CpeJmee 3HauyeHHe MOTeHUHaJbHOH SHEPryuu NnapHoro B3auMoJeil-
CTBHSl MOXET OBITb 3aMHCAHO C MOMOLIBIO p; B BHIE

N—1
(Z V(x;, x/)>=£(T—)SV (X4, X3) Ps (X1y Xgi X4, X5)dX,dx,.  (2.163)
i<i

(2.162)

YacTubM cJydYaeM YacTHYHBIX MaTpHIl IJIOTHOCTH SABJSAIOTCH
(pyHKUHUH pacnpejesieHHs.

OznHovacTuuHasi GyHKUMS paclnpejefeHHs onpenensercs clenyio-
muM o6pasom:

pr(x)=py (¥} X); (2.164)
COOTBETCTBEHHO /I ABYX4YacCTHYHOH (QYHKUMH pacnpeleseHHsl HMeeM
P (X, Y)=py (%, Y5 X, ¥)- (2.165)

B omnopoaHo#t cpele (Hanpumep, rase HJH XHIKOCTH) BeJMYHMHA
p, (x) He 3aBHCHT OT X, a p,(X, y) 3aBHCHT TOJIbKO OT pPasHOCTH
x—y.

§ 10
PasnoxeHne martpuubl NNOTHOCTU
B PSR TEOPHU BO3MYLLEHWUH

HanoMH#M, YTO MaTpHLa MJIOTHOCTH B CTATHCTHUECKOH MeXaHUKe
yI0BJIeTBOPAET caefyiouieMy Au(depeHUHaIbHOMY ypPaBHEHHIO:

90 _ __Hp. (2.166)

CyliecTByeT OYeHb MaJjo clydaeB, s KOTOPHIX ypaBHenue (2.166)
MOKeT GhITh pelleHO TOYHO, OAHAKO WHOTJA raMuJbTORHaH H Moxer
6biTh GIM30K K OZHOMY M3 TaKHX FaMHJbTOHHAHOB H,, H MBI MOXKEM
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Tn. 2. Matpuusl nnoTHocTH

3anucarTb
H=H,+H;; (2.167)
9p,
a% —H,p,. (2.168)

JKenatenpHo 6bl10 6Bl HCIIOJB30BATh P, € T€M, YTOOBI NOJYYHTh
npuOIHKEeHHEe A MaTPUUbl NJOTHOCTH p, IPUYEM MOXKHO OMHAATH,
YTO NOCJAEAHAA JOMKHA ObITh 6JHM3Ka K p,=e~9o; Torna eflbp
OyjaeT MeAJeHHO MeHsTbcA KaK oyukiwsa f:

0 0

% (efioBp) = H jeHbp -1 gHob ag = efBH p—eHBHp = —eHobH 0.

(2.169)
Unrerpupysa ypaBuenue (2.169) or Hyaa go [ M Y4UHTBIB4A, YTO
upu p=

eflbp =1,
nMeeM .
etibp (B)— 1 = — { e H,p (') dp’. (2.170)
Cren0BaTesbHO, ’
p(ﬁ)—po(ﬁ)——gpo(ﬁ B') Hyp (B")dB. @171

Ilocaepnee ciaraemoe B (2.171) mand, ecan uisen H, Maj; 310 ciaa-
raeMoe npeicrapjasieT co00f MONpaBKY K NDPHOJHXKEHHOMY paBeH-
CTBY p =0, LECNH nOnNpaBouHBIH UJeH JeHCTBUTEILHO MaJj, Mh
MOXKeM MHCII0/1b30BaTh NpHOIMKEHHOE BbipaXkeHue 17s1 o (B’) ¢ Tem,
4TOGBl MOJIYYUTH 3HAUHTE/bHO Gosiee TOUHOE BHIpameHue s p(P).
Hanpumep, nosarast npubamxenso p (B') = p, ('), Haxoaum

p
0 (B) 00 (B)— § 00 (B—B") Hi0, (B) dB". (2.172)
0

Hcnonbays BeipaweHue (2.172) B KauecTBe CJEAYIOUIEro npu-
6nuxkenus s o (f’), MOxXHO HaHTH ele Jydllee NpHOIUNKeHHE
s p. Tlpojomxkas 3TOT mpoflecc uTepaunil, NPHXOARM K Bblpa-
JKEHHIO

o (B)= pous)—Sdﬁ [0 (B—B") Hap, ()] +

§dﬁ'§dﬁ"[ po (B—P") Hypy (B' —B") Hypo (B)] —
B p* B
—{ap §ap § ap el (2.173)
0 0 0
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§ 11. Dokasatenscrao HepaBeRcTBA

Beipaxenue (2.173) HeTpyauo nepenucarb B KOOPAHHATHOM npea-
craBjaeHHu. Hanpumep,

p (%, xﬁ; By=<x1pP) | >=p,(x, x5 B)—
—§ < LoeB—p) (§ 1 am><x | de”) Hpy (8') | x'>df’,  (2.174)
0

rjae HUCHnoJib3oBaHO CBOHUCTRO
@©

S I x”><x” l d.x”:l.

-

Ecin H; =V (x), 10
<X Hpo (B) 1 x> =V (x") po (x", x"; B)
1 paBencrso (2.174) npunumMaer Buj

p(x, xé; B)=po(x, x"; B)—
— § oot 25 =PIV (&) po (', x5 PP dx"+... . (2.175)
-x 0

¢ |l
HokasaTtenbcTeo
HepaBeHcTBa )
F<F,--<H—H,>,

TToctpouB TeopHio BOBMYLIEHHH A9 p, Mbl MOXKEM, KaK YKasbl-
Bajock B § 3, ZoKasaTb HepaBeHCcTBO F<C F,+4<H—H,>, Bsenem
obosnayenue V=H—H, Taxk kKak cBo6oAHasl 3Heprusa F ompeie-
JsieTcst paBeHCTBOM e~ BF = Spe-BHo+V)  yapbosnee oueBUAHBIA NOA-
X0J K INpPUOJMKEHHOMY BBIYHCJEHUIO F COCTOUT B TOM, UTOOM
MCII0b30BaTh pasfnoxkenne p=e-BHo+V) B pag Teopuu BO3Mylle-
Huil. Mmeem
e‘B(Hv‘*’V‘ :p’

B
e B(Ho+V) :e—ﬁﬁa_g e~ B=u) Hyp=uHogy |-

0
3 2,

+ § § du, duge@-w0 HaVe-wimua HaVemwtto— | (2.176)
00

1 IMokasare]LCTBO 3TOrO HEPaBEHCTBA B KOMNAKTHON onepaTopHofl dopue,
npunagaexamee H. H. BoroaoGosy, cm., nanpumep, s Mouorpapuu C. B. Ts6-
JuKoBa [6].— [Ipum. ped.
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fn. 2. Matprusl nnoTHOCTH

Boiupcasaa wnyp cootHolienns (2.176), noayuaem
e-PBF =Sp e~BHotV) — g=BFo

p
—S Sp [e~B-w HoVe-uHo] dy |-
0

Uy

A
+§ (du, du, Sp [e=G-wte-wi-utile-uti] — ., . (2.177)
00

VunrnBas, 4ro Sp AB=S8p BA, naxoaum
B
e bF :e'BFo—S du Sp e~BHY L

0
Uy

§ du, du, Sp [e=BHsem=u Holfe=tn-w By ) — . (2.178)
0

+

St

Uyen BTOPOro MOpsiKa MOXKHO YHpPOCTHTb. OG03HAYHM W= U,—U,
¥ x=u, Torga HHTerpal NpHHHUMaeT BHJ

S dw Sp [e-PHoewHYe-wH/], (2.179)
A
rae A—o6aacTe, 3alITpuXoBaHHas Ha ¢ur. 2.4. IlosoxuM Teneps
w =p—w u x' =f—x; Toraa HHTerpaj MOXHO 3alHCaTb CJelylo-
UM 06pasoM:

{ dwSp [e-Btiegutiae-utiy], (2.180)
AI
X OUT. 2.4.
)
A'
O6nacts, no Kotopoh
- NPOHU3BOAMTCA
,8 w RuTerpuponanue B (2.179).

IMoacraBasia cpennee apudMeTHYecKoe HHTerpanos (2.179) u
(2.180) B Bhipaxkenue (2.178), nHaxonuM

B
e=b" — =8F—B Sp [e-8HV] + L § dw Sp [e-BHwgwHVe-eHV] 4, ., |
(2.181)
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§ 11. Ookasatenscrso HepaseHcTsa

IMyets |m> u |n)—cobcTBeHHble COCTOAHUA TaMUIbTORHAaHa H,
a E, u E,—cooTBeTcTByIOIHE CcOGCTBEHHBle 3HayeHus. Torxa

Sp [e=BHV ] =D <n | e=BHY | ny=De-BEV,,,  (2.182)
Sp [e~PHogwHVe-wH/ ] = ¥ <n | e-BHogwHol J m> <m|e-wHV [n) =
n m
=Y e-BE ewE,-EQY, YV (2.183).
nm

The MCIOJb30BaHO CBONCTBO MOMHOTH ) |m)><m|=1. Bhipaxenue
m

(2.181) npuHuMaeT BHUA

e~ ﬂF:e ﬁpo——zﬁe BEnVn"+ 2 Em___g lvmﬂlz

(2.184)
3ameTHM, 4TO NMpH M=n
¢ PEn—e B _4e M_ﬁe—ﬂb‘
E,—E, " T E,—Enm "

Yro6bl nOJYyuUHTh pasjoxeHue ans F, sanuwem F=F +F, +
+F,~ ..., rae F,—nonpaBKa nepBoro nopsagxa, a F,—rnonpaska
BTOpOro nopsaka. Torza

e~ BF — p—BFop—B(Fy+Fy+...)

—e=Pru || —BF,—BF,+ G (Fi+ Fot | =
= e-BFs [I—BF1—|—<% g—ﬁp,)+...] (2.185)

C TOYHOCTbIO 10 BTOPOro NMOpsiAKa BKJ/IOYUTEIbHO. UTOGH MO/yYdTh
pas;oKeHHe MO TeOPHH BO3MYILEHHH, CONOCTaBHM BbIPAKEHHS
(2.185) u (2.184):

—e_BFOﬁFl = 2 Be—BE"Vnm

-BE, _ ,~BE 2.186
e=PFe (%Fi—ﬁl‘}):% 1Vl .
mn n m
pelﬂaﬂ 3ITH ypaBHeHHH, Haxoaium
Ve-BHo
Fo=E 0 = Von, (2.187)
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n. 2. Matpuusl nnoTHOCTH

4 Taxke
V. o—BE,T®
Y b P
2 2 ' o~ BE, 2 — E.,—E,, mn
n m==n
Z [Vin 2 e=BE,
n
TO | T S e-fE, | (2.188)
z

Hcnoawsyst HepaBeHcTBo Komm —IlIBapia v
2 2
| Babu| < [Zlanl| [Zloal],
n n n
HETPYIHO [OKa3aTb, 4YTO AJs Jo0oro Habopa MOJOKHTEIbHBIX
gucea w, HMeeM
\ 2
2 Wy an la,?
n n
< .
2 @n 2
- n

[punensst 3TOT pe3yabTaT K Bolpaxkenuwo (2.188), Haxoznm

1 e~BE e BE, :
Fz<—'2*ew" Z —E;—_TIVMPQO. (2.189)
mt
ms=n
IlycTth Teneps
H (a): H0+avv

u nycts F(o)—cBoGoAHas 3HEPrHsl CHCTEMBl C TaMHJbTOHHE-
Hom H (a); torpa F (0)=F, u F(l)=F. CornacHo auanusy, mpo-
BE/IEHHOMY C TIOMOLIBIO TEOPHH BO3MYIUEHHH,

F (@)= F,+aF,+a*F,+ 0 (a?),
Tak uro F’(0)=F,. Ecan ypmacTcA 10Ka3aTb, 4TO
F"(0)<{ 0 npu npoH3BOJLHOM C, (2.190)

To 370 GyAeT O03HayaTh, 4YTO rpaduk GyHKuHH F () ofpaileH Bbi-
NYKJOCTbIO BBepx (dur. 2.5), 1. e. sexur nuxe npamod F(0) -
+ aF' (0) = F,+afF,. OTciona MOXHO cjlesnaTb BBIBOK, HTO

F<FO+F1:F0+<V>H.A

U B oreuecTBeHHOH JHuTepaType 3TO HePaBEHCTBO HA3BIBAIOT HEPABEHCTBOM
Koun — Byusikosekoro.— [Tpum. ped.
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§ 11. dokasatenscrso HepaseHcTsa

HJIH

FLFy+<H—H>n,, (2.191)
470 ¥ TpebOBaJOCh NOKAa3aTh.
QUr. 2.5,
F(O}HzF, Pty
/’i‘ F
fa Fle)
Cayuaft, korna dyuxuus
F (o) ofpaena
0 7 o BRITYKJIOCTBIO BBEpX.

‘st 1okasartenncTBa cBoficTBa (2.190) npoaHanusupyem F (o)
C MOMOUIBI) TEOPHH BO3MYIICHHH A8 JMOGOro o; HMEHHO, NpejcTa-
BinM F (@--v) B Buje

F(a+-v)=F, (o) +vF, (@) -+VF, () + O (v*);

snech,  Fo(o)=F(a), a vF (a) 1 y*F,(a) [a0TCst BbIparKeHHAMU
(2.187)—(2.189), rae caeayer sameuuTs H, na H(x) u H Ha
H{(o-+v)y=H () +yV. Torga coornowenune (2.189) naer

Fy (@) <0,
TaK UTO
2
F' () = ad—y‘z Fla+7y)| =2F,(x)<0.

y=0

[Tocnennee coorHowenue jgokasbiBaer cBoiicTBo (2.190) u 3aBep-
llaeT, TakHM o0pasoM, J0Ka3aTeJbCTBO HepaBeHcTBa (2.191).
IlpumeHsan 3Ty ke TeopeMy K F,, HAXOIHUM

Fy < F4<—V>,. (2.192)

Obveaunaa unepaBeHcTBa (2.191) u (2.192), noayuaem gaa F

OUEHKY
Fot- V3 < F L Fy4- Vi, (2.193)

Bonee tounoe npubauxenne s F MOXHO NMOJYYHTb, YYHTLIBASA
CleayIoWyo nonpasxky F,:
[§]
F R Fyt<Voy+ 5 <v>g—§< SewHoVe—wHov de) . (2.194)
0
0
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X

UnTerpansi
No TPAEKTOPUAM

§ 1
Beepenne matpuupl nnotHocTw
C MOMOLLbIO MHTErpana Mo TPAEKTOPUSIM

Kax noxkasano Bbillle, MaTpHUa NJOTHOCTH YAOBJETBOpAET ypas-
HEHHIO

£ %8 Hp (), (3.1)

(pOpMaJleOG peluende KOTOPOro HMeeT BHJ
p (u) =e-Hulk (3.2)

31eCb BMeECTO ﬁﬁ BBe/leHa NnepeMeHHas u, KOTOpas HMeeT pasmep-
HOCTb BpeMeHnH. [lanee, ,BpeMsa“ u MOXKHO pas3fesinTh Ha OTpe3KH
ATWHOH € (ne=u), Tak YTO P MOXKHO NpeICTaBHTh B BUje npo-
H3BENEHHSA N1 MHOXKHTeJeH

p (u) =e-Hethg=He/k | g-Heth— o0 | o, (3.3)
B KOOpAHHATHOM NpeACTaB/eHHH pelleHHe IS MATPULbI MJIOT-
HOCTH p (X, X'; 4) MOXHO 3amHcaTb B BHAe
o (x, x5 u)=

= S . Sp(x, Xn-138) P (Xpo1s Xpogi 8). . .p(Xy, X";€) dx, . . .dx,_,. 3.4

CMBIC/I  5TOrO  BBIPaKeHHS Jierye IPeACTABHTH, obpatasics
K qur. 3.1. Yacruua asuxkercs or x' K X, nmpoxos yepes nocJe-
AOBATEJBHOCTb NPOMEXYTOYHBIX SHAYEHHH Xy, X,, ..., X,_, KOTO-
prie onpenensiior ,Tpaektopuio“. Tlonnas ammiuryza p(x, x'; u)
BEPOATHOCTH TOro, YTO YaCTHIA, HAYAB JBHraThCs M3 TOYKH X',

D' PagyMeercs, Mbl CTPEMHMCS 10 BOSMOMHOCTH YMEHBIHTEL &, MOCKOMbKY
4CHMNTOTHYECKOE NOBEACHHE p NPH BLICOKUX TEMIEPATyPaX MOXKHO Jerko onpege-
JHTb (CM. HHKe).
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In. 3. VHterpansl no tpaekropuam

3aKOHUYMT JBHKEHHE B TOUYKe X, JaeTcsl CyMMOH Mo BCeM TpPaekTo-
pHAM, T. €. CyMMOH IO BCeM BO3MOXHBIM MPOMEXKYTOUHBIM 3Haye-
HuaM x;. Koraa npupauiende BpeMeHH & NPHOMIKAETCA K HY:lo,
YHCJO MHTErpHpOBAHHII MO NMPOMEXKYTOUHBIM ITEPEMEHHBIM BO3pacTaer

z OUT. 3.1.
24

Je

€
JBHKeHHe YACTHLHI OT

TOYKH X' K TOUKE X
N0 TPAEKTOPHH,
npoxoadieil yepes
TOUKH Xq,X5 .. .

0

0 6eCKOHEYHOCTH H BHIpamenHe (3.4) MoxeT OBITh 3aMHCAHO B CHM-
BOJIMUECKOM BHJE ‘

et

o(x, x; U)={{ @) ox ), (3.5)
rae o
D [x (u)] = lirrép(x, Xpe1s €)P (Xpoys Xuog €)...p(Xy, £'5 €), (3.6)
. =U

Dx (u)=limdx,dx,...dx,_,.
n—

Xora B ypaBHeHHH (3.5) cjepyeT paccMarpHBaTe BCE BO3MOK-
Hble TPaeKTOPHH, OCHOBHON BK/aj HaeT OTpaHHYeHHbIH Habop TpaeK-
Topuil, NJs KOTOPHIX BeJuuuHa p(x, x'; &) He CIHIUKOM Mana.
Hanpumep, Kak H3BeCTHO, A MaJsbiX &

plx, x'; ey~ M o= (m/2he) (=2
2nhe

T. e. p(x, x'; &) coBmajaeT c MarpHuell INJIOTHOCTH AJa CBO-
6oxHo# uwactunbel. OHa MaJjda, ecau x—x' > (2h/m)*/2) &, TakuM
06pa3oM, OUYEBHJHO, YTO OCHOBHOH BK/aj JalOT A0CTATOYHO riajKue
tpaekTopun. Halinem Ttenepp @ B $IBHOM BHJE CHayana 1/isi CBO-
6onHOH wacTHUBI, a 3aTeM H AJIf IBIJKEHHS YacTHLbLI BO BHEUHEM
nose .

b MuTerpafibl O TPaeKTOPHAM CBA3aHbl ¢ MHTerpanamn Bunepa e dynruno-
HaJbHBIX NPOCTPAHCTBAX. Bosee CTPoroe BBEJEHHE M aHAJNMS THX IOHATHA CM.
& Kkuure [l}.— dpun. ped.



§ 1. BBegeHHe MATEHUbI NAOTHOCTH

CeoGoaHas 4acTuua. [aMuUIbTOHHAH CBOOOJHOM YacTHUbI HMEeT
BHJ
h? 0

H=—5—. (3.7)

CorsiacHO NoJyueHHOMY paHee pe3yJibTary,

’ m

x'; e)=

o (%, e~ (m/2he) (x—x") (3.8)

2nfe

p(x, x'; U):iimy Se)\p _me [(x—xn 1)
(e e (2]

dxy dx, dx, —1

s . .
V the/m V onhe/m V oahe/m

(3.9)

TakuM o6pazoM, A5 cBOOOZHOH 4aCTHUBI HMeeM
(D[x'(u)]:limexp{—@Kf——x”——i) T +<"1"‘>]}. (3.10)
g—>0 Qﬁ/

[Ipy yMeHbIUEHH} HHTEPBAJA € PA3HOCTb (Xp-—Xp_)/€ CTPEMHUTCS
K npejeay

Xp—Xp— dx (u) o
Sk F— du u:kszx(u) u=ke
u Bbipaxenue (3.10) npuHHMaeT BuJ
X ( 1 i m ]
® [x (u)] = exp { — 5~[x(u)] dut . (3.11)
BEFEE

OnHOMEpHOE ABHMKEHHE 4YaCTHUbI B Togie C moTeduuasom V (x).
CoOTBeTCTBYIOUIHA FaMU/IbTOHHAH HMEET BHJ

72
H_ 2m6x2+v( )

a ypaBHeHHe A5 O 3alUCHIBACTCA CJEAYIOlUM 06pasoM:

—h P v, (3.12)
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Fn. 3. Mnterpansl no TpaekTopusim

Jnst GeckoHEYHO MAaJOro MPOMEXYTKa ,BPEMEHH* € HaCTHIY MOXHO
paccMaTpHBaTh Kak JBHramllylocss CBOGOAHO, YYHTBIBAA MPH 3TOM
MaJjble JIOTPaBKH, OOYCJOBJEHHble HaJHyHeM INoTeHHHanta V (x).
C oueHb xopolllell TOYHOCTBIO MOXKHO HOJIOXKHTh

8 = — = epcaes. | (3.13)

ITosicuuM 3TOT pesyabTar chaepylomuM obpasom. CoraacHo TeopHH
BO3MYIIEHUH,

Sp(x, x"; e) m— de” 0o (x, X" e—u)V (x") p, (", X'; u)%, (3.14)

Oy 0

rie B HalleM CJAYYAe Oy = Pcgog-

[TocKOMBKY Oepog HMEET CHJABHO JOKaNH30BAHHYIO TayCCOBCKYIO
¢dopMy, A5l MajblX €& OCHOBHOH BKJIajn B HHTerpad mo x” jgaer
00jacTb BOMN3H X" =X,, NMPUUEM MOXKHO [0Ka3aTb, 4YTO

— ux--(e—u)x'

Xy P

.

Takum ofpasom, AJdd MaJblX & MOXKHO 3amHcaTh Bbiparelie
(3.14) B BHIE

e 0
Op (x, x'; s)z—SEV(xo) gdx”po (x, x"; e—u)po (X", X' 1) =
0 -

— — {2V () et (3 25 ). (3.15)
0

Ecau x ~ x', To 3HaueHHe X, TaKxke GJH3KO K X, Tak uTo V (x,)
B 00JacTH HHTErpupOBaHHA SABJSETCH INOCTOSHHOH BeJAHYUHON, U
Bhipazenue (3.15) nmepexoxut B (3.13):
" ~ 8 . .
Sp (x, x"; &) — 5V (X) Pegos (%, X5 €);

%

IpH 3TOM MpejanoJjaraercsi, 4To |x—x’'| U & Mmasabl.
Pasymeercs, npHu Bo3pacTaHuu |x——x'| yTBepKICHHE O TOM, 4TO

S V (x,)du ~ €V (x),
0

CTAHOBHTCHA MeHee OOOCHOBAHHBLIM, M Obli0 GBI, MO-BHIUMOMY, NpE]-
nouTHTe bHee BHIOpaTbh BMecTo eV (x), Hanmpumep, cieiyloliie Bhipa-

HEHHS: ’ )
g [V——-———(x)tv(x )] HIH eV(x_gx )
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§ 1. Beepenue maTpuubl NIOTHOCTH

Onnako A8 HallMX LeJedl BrosHe pocraTodeH BhiGop (3.13).
Hrak, nMeeM

P (2) 2 s (6) [ 1 =52 | = paasg )/ @e% (3.16)

H OKOHUAaTeJbHO

', _m_ __m(x—x’)z__aV(x)
p(x, x'; 8) zl/Qﬂﬁeexp [ oFs z ] . (3.17)

Jas naxoxaenus p (x, x'; u) HeoOXOJUMO JIHIIb YY€CTb IONPABKY
e-Vneh ya Kamnom 3JeMeHTe ,,TPAeKTOPHH® JBHKEHHA CBOOGOLHOH
yactiubl ot x K x'. Takum obpasom, npu e —0

P U "
ox, x'; U)= S§ exp —;i—g [me(u) +Vix (u))}du Dx (u) ==
—— 0
= SS [x ()] Dx (w), (3.18)

rie x(O)=x" n x(U)=2x, TaKk uro

1%

X,
® [ u)]—exp{ %j[w——;—u)—{—V(x(u))Jdu}. (3.182)
0

s cBoGOAHON 3HEPTHH UMeeM

e~ P = Sp(x x)dx =

:j"f”"ex;y ——’%K[—"%(—L‘)-}-V(x(u))]du Dx (1) dx,

lu 0 x(O)=x(U) = x

3.19
rie U:ﬁfi. ( )

[Mocsie Toro Kak Mbl Hoayuuiu obulee BhIpaxkeHue pisa O, Bo3-
HMKaeT BONPOC O TOM, KakKH€ TPaeKTODHH SBJAIOTCA Haubosee
Bax(nbIMH. Ec/JH noTeRnMaJa He CJHIIKOM CHJ/BHO 3aBUCHT OT KOOp-
AHHaT, TO OCHOBHOH BKJa] JAaloT Hanbojee NpsMble TPAGKTOPHH.
DTO NPOMCXOAMT TOTOMY, YTO Aasi Gojee IJIHHHBIX TPaeKTOpPHi
cpenHuit KBaJpaT CKOPOCTH [x(4)]?, BXONAWMIl B OTPHUATENbHBIH
noKasaTe/lb 3KCIOHeHTH B BecoBoM ¢yHkumoHname @ [x(u)], umeer
60/1b11VIO BEJAHYHHY.

C zpyroft CTOpPOHBI, HPEATOJNOXKHUM, YTO IOTEHLHAJ 3aBHCHUT OT
KOOpJAMHAT (I IPOCTOTHl, MYCTh IOTEHIHAJ] BO3PacTaerT C yBeJH-
yeHpeM x). Torza npsiMast TPAGKTOPHA (Hampumep, 0603HAYEHHAN
uudpoi I Ha ¢ur. 3.2) He o6si3aTe/IbHO jAaeT HauOOMbLLIMA BKJa,
TaKk KaK BJOJb 3TOH TPaeKTODHH HHTErpas OT MOTEHUHA/Ia HMEeT
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Fn. 3. UuTterpansl no TpaeKkTopuam

Goablllee 3HaueHHe, 4eM BJOJb TpaexkTopuu 2 uau 3. Paccmorpuw,
HanpHMep, TPaeKTOPHIO THHA 2, CHJIbHO OTKJOHSIOUWYIOCH OT
npsaMoanHeiiHo#. Bnoab 310l Tpaextopuu V (x) HMeeT MeHblIYIO
BeANYMHY, YeM BAOJbL TpaekTopuu I, HO 3aTO YyBEJAHYHBAETCH
CKOpocTb x. MoxeT okasaTbCsl, 4TO 5TO YBEJUYEHUE CKOPOCTH
¢ H30LITKOM KOMIIEHCHPYeT YMeHbLIeHHe MOTeHiHajga BJOJb Tpaek-
topuu. Taxkum ofpasom, nauGonee BaxHON TpaekTopuell Gymer
Ta, 7151 KOTOpOfl He3HayWTeJbHOe YyMeHblIeHHe WHTerpana ot mo-

QUr. 3.2.

Tpu TpaeKTOpHH MCKAY
0 e TOYKaMH x' 4 X.

TEHIHaJa ¢ H36BITKOM KOMOEHCHPYETCA YBEJHYEHHEM KHHeTH-
yeckoil 3HepPTUM (TaKas CHMBOJHYECKAs TPAeKTOpHA 00O03HayeHa
Ha dur. 3.2 uudpoi 3§).

B kJjaccuueckoM mpejese TeMnepaTtypa BLICOKa, a BeaHduHa U
Mana. Hac uuTepecyeT kJiaccHyeckas CTAaTHCTHYeCKas cymma, H
HaM XoTeJ/och 6Bl YCTAHOBHTh, KaKMM 06pa30oM OHA CBf3aHa C KBaH-
TOBOMeXAHHYeCKOll cTaTHCTHYecKOH cymmoli. M3 sbipamenus (3.18)
HuMeeM

p(x, x; Uy= W exp ‘S[”’” (u)*i—V(x(u))} du}@»c( w).

——
x{(O)=x (U)=x

(3.20)

Ecay npeanosoXuth, 4TO caMmble Ba)dHble TPAaeKTOPHH —3TO Te, AJs
kotopetx V (x(u))~V (x), 10 Bblpaxenue (3.18) moxHo npub/iu-
JKEHHO 3amucaTh B BHJE

e U
px, x; U)zexp[— %V (x)} &Y exp| — %gw Dx(u) =
x(O)%):x 0

=exp [-%V(x):\pcaoﬁ(x’ x U)=

=V g exe [ R
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§ 1. BeepeHne maTpuubl NIOTHOCTH

Buipaxcenne (3.21) sBasieTcs 4acTHBIM cjydaeMm Bbipaxenus (3.17).
OaHako cnoco6 nosayueHusi BelpaxkeHusa (3.21) mosBoJisieT yCTaHO-
BUTb HCTOYHHK OLIMOKH, KOTOPYIO MBI AONYCTHJHA [PH BBIYHCACHHI
K/JIaCCHYeCKOro npejesa. Mbl mpennoJsarajiu, uTo Hanbo/ee BarKHbl
TPAeKTOpUH, AJs KOTOPHIX X (4) A X, TOTJ& KaK B AeHCTBHTE/1bHOCTH
nanbojee BaxKHblE TPAEKTOPUH — 3TO Te, AJA KOTOPBIX BBIDAKCHHE

§ [m—i(il+V(x(u))] dus
0

NpHHHMaeT MHHHMaJbHOE 3HauenHe. DTO HMEET MeCTO, ec/y (x(u))
H3MEHsIeTCs BJOJb TPaeKTopuil, Adsi KOTOpbX V(X (u)) numeer rtet-
JeHIHI0 ObITh MeHblue, ueM V (x). OTcrona cieayer, 4To

Paa (%, 13 U) <p(x, x3 U). (3.22)

Kuaccudeckasa CTaTUCTHYeCKasi CyMMa JaeTcdA BbIPpaKEHHEM

o

e BFua — S O (%, %3 U)dx = ]/ m fe-UV(X)/hdx, (3.23)

onhU

H u3 cooTHolleHHus (3.22) umeeM
Fua=F. (3.24)

Jlis BbIICHEHM s YCJOBHI, MPH KOTOPHIX BhIpaxkenue (3.21) sipistercs
XOPOLIHM NMpPUOAHKEHHEM 1/ HHTErpasa no TPaeKTOPHUSM, 3aMeTuM,

4yTO T€ TPAEKTOPHH, A4 KOTOpbIX
U

1 ¥2
%.(5 T du>1,

He jnal0T GOJBIIOTO BKJajga B HHTerpas. Mcmosbsysi nepaBeHCTBO
Kown —lIBapua, Haxoium

b 2 b b
Crel <S1iefler.

[onaras f=x, g=1, umeem npu 0<{u, <U

) —xOF = | § x| <|§ #w ul<<S' x‘2>u. (3.25)
0 0

0

Torpa Aaa BaXKHBIX TPaeKTOpPHH (m/QﬁU)lx(ul)-—x(O) |* <1, necau
d ecThb MakcuMaJabHOe 3HaueHue BeJHuuHbl | X (u;)—x(0)| upu
0 < u, <U, TO BaHEe TPAGKTOPHU YJOBJETBOPAIOT yCTIOBHIO

”L’Z’%izgl. (3.26)
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Fn. 3. Unterpansi no Tpaexkropusm

Ilna atoma Bogoposa d<C 9A npu temneparype ! K, ana atoma
kucaopona d < 2,5 A npu 1K u d<0,25A npu 100K.

Ecau noTennynan uaMeHseTcss Tak MelJeHHO, UTO OH NPaKTHYeCKH
OCTAaeTCs MOCTOSIHHBIM, JaXe KOTJa OTKJOHEHHEe TPaeKTOPHH mpe-
Bhillaet d, npubinxenue (3.21) aBaserca xopownM. TakuM o6pasom,
CHCTEMBI TSXKEJBIX YacTHL NPH HOPMaJbHBIX TEMIEPaTypaX MOMKHO
paccMaTpHBaTh B paMKaxX KJAacCHUECKOH CTATHCTHYECKOH MeXaHHKH.
Oxnako KJaccHYecKoe Npub/MKeHHE He NDHMEHHMO K XKUHAKOMY
re/ulo0, a Takke K 3J1eKTPOHAM B MeTa/ljie H Ja)e K TBepIbIM Tesaam
NpU HOCTATOYHO HHU3KHX TeMNepaTypax.

CnenaeM HECKOJBKO 33aMEYaHMIl OTHOCHTENbHO 3TOH (opMysu-
DOBKH CTATUCTHYECKOH MeXaHUKH:

1. Met paccMoTpesin TOJMBKO cayuail OZHOMEPHOTrO IBHIKEHHUS.
Oanako netTpysHo oGOGIIMTBL pe3ysabTaT Ha cayyadl N cTemeued
cBoGoapl: ecan xW, x® 0 xW)—KoopaMHATHI, Jubdepeniman
%x (1) TIpUHUMEET BUJ

Dx(u)= lim dx dx® ... dxMdx® .. dx™ L dx™. (3.27)

n—> ©

2. Ecan B ypaBHenuu (3.1) 3aMeHHTb u Ha ({u), TO MBI IOJYYHM
ypaBrenne lllpeanurepa. AHaJOrMuHO CTATHCTHYECKOH MeXaHHKe
KBAaHTOBAasi MeXaHHKa MOxkeT ObITb cHOPMYJHPOBAHA € MNOMOILKIO
HHTErpaJoB 100 TpaeKTopusiM. C MaTeMaTHYeCKOH TOYKH 3peHHs
CTAaTHCTHYECKasl MeXaHWKa Mpolle, TaK KaK NIPH 3TOM NPUXOIHTCH
HMeTb JeJI0 C 3KCHOHEHIHAJbHBIMH (GYHKUHAMH OT JeHCTBHTEAbHBIX
nepeMeHHEIX b,

3. Mbl He paccMaTpuBa/IH PeNATHBHCTCKHE Cayuai (nmpu KOTOpOM
YacTHUbl MOTYT MOSIBJAATBCA M MCY€3aTh) H HE YUMTHIBAJIH HAaJHUHA
Y YacTHUl CNHH& (SBJISIOWErOCs NUCKPETHOM, a He HemnpephBHOL
nepemenno#). Ecau 3TH 3¢eKTH CYIMECTBEHHBI, MBI MOKeM noJay-
UHTh TOJLKO MPHOJHIKEHHOE ONHCAHHE. B neficTBHTENLHOCTH HAH-
yne CIHMHA MOJXHO YYeCTb B pasBHBaeMOM (opMasu3Me, OJHAKO B
STOM Cilydae yke He NpHMeHHMa HHTepruperauns Dy (u) Kak nabopa
GecKOHEUHO MasNo OTJIHYAKOUMXCSA TPAeKTOPHH.

§ 2
Boiuncnenne unrerpanos
No TPAEKTOPUSM

OGCY}IHM ABa M€TOJa BBIYHCJEHHS HHTErpaJjioB 10 TPAeKTOPHUAM:
1. I/IHTeraJIbI, Y KOTOpBIX mNOKasarteJb 3KCMOHEHTHl —KBajpa-

THYHasn (bOpMﬂ No X H X, BBIYHCJAIOTCA TOYHO.

D n}gHMeHeHHe HHTErpajioB MO TPAEKTODHSM B KBAHTOBOH MeXaHHKE CM.
B [2].—Ilpum. ped.
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§ 2. Belumcnenue uHTErpanos N0 TPAGKTOPHAM

2. Jlpyrue HHTErpajbl BBIYHCJASAIOTCS C MOMOLLbIO Pa3JiokKeHUH
B Psl TO TEOPHH BO3MYIIEHHH.
PaccMOTpHM BBIpaXKeHHe

F % X ﬂ expi ﬁf m (& ()" du} Dx(w),  (3.28)

rae x(0)=x, u x(U)=x, Oro 3/1eMEHT MAaTPUUbl MJIOTHOCTH AJs
cBo6oaH0H yacTHIb. PasoxuM Kax iy TpaeKTOPUIo BOIH3H MpPAMO-
JUHEHHOH TPAeKTOPHH B IJOCKOCTH (X, u); OGO3HAUUM IIpAMOJIH-

HEHHYIO TPAEKTOPHIO X (u). Torxa

x(w) =% (W) +y (w) (3.29)
H
e x U)= || exp ’l—%ﬂ[x(u)w(unﬂdu) Dy (). (3.30)

—— 0

llanee, AJ1d CKOPOCTH U nMeem

d;dff‘) s (3.31)
TaK 4YTO
U . U - . L/ .
( rordu="{ @20+ §?) du=vU +20 [y (U)—y (0)] - {yrau.
0 1] 0

(3.32)

Oxnako y(U)=y(0)=0; crepoBartesbHoO,

f(x,, x5 U)y=exp <—%;LU> Eiexp (— %39%)@. (3.33)

TakuM 06pasoMm, MBI DPaCIleNHJd HHTErpajs Mo TPaeKTOPHAM Ha
MHOXKHATEb, 3aBUCAKH OT KOHIEBLIX TOUEK U BeJHUMHEl U, H APYyroit
HHTEerpal M0 TPAEKTOPHSIM, 3aBHCAWUE ToabKO OT U. BBOILH o6o-
3HaueHHe

—— U
W exp <—%Siﬁdu>@y:F(U),
S b
HaXoiUM
p(Xp X3 U)=F (U)exp (— %’-) (3.34)
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n. 3. NHTerpansl no TpaekToOpUam
Moo noayuuth ypaBHeHHe ajsa F(U), HCNOAb3YyA NpeicTaBjeHHe

p (%, u; u1+u2)=SdX’p(x, x5 w)e (', g5 w).  (3.35)

Mbl npepsaraeM 4YHTaTeN0 NPOJEJATb 3TO CaMOCTOSITENBHO H
NoKa3aTth, 4TO HauGoJsee oblilee HeNpepbBHOE PeIeHHE ITOAYUYeHHOTO
ypaBHEHHUsT HMeeT BHJI

F(U) =l/ %ZU ey, (3.36)

riae oo—1npousBosbHoe uHca0. C (u3nuecKod TOYKH 3peHHsT TOYHOe
3HayeHHEe o HEeCYUIeCTBEHHO, TaK KaK BHIOOD HayaJsa oTcyYeTa IOTeH-
nuana, BJINAOHMA Ha 3TO 3HAYeHME, HUYETO He MeHdAeT B (uanKe
3anaun. ®axktuuecku ¢ynkuusa F (U) Booblie He HYXKHA, ITOCKOJIbKY
cpenHee 3HaueHHe JioOOH u3HuecKOl BeqHUYHHBI A onpenensiercs
BBIpAKEHHEM

SppA
“Spp

u ¢yuxuua F(U) coxpaijaeTcsi npu AeaeHUH,

OJHaKO C [OMOWBI APYTHX METOLOB BHIYHCJAEHHS P MOIKHO
ycraHoBuTh, uto =0 [cM. (3.8)].

PaccmoTpuM Teneps MHTErpajg MO TPAeKTOPUAM S TrapMOHU-
YeCKOro OCHUAIATOPA

<Ay =20 (3.37)

F (%, Xg U)———KTeXp —%?("?—\———x)du Dx.
0

——

Pa3foxuM KamxAYI TPAEKTOPHIO BOJH3U TPAEKTOPUH, jariueil
MaKCUMaJbHBIA BKJaAd B P. Jl19 3TOH TPaeKTOPHH HMEeT MHHHMYM

BeJIMUKHHA
U

G(u)d1¢:j<ﬂ;~+m—§z§2>du,

0

St

rae x(0)=ux,, x(U)=x,. CrenoBate/nbHo, NOALIHTErpajgbHOE BHIpA-
MeHHe JOJKHO YAOBJETBOPATh ypaBHEeHHIO Dilsepa

006w __ 36

- =0, HAU mx——mm x=0, {3.38)
du Ox Ox

TaK 4710
= Ae®" 4- Be-vu,
s 11060fl TpaeKTOPHUU 3alMlleM
x=x+y,
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§ 2. BuluucneHue M HTErpanos NO TPAEKTOPHSM

tak 4To y(0)=0, y(U)=0, U uHTErpaJ IO NEPEeMEHHOH u npH-
HHMaeT BHN

3{ |5 e+ 5 (- 9)? | du—
0

= —'g- (;—62 + 276_1/ + 2 02+ 020y + 0%y du =
u

(;2 + wx?) du + -’21 ‘S (2-}9 + 202xy) du +
o

Sy @ Oy @

mls

+q | @+ o) du.

S—ry @

YyuTeIBasg, 4TO
U U

L 03 U [0
§ 2y du=2yx| —§ 2xydu
¢ 0 0

y(0) =y (U)=0, umeem
U . U -
§ 200 + oy du=§ 2y (— x+ 0*X)du=0
b 0
Tak KaK ¥ YHOBJETBOPseT ypaBHeHHIo Diilepa. TakuMm o6pasom,
pasaarasi TOABIHTErPaJbHOe BhIpaXKeHue BOJIH3H KJIACCHUECKOH TpaeK-

TOpHUH, MBI HCKJ/IIOUHJH 4YacThb, ﬂHHefIHy}O 1O OTKJ/JOHEHHSAM. TOF,U,a
MOXKHG Hanucartb

EM% U):eXp[——l—ﬁﬁx SR du ‘F(U)
23 1t fi i}
0

34€Chb

_—— [~
FU) = —
) ﬁexpL

rae y(0)=0, y(U)=0; mMuoxutear F(U) He 3aBHCHT OT KOHUEBBIX
TOYEK X, U X,. Takum oOpasoM, pasjoxkeHHe BOAH3H KJIACCHUECKOH
TPAaeKTOPHH IO03BOJAseT NPEACTaBUTL HHTerpan 10 TPaeKTOPHAM
B BHJe NpOU3BeleHWH ABYX MHOMKWUTeJeH, OIMH U3 KOTOPHIX 3aBH-
cuT 0T U o OT KOHIEBBIX TOuYeK, TOrAa Kak JIpyroil siBAsieTcsl HHTer-
panoM Mo TPAaeKTOpUAM, 3aBHCAIUM TOJbKO OT U. Takum o6pasom,
Ba)KHVIO 3aBHCHUMOCTb OT X; M X, MOXKHO HaHTH NpPOCTO HYyTeM pe-
wenns nubdepeHUUaNbHOIC ypaBHeHUA (3.38), Onpeessolero
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In. 3. MHTterpansl no Tpaexkropusm

ycjoBie MHHHMYMa MpPH (UKCHPOBAHHBIX KpAaeBbIX B3HAUYEHHAX
x(0)=1x,, x(U)=x, 3areM ciaejyeT BHIYUCAHTb HHTETPas

U
m =, | me?-,
S( 5 X -+ 5 X )du.
0
I'Iocnelwee BBIDAXKEHHUE TaK¥Ke MOXKHO YIPOCTUTb, YYUTLHIBAfd, UYTO

U
m = m —_— m —
+ Xdu= —xx| —5 \ xxdu,
2 2
0 0 0
oTKyzaV
U U
S (x +(ox2)du——xx. —{—S (—x—}—mx)du———
0 0
PaccmoTpum Teneps Apyryio 3ajgauy. [IpefnosoxkuM, 4To HMEIOTCH
JBe B3aUMOJEHCTBYION[HE CHCTEMBI, OJHA U3 KOTOPbIX — rapMOHH-~
yecku#l ocunaadarop. [TycTs x onuceiBaeT KOOPAUHATY OCHHIAATOPA,
a ¢—KOOpJAMHATY Jpyrofl cucrembl. [aMHABTOHHAH MOXET HMETb,
HanpuMmep, BUJ

mx?
H=—2"+ )—vxq.
CraructHyeckas CyMMa OIlpenenasieTcda BhIpaxKeHuem

Q=T§expi——-—l—?‘< 5 +m—mi—yq(u)x(u)>du\{x
—— L b,

-

mw?

L
1
B ofumem ciayuae 3TOT HHTErpas IO TPAEKTOPUSM HE MOMKeT OHTh

BEIYMCJIEH, OJHAKO MBI MOXK€M IPOHHTErpHpPOBAThH MO MEepeMEHHOH X.
Ins storo craepyer HaHTH BEJHUYUHY

X exp

=

1

(M1 v(q)) d;‘ DxDy.
|

J— - . U . -
F[q(u)]: j{exp[—%g(ﬁ;—“_}_@%ﬁ_vqx) du ‘@X
N, 4] |

TAaKHUM K€ METOIOM, Kakol OBl HCIOJBL30BaH AJ11 TaPMOHHYECKOro
ocLu/asiTOpa. MOXKHO BBIYHCAHTH Jaxke Oojee OOIYIO BEJHUHHY

—— r U \ 7

Rl x x1= oo =5 | (22 2% i ) ) |,
N o _J
=%

L) Sror pesyabTaT MOXKHO CpaBHHTb ¢ Gopmysaof (2.83).
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§ 2. BoiumMcneHne MHTErpanos NO TPAEKTOPHUAM

AJIsT KOTOpOH mnoJsydaeM

Fy(ls x, x’)=l/2——ﬂﬁ?:mu e~®/h, (3.39)

rjae

uvu
=g ) €7 T (W) du a5
00

X [(x? -+ x"?ych oU —2xx' - 24 (xe®V —x") 4+ 2B (x'e0V —x) +-
4+ (A*4- B*)eoV —2A4B], (3.40)

npuueM
U
A=—;—wge'm"f(u)du
y (3.41)
B=—Elage“°‘u‘”)f(u)du.
0
BBeﬂe‘\l Tenepb Be.ﬂI/I‘II/IHy
" i U K SF‘ (f; x, x) dx
G [f]~\exp\ —glfws@adly = . (3.42)

S Fi(0; x, x)dx

0 _I rapm. ocu

KOTOPVYIC MOXHO NIIpeACTaBuUTh B BHIE

vu
¢ [” =Eexp |:_ 4ml(uh SS‘ = mltﬁ—(;LILJ/IQ)_ U/2)f(u)f(u,)du du’:l - (3.43)
00

Ecau onpegenuts ¢ynkumio [ BHe wuuTepBana 0<{u< U, cunras
€e NeploIMuUecKoll BeJMYHHOH ¢ mepuonoM U/, TO MOXKHO 3amHCATh

» U
L\:[”:exp(i—z}_mlaﬁ S Se—u)lu—u'lf(u)f(u')dudul]. (3433)

-0 0

Hpyrofi cnocol BuiuucieHus F,(f;, x, xX) ocHOBaH Ha HCIOJb-
30Banud dypbe-pazaoxkednil GyHKuMi f(u) u x(u):

x(u):aﬁ—z‘] (ancoszn{?u—i—bn in 2”;“),
. - 2nnu __Li .
f(u):fo-l—ngl(f COS ——— B + ﬁ )’
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n. 3. MuTterpansl no TpaekTopuam

TOrjla WHTerpad Mo TPaeKTOpPHAM
Fy [f]::SFl(f; x, x)dx
MOxKeT OBbITh 3alHcaH B Buje

Fy[f1=(((...C da,da,.. b, ab,... x
-

xexp‘ —%3( +——x -}—if(u)x(u))—l'du

U najee 6e3 Tpyxa BridMC/eH V.

Jlasi cBoGoaHOU yacTHUE! BeauuuHy F,[f] MoxHo HafiTH, ecau
YCTPEMHTb ® K HYJIO WJH IPOBECTH NpsAMOe BhIUHC/IeHHe. B oonx
cayuasx HaXOAHM

K‘EXPL T H~mx (1) -+ i (u) x (u) du-f@x(u):.
- J

- |2u 1 uu

. Tthm 1 gt ’ ’

._1/2_‘7_6 ZS,‘(u)duJexp m<§§|u ' |fu)fw)dudu +
2 ])l

+2 [OS uf () du [ (3.44)

B panpuefliieM MBI HCMOJNBL3yeM 3TOT pe3yJabTaT,

$ 3
Boiuncnenve unterpanos
no TPAeKTopUsM
C MOMOLLBIO TEOPUN BO3MYLLLEHUMN

Ilpeano.1o:kumM, 4TO HaM H3BECTHO 3HAYeHHE MATPHILI IVIOTHOCTH
0o (%,, xy; U) ANA HeKOTOpOH CHCTeMEl ¢ moTeHnuajgoMm V, u nac
HHTEpecyeT P (X, x5 U) naa npyrofl cucrtemMbl ¢ NOTEHIHAJOM

D Y1o6H0 BOCNO/BL30BATLCS COOTHOIIGHHEM
w0
1 +E cosnd ch(n—|6i)a
202 — n2+a® ~ Oa sh o

Hafinennas ¢ noMowiblo 3TOro MeTofa BequuuHa Fy[f}] cogepxut NIPOASBOJIBHYIO
MY/IBTHINIIKATHBHYIO NOCTOSIHHYIO, BOBHUKAIOMYIO 33 CueT sIKOGHAHA NpH HedBHOII
3aMeHe NepEeMeHHEIX NMpu nepexole oT EDx (u) K day ... dbydb, ...; ojHAKO COOT-
HoeHue (3.43) MOXKeT OHITH NOJYUYEHO 3THM METOLOM o.zmosnaqno.
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§ 3. BoiumcneHMe MHTErpanoB € NOMOLLLKD TEOPHM BO3MYLLLEHHI

Vo-+V’, rae V'«LV,. Toria umeem

P (X, Xy U)=K§e><p !—lﬂ”’T’ervo(xHV' (x)] du} Dx =
]du} X

I )1
X exp i—-— -;L—EV' (x) duJ} I.@x.
-

0

i,

el

Pasnaras BrOpyio axcn0HeHTy, HaXO0AUM

ots 55 0= JJ |- 5[2+v<x>}

v g
5(!_1——%—§V’[ du+22<§V’ >+ _! =

—
wl 2
+
<3
=
®
[
fol
E\
|
<
=
S
=
=
o5
+
I

XV [x (w)] eXP{—gj ["“‘ +V, (x)] du}+,_

Uro6wl BHIUHCAXUTL HHTETPaJ Mo TPaeKTOPHSIM, NPOMHTETPUPYEM CHa-
Yaja MO BCeM TPaeKTOpHUsAM, JMJIA KOTOPBIX x(u)=y (npH 3TOM
x(0)=x, x(U)=x,), a 3aTeM HPOUHTErPHPYEM II0 BCeM y:

P (kg X5 U)=

U
I
—po—g ([ ol s U=V @)ooy, 55 wdydu ..

0 no BceM y

{mojLiHTerpajibHOe BBHIpaxeHMe MOXKHO IMPEACTaBHTb TpadHuecKH,
Kak 5TO cjeJiaHo, Hanpumep, Ha ¢ur. 3.3).

Usen HyJeBOTO NOPSAAKA P, MOXHO DaccMaTpUBaTh Kak BKJaR
B MaTpHLy IJIOTHOCTH 3a CYeT YacCTHIUbI, KoTopas 3a ,Bpema“ U
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Fn. 3. Uurterpansi no Tpaektopuam

LIepPexomuT™ U3 Xx; B X, H COBCEM He MOJBepraercs AEHCTBUIO MO-
Teqnuaja. Torga ujieH nepBOro nopsaxka (ero MOALIHTErpajbHoe
BEIpaXKeHHe H306paxkeHO Ha ¢ur. 3.3) MOKHO MPEACTaBUTH cebe

QUr. 3.3.
Vi
Vb~ o sme e —
[MoavinTerpansHoe
¢ BblpaMmEHHe B YJeHe
124 nepBoro MOpsLKa,

Kak pesy/bTaT IBHXKEHWUS YacTHUBI, ABJAAIOMENCS B OCHOBHOM CBO-
GonHOll, HO HCHBLITHIBAIOMEN ,paccessHue B HEKOTOPHIH ,MOMEHT
BpeMeHH“ B HEKOTOPOH TOUKe y. AHAJOTHYHO yJjieH BTOPOro MOpsiKa
MOXKHO pPacCMATPHBATbh KaK pe3yJbTaT ABYKPATHOIO ,paccesiHus’;
€ro MOXKHO 3aMHcaTb B BHJE

U u ® ®

1

+f§du§d0j dy gdzx

0 0 - -

XPo (Xgy 20 U—u)V(2)p,(2, ys u—0VV(y) 0o (Y5 Xy, U);

COOTBETCTBYIOLlEE MNOABLIHTErpaJbHOE BbIpAXKEHHEC nso6pa>&<euo Ha

dur. 3.4.
QU 3.4.

[oaeiTerpanbHoe
BbIpa)KeHHe B uJeHe
BTOPOTrO [OPSAKA.

JaMeTHM, 4TO Mbl He MpHILIH 34€Cb K KaKHUM-AHOO HOBBIM pe-
3y/abTaTaMm. Mel yxKe Mojiyyanu paHee Te e PasjokeNHs [0 TeOPHH
BO3MYylieHHA G6e3 HCNOJb30BaHUS WHTErPaJOB M0 TPAGKTOPUAM.
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§ 4. BapvaumOoHHBIM NpUHLMN

3adaua. Onpenenuts, 10 KAKOTO NOPAAKA PasJokKeHue p (x,, X; U)
1O TEOpPHH BO3MYIieHHH SBJsETCH pelleHHeM YpaBHEHUS
i) h? o ,
—*a%:—mg}g——}* [Vo () +V" (x)] p,

yuHThlBas, 4TO
’ Op h? 9%p
_—%&“—%aT;_’LVO(X)p“'

$ 4
BapvaumoHHbin npuHUmMn
ANSI MHTErpana no TPOEKTOPUSIM

Ham n3BecrHo cjieyronlee CooTHolleHue 414 cBcOOAHOI IJHepPruu:

F<Fy+<H—Hyy (3.45a)
HJH
F<<H>—TS,, (3.456

3anyucanuoe ¢ IOMOIBIO TaMHALTORHaR0B H 1 H . BeigcHHUM, MOXKHO Ji
3anucaTh COOTBETCTBYIOIEe COOTHOLIGHHE, MCIIOAb3YyA HHTerpas Mo

TPaeKTOPHAM.
Bhipaxkenue jnst CTaTUCTHYECKOH CyMMBI HMEET NpPH 3TOM BHL

e~BF = SS e=S ¥ @1 Dy (u). (3.46)
—
x(0)=x (U)
[MycTh Mbl uMeeM BMeCTO S HEKOTODBIA JApyrod ¢yHKULHOHAM S,

(He cJelyeT NyTaTb €ro ¢ 3SHTPONHEH), C KOTOPBIM BbIYHCJ/IEHHUS
cranoBsTcs npoute. Torxa BeipaxkenHe (3.46) MOXKHO 3anucaTh B BHAE

o——

SS e~ (8=50) p=So GDx
ebF == e=brs, (3.47)
(o
rie -
etrs = ({ e-Soopr. (3.48)
——

MHOXHTeb, CTOAIMH B uYHcJAHTe]e B BEpameHHH (3.47), HMeer
BUJ cpeanero ot exp [—(S—S,)]. npuyem e~Se aBaserca ,BecoM®
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Fn. 3. UHterpanel no TpaexkTopusm

A8 onpefeneHHOH TpaekTopuu x(u). Breipaxkenue (3.47) moOxHO
3anucatb B BHJE
e~BF = (e~ (8=Siyg e=BFo. (3.49)
[peanosoxum ganee, uto S ¥ S,— NeHCTBUTE/bLHbBIE BEJIHUHHEL,
¥ HCHOJb3yeM HepPaBeHCTBO

e > ze=<D>, (3.50)
KOTOPOMY MOXKHO JaTh TeoMeTpHYecKylo HHTepnperauuio (pur. 3.5):
kpusaa <e~fy Bcerma Jexutr Boiue Kpusoit e~¥>, 3amerum, uro

e'f $UI. 3.5.

TeomeTpHueckas

HHTE DI peTauus

HepaBeHCTBa
e=F>~, p=<P>,

HepapeHcTBO (3.50) He 3aBHMCHT OT TOro, MO KaKOMYy 3aKOHY pac-
npene;ena peanunna f. [Ipumenss (3.50) k (3.49), noayyaem
e~ BF = g=<S=So> o= BFy (3.51)
rie
SS (S—8y) e~ S @x
(S—§> = — . (3.52)
| s
——
Kak npaBuJio, BHIMHCAUTEL BhIpaxenne (3.52) okasniBaeTcs nporue,
ueM nepsbll MHOXKHTEJbL B ypaBHeHHH (3.47); TakUM 06pasoM, Ml
MPUXOAUM K cJelyoued Teopeme:

F<Fy+ 5 <S—Sp s, (3.53)

Sadaua. [lycrs

i”i"‘fg(—”)—l-V(X(u))] du,
(3.54)

B
S _—.é'
Si= | |28 v, @) |
U
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§ 5. MpmeHeHHe BapPHAUMOHHON TEOpEeMbI

NOKa3aTb, 4TO
1
p
Takum oOpa3om, cooTHoweHune (3.53) COAEPKHUT COOTHOILEHHE
(3.45) Kak wactHbll cayyal. (Y KkasaHHe: H3 COOTHOLICHHSA
(3.54) cnenyer, urto

(E8—8,>, =<V —=Vy>,. (3.55)

B
S—S, = S(V—V,,)du. (3.56)

0

Uuncautes B mpaBofl uactu pasencTBa (3.52) npuHMMaeT BHA
MHTErpana 1o u, NOJbHTErpajbHOe BEIpa:KEHHE KOTOPOro He 3a-
BUCHT OT U.)

¢ S
MpumenexHue
BAPUALMOHHON TeOpPEeMEI

B saxmouende paccMOTpUM NpHMeHEHHUEe BapHaUHOHHOMA TeopeMb
(3.53).
B caydae ofHOMEDHOro ABHIKE€HHA OAHON YacTHILI HMEEM

U .
| mx? (u)
S—+ é’ [—2—+V (x (u))J du, (3.57)
rjae

U = ph. (3.58)

Urolbl yHIpOCTHTL 3aMHCh, MOJMOXKHM fi==1 B 6oabluell 9acTH Aaib-
Hefllero M3JoXKenus, ONHAKO BPeMs OT BPeMeHH Oy/leM yKasbiBaTh
3Ty NOCTOAHHYIO, 4YTOOb YHTaTeJNb MOT BUIETb, TJe OHA JOJIKHA
CTOATD.

CratncTuyeckas CyMMa MOXKeT OBITh 3anucana B Buie

(Y
e'BF=Sexp i ———‘Og

Mbl 3adukcupyeM cnauata x(0) u x (U)=x(0), a 3aTeM nposegem
HHTErpupoBanye MO BCeM TPAEKTOPHAM; MOCJe 5TOr0 HeoGXOLHMO
nposapbupoBath ¥ (0) [mepBbifi MHTerpa’ o3HayaeT HHTETPHPOBAHUE
no x (0)].

B kJaccHueckoM npejesie BBICOKHX TeMIepaTyp, HJIH Maauix Ap,
BeanynHa U MaJga, Tak 4TO TPAeKTOPHS MOYTH HE OTKJOHAETCH QT
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Fn. 3. UHTterpanst no Tpaektopusm

HayaabHoH TOukH x (0). ITosToMy B KauecTBe NepBOTO MPHUGJIHKEHU A
samenuM B (3.59) Beamuusy V (x(u)) ee HauaJbHBIM 3HaUEHHEM
V (x (0)); Torna noJyuyaem M3BEeCTHHIH KJACCHYeCKHH pe3yapTar

e—BF :/’ngzge“v &YVEpT gy, (3.60)

Kax MOXHO yayulllTb 3TO NPHONHKeHHE, YTOOBI yuecTb KBaH-
TOBble 3(peKThI?
[Ipexne Bcero 3aMeTHM, 4YTO B cHJay paBeHcTBa x (0)=x (U)
6oJiee eCTECTBEHHO HCIIOML30BaTbh BMecto x (0} cpennee
U
x;_.lj_gx(umu. (3.61)
0
Hanee, 4To0Bl y4YecTb OTKJOHEHHE TPAEKTODHH OT KJIACCHYECKOH
npAMOi JMHHH, He OyJeM HCHOMb30BaTb NOCTOAHHYIO BEJTHUUHY
V (x(0)), a npousBeneM HeKoTopoe ycpenHenue V (x) no tpaexkTto-
puu. TakuM nyTeM NPHUXOAMM K chaefyioniedl npobHOH ¢yuxuuu S,:

U .,
S, = S’"—"zﬂdu+ Uw (%), (3.62)
[}

rae w{x)—Heonpene/eHHan [oKa (YHKUHSH, KOTOPYIO CJaegyer
B JajbHeldlleM BapbHpPOBAThL € LEJIbI0 MHHUMH3AUWH BLIPAXKEHHS
(3.53). B kauectBe nepsoro npubinXKeHHs MOXKHO GbI10 Obl BHIGPATH

w(x) =V (x), onHaKo NpUMeHeHHe BAPHANMOHHOrO MPHHIMIIA N0O3BO-
JiseT MOJYYHTb 3HAYHTE/IBLHO JydlUHH pesyabrar. lmeem

e~BFo = gg‘@xexp —LS]‘[ m’; +Uw(36-)] dul\=
—— [

AY

A \
=Sdfﬁ exp —?[ m); du—,LUw(?)] du 3 Dx;
— 0 7
B

cuMBoa A y 3HaKa WMHTerpasa o TPaeKTOPHAM 03HauaeT, YTO HHTe-
TpHPOBaHHe NPOW3BOAMTCH [0 BCEM 3aMKHYTHIM TPAaeKTOPHAM,
a CHMBO/1 B—HHTerpHpoBaHHE MO BCEM 3aMKHYTBIM TPaeKTOPHIM

¢ (MKCHDOBAHHEIM CPeIHHM 3HAUEHUEM X.
IMonoxuM y=x—x(0); nocKoabKY y (1) = x (1), noaydaem

—— 1 Y
e= BFo = Sdfe‘”w@ SS exp ——S L |Dy.
— 0

B nocieasem wunTerpase, KoTOphii GepeTcs MO BCEM 3aMKHYThIM
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§ 5. MNpumeHeHne BAPMALMOHHON TeOopembi

TpaekTopusaM y ¢ y(0) =0, Ha y He Hajaraercsi HHKaKHX OrpaHH-

YeHHH, Tak Kak y=x—x(0), u ™Mbl uHTerpupyeM no scem x (0).
TIpHunHbEl, NO KOTOPBHIM A HHTETPUPOBAHUS B3ST ONpeleeHHbIHR
KJlacC TPAeKTOPHH, Jierye MOHATb, €CJAH HAYEPTHThb AUATpaMMbl (YTO
IIPeNOCTaBASETCH CJeJaTh YHTATeNI0, €CJH 3TO €My MOKAMXKercs
HeobxoAuMbiM). Takum obpasom,

®

e=bre = | dxe VD s (0, 03 U) = 1/51’2_11 e~Ve W dy, (3.63)

IpuueM B KJjaccuueckoM cayvae (3.60) BenwuunHa w(y) 3aMeHseTcs
Ha V (y).

Bouncaum teneps <S—S,>. HMcnoassys Boipaxenus (3.57) u
(3.62), umeeM, IO OIpeIeJEHHIO,

K(l/ﬁ) (S—S,) exp [-—S (mx2/2) du]exp l:_Uw (;)jl Dy
§§ expl:—g (mJ'c2/2 ) du] exp [— Uw (x)] Dx
E{T}B{V(x(u ) du’ —w (x) }exp[ S_—du] exp [—Uw(ﬁ] D
— 0

SS exp [——S.— du] exp [— Uw (x)] @Dx
(3.64)

Bxonsmas ciooga BenudHHA X onpefesieTcs BolpaxeHueMm (3.61)
u siBasiercs: ¢yHkuuwoHanoM ot x (u). IlepBoe ciaraemoe B yuciIu-
TeJle MOMXHO YIPOCTHTb CJAELYIOUIHUM 06pasoM:

TST%K V(x (")) du’ exp [——§ ’”"‘2(”’ du ]exp [— Uw(x)] Dx =

—— 0 0

= Sd“U“FSTV(x(u ) exp [—?’""‘Z‘”’du ]exp[— Uw(‘ic')']@x=
0 0

= S %—' S dx'V (x") SS exp [—S’m’}z(”) duS m)'ﬂ?(u) du ] X

A X exp [— Uw (x)] Dx (u).

107




fn. 3. MHTerpans! no TpaekTopHam

WurerpupoBanue MPOM3BOAUTCA N[O MyTHAM, NonoOHBIM H300paxeH-
HeiM Ha ¢ur. 3.6a. IlpousBona 3aMeHy mepeMeHHLIX

v ut+-U—u', 0Cu,
T \u—u', W <uU,
nepeiifeM K HHTETPUPOBAHHIO O TPAEKTOPHAM, MOLOOGHBIM H300pa-

u=Vv

OUr. 3.6a.
Tpaekropuu (nyTH) HHTErpupoBaHuA.

xenHsiM Ha dur. 3.66. B cuay yeaoBus x(u=0)=x(u=U) mu
He noJydaem paspeiBa B x npu V=U —u'; caenosaTenbHo,

¢ & () ¢ 2 (V)

mxe (u mx
S_Q——du=S—§_dV'
0 0

x(WVYdv,

Oy

U

- 1 1

a Takxe x=—U—Sx(u)du=7
V]

[lepBoe cnaraemoe B uncaurtese Bripamenus (3.64) npuHumaer

Ha
S%de'wx') ‘SE eXP[—S@W]eXP["U‘“G”:

x (O)=x (U)=x"

_— v,
= SS V (x (0))exp [-—- S”i;—(y—) du]exp [— Uw(x)] Dx (). (3.65)
4]

——
x (O =x (U

B

Toraa coorHowenne (3.64) MOXHO 3amucaTb B BUJE
B S—Sa>s,= <V (x (O)>—<w (X)>. (3.66)
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§ 5. NpumeHeHHe BaPHUALMOHHOA TEOpPEMbI

Haa nanbrefiliero npeo6pasoBaHus HCIOJAb3yeM CJEAYIOUIUIA paHee
JOKa3aHHBIA pe3yJ/bTat:

S5 exp[—Smxg( 4) du]exp[—t Sf(u)x(u)du]@x(u)=

Uuu
= }/‘”’” § <Sf(u)du>exp {Lln_[ S§|u——u' |f(u)f(u')ydudu' 4
0
2

17) 2
+ —U—<S uf () du> ]} . (8.67)
0

IIpn BbluHcTeHnH uHTerpasa B (3.65) Mb! cHayaJa BEIIOJIHSEM HH-

TErpHpPOBAHHE TO TPACKTOPUAM, cOXpaHsas (UKCHPOBAHHOE 3Haye-
HHe X.

v=U-~ - -

-

OUT. 3.66.

Toraa coorHouleHnue (3.65) NpUHUMAET BUA

EV(); (0)) exp [——Sm—;c%”—)du} exp [— Uw (x)] Dx=

= (K Wexp [—Uw@)dy,  (3.68)
rae

e, U .
K(y)= SS V (x (0)) exp [ —S@%@du]@x, (3.69)
e o

npuueM ¥=y. B cBoio ouepenr BoIpaxenue (3.69) MOXKHO 3amHcaTh
B BHje

o [/
K(y)= Sg V(x(O))exp[_S’“T‘”)du]a(z—y) Dx(w).  (3.70)
—— 0
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'n. 3. UHTerpansl No TpaeKkTopHam

Teneps, BOCIOAb30BaBWIHCh (ypbe-npeobpa3oBaHueM MOTeHUHAaA
V(x)= {o(q)edg, (3.71)
nepeiieM or (3.70) X BHIpaXKEHHIO

K ={o@dq | ae ﬁexp [igx (0)] exp [ik (x—y)] X

U
xexp[——-S m du]@x. (3.72)

0

31ech MBI HCHONBL30BaAH (ypbe-npeobpasosanue GyHKUHH § (X —y),
pxogsiied B (3.70), U omycTuan MHOKHTeAH THna 2n. IloxacTasass
(3.61) B (3.72), sanuiuem

K () = §v(@dq | deexp [— iky] [ exp li92 )] x

ik ¢ € mse
X exp Sx(u)du exp —Q—du Dx. (3.73)
0 0
HeTpyaHo BHIETb, YTO HHTErpajl 1o TPaeKTOpHAM B (3.73) MOXKHO
npuBectd X BUAY (3.67), vcrnonb3ys omnpeieneHue

(1) =q8 (a—0)+ 5, (3.74)
NIOCKOJIBKY

U 1
Sf(u)x(u) du = qx (0)+%Sx(u)du. (3.75)
Iloacrasisas (3.?/4) B (3.67), Baxoaum ’
U
Sf(u)du=q+k, (3.76)
0

kU

U
g uf (W) du =7, (3.77)
0

(u—u')f (W) du'f (u) =

Sp

uu U

[ lu—wf @) @) dudu =2 du
00 h
U

=2Sdu[

0
=2‘L§du[ uq}f(u)=’§~u+kqu.

0
(3.78)

e £

(u—u') 5 du’ +uq]f(u)
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§ 5. MpumeHeHne BAPUALMOHHON Teopembl

Bocno.b3yemes Tenepb cooTHomenuamu (3.76)—(3.78) u nmpeoGpa-
3yenm Boipaxenue (3.67), a Tak:ke MHTerpaJ no TpaekTopusms (3.73);
TOTAa TOCJe[Hee BblpaKeHHe NPHHUMaeT BHJ

K ()= { dau(q) { drexp[— iky] x
x 8(g+mexp [ (B +k+ 5)] =
= {dgo(9) [ dkexp [—iky) 8 (g +R)exp [ 50| =
= {(dko (— kjexp [— iky] exp[-—g:%} (3.79)

[Mpnmenasa ob6patHoe npeo6pazoBanne Dypbe, NMpeACTABHM Bhiparke-
Hie (3.79) B Buze

K (5) = { deexp [— iky] (V@) exp [ike] dzexp [-—2’3:—,‘7{ =
= Ssz(z) exp {—%l(y—-z)z- . (3.80)

IMoncraBass [IpaBH/JbHBIE 3HAYCHUSA MHOMKHTe/e, OKOHYATe/JbHO
noJgayuaeM

K=V " (dav @) exp [ oL U=20) - 3.8

52

Crnexyer 3ametuth, uTo0 K (y) ecTs noteHuuan V(z), ycpenHeHHbii
MO raycCoBCKOMY pacmpejeenuio. Jucnepeus, W/IH LIMPHHA rayc-
COBCKOTO pacrpejesedis, paBHa

__h
Vi2mkgT

Iucnepcus coctaBaser npumepHo 1 A mas atoma remus npu 2K
H oueHb MaJ/Ja INPH KOMHaTHBIX TeMIepaTypax. B mpenmenre Gecko-
HeyHOll TeMnepaTyphl rayCCOBCKOe pacnpefesieHHe MepeXOauT
B O-dynkuuio u K (y) nepexomut B V (y).

HMrak, B pesy/ibrare HMeeM

(3.82)

F<F, +% <S—=8 sy (3.83a)
_ﬁFo = - P— m
e 5 exp [— pw ()] dyl/ 2 (3.836)
! { K @)—w @) etovay
F<E—=S8>s, = (3.838)
B S e-Bw W gy

Bripaxenue (3.836) ¢akTuuecku coBmajgaer ¢ (3.63), BhIpaxKeHue
(3.838) caenyer us (3.64), (3.65) u (3.68) u, uakounen, K (y) B BhI-
Paxkenuu (3.838) ompenensiercss dopmynof (3.81).
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n. 3. UuTterpansi no tpaexkropuam

OGcyauM Tellepb BONDPOC O HauayulleMm BhiJope QYHKUHH W(y).
[1ponsBozasa 3aMeny

w(y) = @y +n), (3.84)
rae 1(y)—mvanas BejnuuHa, noaydaeM u3 (3.830) u (3.83B)
Sne—ﬁwdy
8F) = e, (3.85a)
S e—Bw dy
=8 [— pn (K —w)—ndy]
a%«s—30=g

S e—bBw dy

{ et (kK —w) dy { pme—body

(Tema]

Taxum o6pasoM, TpeGoBaHHe
1
S(FV+F<S—30&)=0 (3.86)

NPUBOAUT K YCJOBUIO

+ (3.856)

w(y) =K (y); (3.87)

5TO MW eCThb HauJaydilui BBHIGOD PYHKIHH @ (4).
B stoM ciyuae BrIpaxkenue (3.83B) zaeT

<S—S>s, =0, (3.88)
TaK uTO, yuMThIBasi BhIpaxenue (3.83a), umeem
F<F,, (3.89)

rae F,, 03HayaeT KJacCHYeCKylo CBOGOAHYIO 3HEPTrHI0, B KOTOPOI
notennuan V (y) samenen ¢yHxkuueil K (y). B stom cayuae

-BF m -BK ()
¢ ]/Qnﬁu Se Ydy (3.90)

[370 BHIpa:keHHe c/ejpyeT CPaBHHTb C BeIpaxkeHHeM (3.60)]. Pyuk-

una K (y) ompenensiercsi BoipaxkesdeMm (3.81). Besnwunna £, ss-
Jsietcsi JIYUIHM TpPHO/IHKEHHEM, ueM OObluHOe BEIpaxenue F, u3
(3.60).

[Tpumep. UTo0bl OLEHHTb, HACKOJBKO XOPOUIMM SIBJISIETCA BHIpa-
xenue a8 F,,, pacCMOTPUM rapMOHHUecKHH ocuuaastop. B srom
cilyyae MOTEHUHAJ] HMEeT BH]

V(x)=m2. (3.91)

L&
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§ 5. Mp1meHeHHe BAPUALUMOHHON TeopeMmbl

Coraacro Bbipaxenuio (3.81),

_ 6mkpT mo? (T _, 6mkgT _med o AP
K= T e [ o 2 B

IMoncraBasia 310 BhIpaxeHue B (3.90), moayuaem
“bFq oy )T mot (o BBNY
e ~4]/-%7&563}@ [——{5 5 (y +%>de_
____1_ — k2820224 2 Q°
_ﬁﬁa)e o (3.93)
Takum o6pasoMm, HMeeM
FHCTHH:%h‘l [2 sh <ﬁ£l2)“§ ’ (3948)
- 1 ﬁ2[32c02 ' ~
Foo =% In (fiop). (3.943)
BeeneMm o6o3znauenus
=gﬁ :lli_wﬁ' =t
=7 f= 5 (3.95)
Toraa BhipaxkeHus (3.94a)—(3.94B) NpPHHHUMAIT BHA
GHCTHH:%ln (25h f), (3958)
Gu=1n(2h+ L, (3.956)
Gua = I (21). (3.958)

B rtaba. 3.1 cpaBHuBaTCs unc/iennble 3HaueHust Gy, G, ¥ G,
Mbl BuauM, uto BesuuHHa G, ropaspo Oarmke K Gy, 4eM G,.
Crenyer Takxke HMETb B BHIY, 4TO 3HaueHHe =1/, COOTBETCTBYeT
Temnepatype kT = ho, IpH KOTOpO# KBAaHTOBBLH 3(bpeKT 3HAYUTEEH,

Tabnuua 3.1
f=1/, f=1 f=2
G_ncnm 0,08263 0,8544 0,9908
(¢ 0,08333 0,8598 1,0264
Gyn 0 0,6931 0,6931
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Fn. 3. MHTerpansl No TpaekTopuUam

HcneonpsoBanue Beamuuss F, u3 (3.90) B coyeTaHHu ¢ BhIpa-
wenveM (3.81) jaer ayuuimii pesysbTar, ueM passoxeHue K (y) B
psia no V(y), d&°V/idy* u 1. n.

Onnako BhIpaxkeHHe s F,, He CTOJb [OJE3HO, KaK 3TO MOILJO
6bl 10Ka3aThCA M3 aHaausa Taba. 3.1. Bo-mepBnix, 0OHO He mpume-
HUMO, KOrja HMEIOTCS KBAHTOBHE OOMeHHbIe 3(¢heKTH. Bo-BTOpbIX,
nonyueHHasa ¢opMa mias F,, HEeNpHTOAHA B TOM CJyyae, Korja Io-
Tenuuad V(y) ob6sanaer oueHb O6O.bIIOH NMPOU3BOAHOH (Hampumep,
B Cjiy4yade MEXAaTOMHOIO NOTeHHUMAJa THIA TBepPABIX WapoB).

NIUTEPATYPA

1.* Kay M., BeposTHOCTb M CMeXXHHE BONPOCH B (H3WKe, u3Z-Bo ,Mup®, 1965,
ra. IV.

2% Pednmon P., Xubbc A., KpantoBas MeXaHMKa H HHTErDaJbl IO TPARCKTODHAM,
usa-so ,Mup*, 1968,



4

Knaccuueckue
CUCTEMDI
N uactuy,

§ |
Beepenue

Knaccuueckylo CTaTHCTHYECKYIO CYMMY JJ1si CHCTeMbl N B3ayMo-
ZefiCTBYWOIINX YacTHL, MOXKHO 3aNlHCaTh B BHJAE

_ 1 m 3N/2
rjae
Zy = g e~V (RuRe o RN R @SR, . .dOR . (4.2)

OTH ke pe3yabTaThl MOTYT GbITb MOJIyueHbl U3 KBAaHTOBOMEXaHHue-
CKMX BbIpa)keHHid, HaljeHHbIXx Hamu panee. CoraacHo ra. 2, § 8,
nMeeM

- 1
. arszmgsp,)(xl, ey Xpi PXyy oo., PXp)dX,. . dXy
A9 cnyqaﬂ CTATUCTHKHU Bose u
- 1
ePFa— 3 (—D)Ppp(Xyy +vvy Xni PXyy ...y PXp)dX,. . .dX,

a8 cayuasi cTaTHCTHRKH Depmu.

[Ipu 0CTaTOUHO BBLICOKHX TeMIeparypax JJsi 0G0OHX BBIpaxKeHHUil
CYl[eCTBEHHA JIHIIb TOXKAECTBEHHAs NepPecTaHOBKAa, TaK KaK B 3TOM
cllyyae MHOXKHTeNH Buaa exp [— mkpT/2h? (X — PX)?] auuyaupyior
apyrue caaraemble. OTciofa cienyer, 4TO B CJaydae KJaCCHUECKOH
CTaTHCTHKH

1
e‘ﬁFNmSpD(XI, e Xt Xy ey Xa)dX,. . .dXy,.

Mul yxe oueHuBalH 3T0 BhIpaxkenue ans N =1 ¢ ucnosnb3oBa-
HHeM HHTerpaja IO TPaeKTOpHsAM [cM. V. 3, BhlpaxenHe (3.60)].
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Fn. 4. Knaccuieckue cuctembl N wactuy

Ob6ofulas 3Ty MeTOAUKY Ha caydall N yacTHL, ABHKYHIUXCSA B Tpex
U3MEDEHHSAX, NPHXOAUM K BhlpaxkeHusMm (4.1) u (4.2).

Ecayu wactuuma rasa npeacraBiasieT co60fl MHOTOATOMHYIO MoJie-
Kyay, BHyTpeHHHe JBH)KE€HHS MOJIEKYJbl U JBHKEHHE ee LeHTpa
TAMECTH MOTYT OBITb pasle/eHBl; COOTBETCTBEHHO TeMJN0EMKOCTh
spanerca CymMmo# JBYX BkJajoB. Beauunua R; B (4.2) paccmatpu-
BaeTcsl KaK KOODJAHMHATA LEHTPA TAMXKECTH (-0 YacTHUBI, CTATHCTH-
yeckas CyMMa /15 BHYTPEHHEro ABHXKEHHS CIOJa He BKJIOYAETCH
(ona MoxeT ObIThb BBIYMCJEHA, €CJH H3BECTHA CTPYKTypa YpOBHeH
SHEPTUH, MoaydeHHas Jubo no HH(PaKPacHEIM CHEKTpaM, JUGo nyTem
KBaHTOBOMEXaHHUECKOTO pacuera),

Hs nJIOTHOH cHcTeMBl (HalpHMep, KHUAKOCTH) BHYTpeHHHE JBH-
KEeHMS MOJIeKYJ H JIBHMKCHHUA IIEHTPA TSAKECTH ,lepenyTaHb® apyr
C ApYyroM ¥ pasfieuTb HX BecbMa 3aTpyAHHTEJBHO.

B najpHefilieM mbl He 6YyJeM YyuHTHIBATH BHYTPEeHHEe ABHKeHHUe
YacTHUH, T. €. 6yJeM DacCMaTpPUBAThL CHUCTEMY KaK a3 WJaIH KHI-
KOCTb, COCTOSILIIYIO U3 YACTHL MHEPTHOrO rasa.

B coorBerctBHH ¢ (4.1) cBoGoaHAs 3HEPrUs 3aMUCHIBAETCH B BUIe

3N 3N 21th? 1 N N
BenanuuHa e B nocJsenHeM cJjaraeMoM — He 3apsaa 3JEKTpPOHa, a oc-
HOBaHHe HaTypaJbHBbIX JIOI‘apI/I(l)MOB; OHA II0ABJACTCS B pesyJabTarte
HCNOJIL30BaAHU A q)OpMlebI CTHpJII’IHI‘a

NN o= N
N!z(—e-) V2N, lnN!zN(lne—>. (4.4)
3 Buipaxkenus (4.3) umeeMm st BHyTpeHHel suepruu U
- O(F/T) 3 RT? 0Zy
U=—T"5r=5RT+yz, 57 (4.5)
rie
R =Nk (4.6)

Ilonb3sysick BeipaxkenueM (1.6), MOxHO HaATH ypaBHEHHE COCTO-
fAHUA

Ilpumep. B caywae wupeanvuorc rasa V(R,, ..., Ry)=0, cue-
nopateabno, Zy=VV, u ypaBHenue cocrosinus (4.7) npuHumMaer
BUL

PV =RT. (4.8)

Ecan npeanoJioKUuThb, 4YTO INOTEHUHUAJbHAA 3JHEPTHA MOXKET OBITH
npeicraBieHa B BUAEC CYMMBI MapHBIX Bsaumo,aeﬁcmuii MeXay uvac-
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§ 1. Beepnenne

THLAMY [ H [t

V(Rl’ sz tevy RN): 2 V(rlj)v (49)

no mapam

TO BhipaxeHue (4.2) npuUHHMaeT BUA

Zy= g exp[—ﬁ > V(r,-j)]d-“‘Rld"Rg...df’RN. (4.10)
no napaw
3aMeTuM, uTO BeJMUYHHA Z, ompejenasieMas BeipaxenueM (4.10),
COJEP/KUT BCIO WHGOPMALMIO O CHCTEME, BKJIOYas (pa3oBbIH NEPEXOI.
MupiMy caoBaMu, Xapaktep (asoBoro mnepexoja B NPHHUNIE MOXKHO
paccMOTpeTh YHCTO MaTeMaTHueCKH Ha OCHOBe Beipaxenus (4.10),
He 3Has HHKAKuX (U3HUECKHX (DAaKTOB.

V) OUT. 4.1.
r

[MTpumep

HeDeaNIuCTHYECKOro

noTeHIlnaJaa.

-— Uo— 06BEM Tpynnnl

Uo (Knam‘epa) uz N YaCTHL.

Bripaxenue (4.10) moxasplBaeT, 4TO NPH KOHEUHOM dYHCJE Hac-
tuit N (u3HYeCKHe BeJHYMHLI HE HCHBITBIBAIOT KaKHX-1H00 CKad-
KOB; JHIIb B mpefeje N —s co MOXKHO 0XHAaTh Pa3phIBHOTO IIOBe-
JeHHs, a 3TO HMEHHO TO, YTO HAac HHTEpecyerT.

IlpennojioxkeHue o LeHTpPadbHOM XapakTepe NOTeHlHaJa B3aHMO-
neitcreua V(r;;) B BbIpaxenun (4.9) He BIIOJHE CTPOro 0GOCHOBAHO.
Heo6xoauMocTs BBeeHUS HEUEHTPaJbHBIX CHJ HJTIOCTPHPYETCA cJe-
AywomuM ¢usndeckuM (GakToM. Ecau OPeAnosoxKHTh, YTO B KpH-
CTaJ11MuecKOH pelleTKe TBEpPAOTO TeJa CYIECTBYET TOJbKO B3aHMO-
feficTBue MexAy OJMKAHIIUMH COCEAssMH, TO FPaHeleHTPHPOBAHHAA
Kybuueckas M TeKcaroHajbHas IJOTHOyIaKOBaHHAaf CTPYKTYPHI
6yayT HepasauuuMel. Ec/an ke yuecTb B3aMMOJEHCTBHE MEX1Y BTO-
PBIMM COCEAfIMH, TO U3 NPEANOJOXKEeHHs O LUEHTPAJIbHOM XapakTepe
CHJ CJeAyeT, UTO reKcaroHajgbHas IJIOTHASl YNAKOBKa AOJKHA 00-
Magath GoJieeé HH3KOH 3sHeprueil, Toraa Kak B JeHCTBUTEJbHOCTH
Gosiee ycTOHUMBOH OKasbiBaeTCsl [PaHELleHTPHPOBaHHas KyOHuyeckas
CTpYKTypa (HampuMmep, 3TO HMeeT MecTO /I TBepIOTro aproHa, Xu-
MHYeCKH HWHEPTHOrO B ras3oBoif dase).
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I'n. 4. Knaccnueckme cuctembl N uvactuy

CsoGonHas sHeprusi F, onpenensiemas BbipaxkenueM (4.3), He
065i3aTesqbHO sABJseTCS JHUib PyHKNUed oTHolWenus V/N. Ecau npu-
HATb HepeaJIHCTHUYeCKHH MOTeHIHaJs, MojoOHBIH U300paxKeHHOMY Ha
¢ur. 4.1, To sHeprua cucreMmnl, rpy6o rosops, OyjleT OpoONOpUH-
oHanbHa CN?, rge C-—rnocrosiHdas, a N—uuciao wactul, o0pasy-
0WAX Tpynny (xkaacrep) o6beMoM u,. Takum obpasoM, MOKHO pac-
cMaTpHUBaTh [Ba NpPEJEJbHBIX BBIpaxKeHUs AAa Zy:

ZY = e=BN*CHN
ZP=VV,
Korza temneparypa MaJa, Bkjaj Z§ npu Goibimx N MomeT mpe-

B30HTH BKJajy Z§; B 3ToM cJjydae F nepecraeT OblTh (yHKIHeH
TosBKO V/N 1,

(4.11)

§ 2

Bropoit BupuanbHbii
ko3adbchuLmeHT

Jns "e CJOHIIKOM IIJIOTHOTO ra3da IKCIepHMeHTaJbHble NaHHble
OBLIYHO 3alUChiBalOTCs B JOpMe ypaBHEHUS COCTOSIHUA CJle[yIOHEero
BHJA:

PV B C
=1ty tEt. (4.12)

rie B HasbipaeTcs BTOPBIM BHpHAJbHBIM Ko3ddpuuuentom, a C—
TpeTbuM. B 3TOM naparpade Mbl HOJyYMM BblpaxkeHue 1as B,
npHHHUMAsl B KayecTBe IOTEeHLHa/na NapHbH NOTeHlHas B3aumonel-
cTBHA, BBejeHHBIH B § 1.

PaccmoTpum cucremy, cocrosimylo 3 (N --1) wactuu. B stom
cayuae sblpaxkeHue (4.10) mpunHuMaer BUA

Zyer={exp [—BEV(X—R)|exp [—p X V()| eXdR.
(4.13)

[lpu MHTerpMpOBaHUM IO TepeMeHHbIM X BCe BeJHUYHHBL R;
cypraloTcs GUKCHPOBaHHBIMH. EciH ras He C/JIMIIKOM MJIOTHBLA, TO

1) Jlns onpelesIeHHOro KJjacca YCTORYMBLIX IOTEHLUHAN0B CBOGOLHASE SHEPrHsl
ectb ¢yukuns V/N n TemnepaTypnl B TePMOJAMHAMHUECKOM Tpejeje, T. €. NpH
V— o, N— w, V/N=const. [Insg yCTOHUHBBIX [OTEHLHAJIOB 3TOT NpeResa Cy-
wecrsyer. HanpuMep, AAs CyLleCTBOBaHUS TEPMOJAMHAMHYECKOrO Mpefesa MOXKHO
norpeGoBath JOCTATOYHO OLICTPOro yOhiBaHus MOTEHLHana Ha GOJBLIMX PacCTosi-
HUSX M AOCTATOYHO CH/ILHOTG OTTalKUBaHHs Ha Majbix. [locniefinemy yc/oBHIO He
vioBaeTBopsieT moteruuaa ka ¢ur. 4.1. Tounble ycnoBus CYLIECTBOBAHHSA TePMO-
JMHAMHYECKOro npefeaa cM. B [12].— [Tpun. ped.
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§ 2. BTopoi BMpHanbHbIA KOIDDULUMEHT

obbeM, B Tpegenax Kotoporo norexunan V(X —R;) cylmecTBeHHO
OTJIHYEH OT HyJsl, MaJ, W MOXHO NPHOJHKEHHO 3anucaTh

Ty 2 VZy. (4.14)

M3 coorHouwenus (4.14) MO:KHO BBIBECTH YypaBHEHHE COCTOSHUS
uaeaabHoro rasa. UrtoGbl MoJyuuTh Gogee TOUHYIO OUEHKY A8 Ly, y,
sanuiuen BblpaxeHue (4.13) B BHIE

Sexp[—ﬁZV(X—R[)]exp[—ﬁ 3 V(r,-j)]d3Xd3NR

Z‘»’ — i . i 1o napam %
N+l Sexp [_5 2 V(fij)} A3V R
no napam
x {exp [ B %WV(&, | @R, (4.15)

OTHOUIQHHG, BXoadiee B 3TY (bopmy.ny B KauecTBe IIepBOro
MHOKNTeJA, NpeacrapadeTr co00H B3BellleHHOoe cpeaHee OT BEJIHYHHBL
1
{ exp [—[3 > V(X—R,-)}dJX
o napaM
OuemiM 9TO CcpelHee 3HavyeHue, npeHe6peraﬂ TpeX4yaCTHUYHBIMH

CTOJKHOBEHHAMH, a TaKXKe CTOJKHOBEHHSIMH OoJiee BBICOKOTO IO-
psiaka. Bymem cunTaTth, 4ro nmapa OJHM3KO PAacHOJOMKEHHBIX YacTHL,

. RL . * RJ .
. . . Rie® )
. . . . . .
. . ¢ . . o .
a 0
OUT. 4.2.

BecoBele MHGXKHTENH, HCIIONb3YyEMBIE OPH BBIBOAE YDABHEHHS COCTOSIHHA
HJleaJbHOro rasa.

B cayyae a@ BecoBOH MHOXUTeNb DaBeH eJUHNEe, B caydae 6 OH paBeH
exp [-BV (R;—Rp].

R; n X cuipHO ynanena oT JoGoi apyrodt vactuust R;. Takoe
NPEeANOJOKEeHHE PAaBHOCH/IBHO 3aMeHE BEeCOBOTO MHOXHTeJNs

exp [—B 2V )]

eqiHuueil (pur. 4.2). Korra vacruua X npubauxkaercd ¥ R;, Kak
Ha ¢ur. 4.2, 6, MBI UMeeM TpeX4YacCTHYHOE CTOJNKHOBEHHe MexAay X,
R; u R, ﬁyneM o3TOMYy npeHe6peraTb KOH(QUrypauueH, npeacras-
JIEHHOH Ha tur. 4.2, 6.
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In. 4. Knaccuyeckme cucrtemsl N uactuy

Ecau npenefpeub TpPeXYaCTHYHBIMH CTOJNKHOBEHHSIMH H CTOJIK-
HOBEHHAMH BBICIUHX [OPSAKOB, TO BMecTto (4.15) MOKHO 3amucarh
caeaytomiee 1puOMHKEHHOE BLIPaxKeHHe:

S exp [_ BV (X—Rl-)} dBX dNVR

Zyor & (o Zy, (4.162)
{ asx {S exp |— BV (X —R)] d3R}N
= . Zy. (4.166)

[TpousseneM Ternepb npeoGpasoBanue
Se-ﬁV(X-R)d:sR:V_S' [1—e-BV (X=R)] g3R (4.17)

1 0603HAaUUM BTOpOE cjlaraeMce yepes a:
@®
aES [l —e=BV ] 4nrtdr. (4.18)
0

Hcnoanays cootHomenne (4.17) nam (4.18), samuuieM ypaBHeHHe
(4.166) B BUIE
V(V—a)NZ

I (4.19)

ZN+1 =

Mbl mosyuusy peKyppeHTHOE ypaBHeHue A Zy. Y3 Hero caenyer
LeNoYKa ypaBHEHHH

N=-1
ZN:V<1'—%‘) ZN—i’
N-2
Zyy =V (1—%) Zymsn (4.20)
Z,=V.
ITepemnoxasi Bce ypaBHenus (4.20), umeem

a \(IN-1)+(N=2)+...4+1 a \N (N-1)/s
ZN.___VN(I,__V_) =VN<1_7) ..o

Ecau N ouenb BeJMKO, mocjelHee BBIDAXKEHHE MOXKHO 3aMEHHTBb
npuOIHKEHHBIM:
Zy = VNe=Nia/ev, (4.22)

dusnyeckuil CMBIC/I MOJYYEHHOTO 3SKCIIOHEHIHANLHOIO MHOXKHTENS
COCTOUT B TOM, 4YTO KaxKjas Ilapa YacTHL, BHOCUT B CTaTHCTHYe-
CKyI0 CyMMY dakTop BHAa e~ ‘@Y.
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§ 2. Bropoi sMpManbHeii KO3PULMEHT

O6bennnas ypasHenHa (4.22) u (4.7), HETPYAHO [OJNYYHUTh
ypaBHeHHE COCTOSAHHA

= e (4.23)
Py Vv o N3a :
77 = a7 (Vv —32), (4.24)
i PV N
a
1452 (4.25)

Conocrapnsisi ero ¢ ypaBHeHueM (4.12), mosyuaeMm BRIpaMeHue s
BTOPOTC BHPHAJbHOrO KO3bh(hHINeHTa

p="¢. (4.26)

9TOT pe3ynbTaT fABJseTCA TOYHEIM B TOM CMBICJE, YTO BC@ OTGpO-
lIeHHble CTOJIKHOBEHHA (TpeX- W MHOTOYAacTHYHBIE) RAOT BKJaj
JUllb B TpeTH# BHDHAMbHBIH KO3(Q(QHUIUHEHT U B YJeHHI Gosee Bhi-
cokoro mopsjxa B (4.12).

Vi QUr. 4.3.

50(!') Mpeanonaraemsbiii Bux
MoTeHIi(HaJa

MEKMOJIEKYJISIPHOTO

B3auMOAelCTBHA.

Hpumep. Pacemorpum mHoTeruuan, usobpaxeHnrldl na ¢ur. 4.3.
Torna Beipaxenne (4.18) MOXHO BBIYHCJHUTH:

b )
a= S (1——0)4m2a’r—l—s [1 —eBe ] dmr2dr, (4.27)
0 b

OpH BHICOKHX TeMIepaTypax ero MOXKHO allpOKCHUMHPOBATL Bhi-
paxkeHueM

4mbs 1 ¢
az—%——E—é—T-S(p(r) dnrédr, (4.28)
h
WJIH B COKpAauleHHOH (opme

a=v,— 2. (4.29)
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n. 4. Knaccuueckmne cuctemst N dacrmy

IloacraBasisi 310 BhIpaxkeHue B (4.24), umeeM

PV Nv, ND .
RT — -+ W VT ¢ (4.30)
HaCKOJIbKO XOpOLUO 3TO ypaBHe}me ONNUCHIBAET SKCHepI/IMeHTaIIbeIe
JaHHbie, MOXKHO BBLIACHHUTH, CpaBHHB ero ¢ ypaBHeHHEM BaH-,Iep~
Baanbca; HocJgaenHee XOpOLUO COI‘JIaCyeTCH C SKCHepHMeHTOM )51
UMeEeT BHJ

(P +“1/i§>(V——bw)=RT. (4.31)

Ypapuenne Bau-nep-Baanbca MoxHO npeicTaBuUTh B BHAE pas-
JIOMEHUA

PV by — aw/RT
=1+ el +oe I (4.32)

Toaarast NV,/2=0b,n ND/2=a,/R, bl TosNyuaem ypasHeHUe (4.30)
C TOYHOCTBIO JO BTOPOro BHpHa/JbHOTO Koadduuuenrta. Ecam cnpa-
BeIIuBO ypaBHeHue Ban-gep-Baaabca, TO BTOpol BHpHAaJbHBEIH
Koz(duedT JaeTcs BHIParkKeHHeM

B, -=b,— (4.33)

A
RT
OcofeHHoCcTh 3TOrO BHIPAX<€HHS COCTOUT B TOM, UYTO IOCKOJbKY
a, >0, Beauunna B, CTaHOBHTCH OTPHUATEJIbHOH IIPH HH3KHX

B QUl. 4.4,

/__\— DKcrnepHMeHTas/bHbIe
JaHHble 1%

0 T raszoofpasHoro reaus
23K : (3aBHCHMOCTB BTOpOTO
BHPHA/BLHOTO

Ko3dpHI1LHEeRTa OT

TeMIeparyphl).

TeMmepatypax. JKcrepuMeHTa bHblE JaHHBE AJA TeJaud NpHBereHbl
Ha ¢ur. 4.4. Hebosbluoe yOniBaHue B, I1pY BLICOKHX TeMmileparypax
He ciaexyeT M3 BripaxkeHHH (4.33) uau (4.30). Heo6xozumo noMuuth,
yro yparHeHue (4.30) OCHOBaHO Ha IPEUNONOXKEHHH O B3auMoaeil-
CTBHH THNA TBePJbIX LIADOB, KOTOPOMY COOTBETCTBYET IOTEHIIHaJ,
H300paxeHHBH Ha ¢ur. 4.3. B geficTBuTesbHOCTH noteHuuan V(r)
B TOYUHOM BbulpaxkeHuu (4.18) sABJAseTCA HE COBCEM KECTKUM TpH
r < b, Tax 4TO DU BBLICOKMX TeMNepaTypax, KOrja 4acTHLBl CH/IBHO
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§ 2. Bropoit BupHarbHbIM KOIDpHUUEHT

COVAapAIOTCH JAPYT C APYTOM, OHH MOTY1 cOJMKAaTbCA Ha PacCTOsi-
HHe, MeHbliee b. DTO NPUBOJHT K YMEeHBIUCHUIO PAajUyCa ,TBEPJOLO
fapa“, a cJefoBaTenbHO, H K yObIBaHuIO B.

Yuchaennole pedyiabTathl. Mcenoas3ys B Belpaxenuu (4.18) mno-
trenunal Craatepa

Vi(r)=e" —=2 (4.34)

uau noteHuuan Jlenuapna-JlxouHca

A’ B’

P

V(r)= , (4.35)
MBI MOYKEM BBIUHC/NTBL 4. 3aMeTHM, 4TO B BhIpaKeHHURX (4.34) u
(4.35Y 91en r~% ofyc/OBJeH BaHAePBAaJbCOBCKHM MPUTIKEHHEM.
B rtada. 4.1 npuBeneHbl UYHC/JAeHHBbIE pe3yJabTathl (B KaJ/MOJb) A5
razoofpa3Horo requd.

Tabnuua 4.1

T. K B::I:HCJ‘I BHaGJx gz.!iw;éxn

350 10,80 11,60 10,82

250 11,34 11,95 11,16

100 10,75 10,95

35 4,80 4,44

20 —6,95 —4.,00 —5,14

15 —20,0 —14,0 —15,1
* Ucnoansyerca noresgnan Castepa (em. [17]).
** CM. paboty [2].

B stom naparpade Mbl npeHeGperyii BJAHAHWEM KBaHTOBBIX OG-
MeHHEIX 3(eKTOB Ha BTODOH BUPUAJIbHBIH KO3(GMULUUEHT; 3T0 BJHA-
HUe HauyHHaeT CKa3blBAThCsl TOJABLKO NIPH TeMmmoepaTypax Huxke 1 K.
O6mue ceulIkn Ha paboThl, B KOTOPEIX 06CYKAAeTCs BTOPOH BHpPU-
anbHel KosdduimeHt, cM. B [3, 4].

3adauwa. dna cMecH IBYX rasoB, OTHOCHTeJbHBIE JOJIH KOTOPBIX
B CMecH paBubl X, U X,, npnueMm

X, X,=1,

NOKa3aTh, 4T0 BTOPOH BHpPHANbHBIN KO3QOhHUHEHT JaeTcs Bbipa-
KEHHEM
B=B,X{+2B,X X,+ B,, X}
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n. 4. Knaccn-eckme cucremst N dactiy

$ 3
pynnoeoe
pasnoxeHue Maitepa

B cooTBercTBMM C BblpaxeHueM (4.2) KaaccHueckas CTaTHCTH-
geckas CcyMMa JJis  B3auMojefcTByiomiero rasa us N gacrun

HMeeT BHJI
- 1 /mkpT\3N/2 )
e ﬁle_\[_I(W) Zy, (4.36)
Zy={ e~V (Re Ra - RN sR AR, ... dPR . (4.37)

Kak ymxe ykaseBajloch Bhille [cM. (4.12)], ypaBHeHHe cocTOsHHS
MOXKHO TPEJCTAaBHTh B BHJE BHPHAJbHOIO Pa3JOKEHH:A

PV B C
=ty tyrt...; (4.38)

specb B—BTopoll BHpHAJbHEIA Ko3dduuueHt, C—TpeTHHA H T. A.

C 1noMolibio 3TOro (opMaNbHOTO Pa3NoKeHHH B IPUHLHIE MOXKHO
MOJYUNTL Bce BUpHaJbHble KosbhduuueHTtsl. B cBoe Bpems cuHTa-
JOCh, YTO BUPHAJbHOE pAa3jOXKeHHE MOXKET ONUChIBATb TaKKe
TPOHHYIO TOUKY M KpHTHYeCKHe SBJAEHHS, OIHAKO 3TO HaexnAa
He onpapjanack. Ilo npuuWHAM, KOTOpbie Mbl OOCYIHM MO3LHEE,
u3naraeMast HHKe opmasjbHas NporpaMma OKasallach IPaKTHYECKH
HeOoCyLIeCTBUMOII,

B manpHeiiiiem ™Mbl GyaeM MoJYaJUBO IHpeAnoJaratb, 4yro [-ii
BUpHAaAbHBIA KO3(hUIHeHT onpejenseTcs B3aUMOACHCTBHAMHE B npe-
Jlenax [-4acTHYHOH Tpynnbl (KJactepa) 4YacTHIL.

Bynrem npeanoaarate, 4to V(R,, R,, ..., Ry) MOXHO 3anucatb
B Bige XV (r;); torna
Zy = S exp [—B XV (r;)] dVR. (4.39)
O6osnauum
Wa(Ry Ry ooy Ryy=exp [—B2V (il (4.40)
TOrga NpPH HAJAHYHH OLHOH YacTHIBI
W (R)=eP0=1; (4.41)

I8 ABYX, Tpex H 6ojiee YacTHIL HMeeM
W, (Ry, R,)=e-BV(rw),
Wi(Ru Ry Ry)=exp{—P[V(r,) +V (ry) +V(ri)]} nr n. (4.42)

O6osnaunm
W, (R) =U,(Ry); (4.43)
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§ 3. rpynnosoe paznoxeHue Mariepa

nycte  HMeetcs N Touek, XapakTepusyeMblX  (QYHKIHeH
Wa(R,, ..., Ry), u nyctb TourkHd 1, ..., M pacnosoxeHsl naneko
or Touek M+1, ..., N; Toraa

‘WN(RI’ "0y RN)% W}\I(R]y Y] RM) WN-}VI(RM‘*‘I’ ey RN)-

Hanpumep, ecin N =2 n Touka R, najeka OT TOYKH R,, TO
W, (R, R,)~U,(R,)U,(R,). Eciu Bce TOYKH pacno/oxeHsbl 6/1H3KO
APYT K APYry, 5To npub/nxeHHOe PAaBEHCTBO CJAEAYET CKODPEKTH-
poBaTk, goGaBHB B mpaByio uyacTb ujien U,(R,, R,), KOTOpH# cTa-
HOBHTCH GoJblIMM JHWEL TOrja, KOTAa TOukW Ry u R, Oau3kH
Apyr K Apyry.

Taxkum ob6pasom, W, (R,, R,) MOXKHO 3amucathk B BHIE

W'z (Rl’ R2)=U1 (Rl) Ul (R2)+U2(R1’ R2) (444)

Awvanoruuno W, (R,, R,, R;) MOXHO INpeICcTaBUTh CJAEAVIOLIHM
o6pasom:

Wa (Ry, Rz:Rs)zu(Rl)U (R U (R;) +
+ U, (R Ry)Uy(Ry) + U, (Ry Ry)Uy(Ry) +
+U (R R)U(R)I+Us(Ryy Ry Ry), (4.45)
rie U, (R;, R,, R;) — Bknax, o0OycJaOBJeHHEIA KOHOUIYpauuei,
B KOTOpOH Bce Tpu uacTHUB HaXoaAaTcs OJH3KO ApYr OT APyra,

T. e. o6pasyiorT K.actep; B nporuBHoM cayuae U, (R, R,, R;) =~ 0.
Boobuie

Wa(R,, Ry ooy RO=U(RY ... UR)+ ...+
+UpN(Ry, Ry ooy Ry). (4.46)

IMpuBeneHHYO BHIIe CHCTEMY YPaBHEHHI MOXKHO 3amucaTh B LpYyro#

¢opme. [lonaras U,(R;, R;)=f;, unmeem eV = 14 4, co-
raacHo (4.40),

Wy(Ry Ry oees RN)ntI;[,(l-H,-,). (4.47)
Hanpumep, npu N=3
W/3 (Rv Rz’ R3)= l +f12+ f13+fss+f1zf23+ f13f23+ fiz’i3+f12f23f1:a~

Kaskjoe OTHe/IbHOe cJjlaraeMoe B 3TOH CYMMe MOXHO MNpPEICTaBUTh
C TOMOLIBIO JAMATPaMMHI, cocrosmied w3 Touek u aununii. Tax, aas
N =3 MoxHO Hanmucathb

3 3 3

3
e, | fue ., fufis e N\ fxzfzsfxs*"A-
1 2 1 2 1 2 1 2
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fn. 4. Knaccuueckmne cuctemnt N vactuy

Ecan G —cumBoa auarpammsl, a W (G)— uuTerpasa no sceMy Koop-
JAHMIATHOMY HDOCTPAHCTBY ISl COOTBETCTBYyIOLlell 3TOH aHarpamme
$OVHKUBH, TO HMeeM
=W (G). (4.48)
G

31eck CyMMHpPOBaHHE HPOBONHTCSA MO BCEM BO3MOXKHBIM AHArpamiMam
¢ N rvouxkamu. [las HeCBS3HLIX AHArpaMM, HanpuMep AJa JAHa-
rpamMMbl BHJA

4
*——e
1 2

¢vuxkunua W (G) naetcsa mpou3BeJeHHEM COOTBETCTBYIOUIMX BeJHUHH
1149 KaxJIoil M3 HEeCcBA3aHHBIX ee uvactedl. Knacrepy uz N Touex
COOTBETCTBYET CYMMa BCEX BO3MOXKHBEIX JAHArpaMm, B KOTOPHIX 3TH
TOYKY COEAMHEHBl NUHHAMY, Harpumep:

3 3 3 3
UsRi, Ry Ry = N\ + /N + /. + A\
12 12 1 2

1 2

Beanunnbl Uy Takxke Moryt 6bITb BbIpaxeHnl yepes W, ..., W,.
Cornacuo (4.43), U, (R,) =W, (R,), a cornacuo (4.43) u (4. 44)

Uy(Ry Ry)=W,(Ry, Ry)—W (R) W (R,). (4.49)
Axanornuno u3 (4.45) u (4.49) caenyer
U3(R17 sz R3)3W3(R1, sz R3)_2W2(R1: Ra) W1(R3)+
+2W (R) W, (Ry) W5 (Ry), (4.50)
rue

sz(R17 R,) WI (Rs)EWz (R, Ry W, (Rs)+W2 (Rz Ry) Wl (Ry)+
+' u72 (Rv Ra) Wl (Rz)

B obiuem cayuae
URY=U,(Ryy ..., R)W,(R,, ..., R)—
— X W, (R R)W,_y(Rpy ..o R+
(=D U= W (RY) ... W (R, (4.51)

npuyeM Ko3(ppuunenT npu yaene ¢ k rpynnamu pasel (—1)t= (k—1)!
TaxnuM o6pa3oM, MBI MPHXOIMM K CJeAYIOLIEH Teopeme:
Teopewma. Bee U,(RY) moeym Goims Haildeno,, max kak 8 cuay

(4.51) onu swipascaromes wepes W,, a me 8 c6oi0 ouepeds onpedens-

tomea coomnowenuem (4.40). (4.52)
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§ 3. Mpynnosoe pasnoxeHue Maiiepa

ITpu sr060M KOHKpeTHOM pasbuenHn N gacTul GyjleT HMeThCs /m,
KJlacTepoB pasMmepoM [ (npu 3TOM, pasymeercsi, X lm,=N
I

Hanpumep, kak Jerko BHIETb W3 cooTHolieHus (4.45), raz us
TPeX YacTUIL MOXHO pa36UTh Ha CJAEAYIOUIHE KJacTephl:

a) 1 kjacrep M3 Tpex vacTHI: my=1, m,=m,=0;

6) 3 kaacrepa no ojpHoll wacrune: m, =23, m,=m,=0;

B) 1 kJaacrep M3 IBYX uactHi H | KJactep M3 OJHON yacTHlbi
(3170 pasbueHne MOXHO OCYILIECTBHTB TpeMs cnocofamu): m,=m,=1,
mgy = 0.

M3 npusemenHBIX paccy:kieHH# M coorHolenuil (4.45) u (4.46)
cjenyeT, 4To

Wxn(RY)=Swm) T] U:(RY), Sim, =N, (4.53)

rae Sgm, O3HAYAET CyMMHPOBaHKE IO BCEM BO3MOMNHBIM Pa3bueHusiM

uydcia N yacTHO Ha rpynnel (KJacTepsl).
O6venunnasn (4.37), (4.39) u (4.40), umeem

Xy=7={FNa"R. (4.54)
IlocTpouM Temepb BeJHYUHY

1
b, :V—”SU, (RYdR, ... dR,, (4.55)

KOTOpasi H3BeCTHA NOJN Ha3BaHUeM epynnosveo unmeepaira Matiepa.
M3 Boipaxeunuft (4.51), (4.53) u Teopemb (4.52) uMeeM

1
XN=mS<mz>HSUz(R’)dR1. CdR, = ; S(ml)H(Vllb)z

Ogzunako ecau, Hanpumep, N =05, To npouzsesenue U (R,, R,) X
XU(R;, R,)U(R;) maer ToT xe BKJajl, UYTO M [POH3BeLeHIle
U(R,y, Ry)U (R,, Ry) U(R,), cooTBeTcTBYIOIEE APYIOMY pasbueHHio
YacTHI C TeM K€ HabopoM Yucel #i;, T. €, KaXJAOMY H3 BO3MOMKHBIX
HaboPOB 717, COOTBETCTBYET HECKOJBKO UJEHOB, AIOUIUX OAUHAKOBBIH
BKkJaaJ. YUToObl OnpenesnTh YHCJAO TAKHX YJIEHOB, CJEAVET V4eCTh,
yto Aaa N KoopAuHAT BO3MOXHO N! 11€pecTaHOBOK, NUPHYEM Kark-
Lasl Takas NepecTaHOBKa COOTBETCTBYET OlpeleseHHOMY CJIaraeMoMy
B S(m,) ¢ AaHHBIM HaGopoM m,. OXHaKO MBI YUHTBIBaeM KaK/blit
unen GoJee oxHoro pasa. Ham He cjeayeT YUHTHIBATH pasiHuyHbie
IepecTanoBKH KOOpAHHAT B apryMente jaHHoll ¢yukuuum U [ua-
npumep, U(R,, R)=U(R,, R,)]. Ham me crenyer Taxxe pac-
CMaTpHBaTb KaK OTJAeJbHOE cJaraeMoe pe3yJbTaT [epecTaHOoBKH
pasiuunbix mMuoxuteneft U wmexny cobolt [nampumep, U (R,, R,) X

XU(Rs R)URy)=U(Rs RYU(Ry, R)U (R;)]. Takum o6pa-
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In, 4. Knaccuueckme cuctembr N vactuy

30M, 115 JaHHoro Habopa rm, HMeeTcs JIHLIb N!/H(Z!)mlml! pas-
!
JHUHBIX CJaraeMblX, TaK YTO MOXHO 3alHCaThb

z 1 (vitp)™ Vo)™
Xy="Ne Vo) Ny = o)

rie CYMMHPOBAaHNE IO {m;} IIPOU3BOIUTCS MO BCEM BO3MOMHBIM Ha-
Gopam m,, npudem X lm;=N.

BaxHO 3aMeTHTh, 4TO B cjyuae OOJBLIOrO OGbEMa TPYMHIOBBIE
uHTerpaJdbl b, He saBucsaT or obveMa. B srom MoxkHO yGemuTnes
caenyiomuM o6pasom. Benuuunn U, (RY) obpamatoress B HyJb, eciu
yacTHUE He obpasyior KJaactep. PUKCUPYsA dR, u usMeusia dR,, ...
..., dR; Mbl mOJyuyaeM HEKOTOpOe YHCJO, COBEPHIEHHO He 3aBUCH-
uee or o6beMa, Tak Kak Beauunna U, (RY) oTJMUHA OT HYJSA TOJBKO
Torja, Korja TOYKH R,, ..., R; Jnexar BOausu R,. ITostomy un-
rerpal 1o dR, JaeT BEJHYHHY, INPONOPUHOHAMBHYIO 0GbeMy V, n
B CHJY OMNpeJefeHuss TPYINNOBOro uHTerpada b, (rme o6beM CTOUT
B 3HaMeHaTese) BeJHUHHA b, OKa3bBaeTCs He 3aBUCAMEN oT oObemal,

Teneph nHaM HEOOXOAMUMO BBIUMCJIHTL BEJHUHHY X,, onpeje.se-
Myt BripaxkenneM (4.56). PaccMmaTpuBas pesyJbTaT aHaJdOrHYHOTO
CYMMUPOBaHH#, NPOBOJHUBIIETr0oCs paHee B CBA3H ¢ KBAHTOBOH cra-
THCTHKOH MHOrOYaCTHYHBIX CHCTEM, 3aMedaeM, 4TO X, BBIYHCAACTCS

6e3 TpyJa, ecln MOXKHO CHATBH orpaHuuenue X,m,l= N. Hcnoansys
< )

TOT K€ METOH, YTO U paHee, ONPeAEHM BEJHUHHBI

—BF,, 1 m 3N/2
e TN = VA
Nt <2nﬁ2[3> N

e—ﬁg—_—§3_ﬁ(FN—”N)=ZOLNXN, (4.57)
N

Oanako BBIMOJIHEHHE CYMMHPOBaHMs CHayajla IO BCEM m, C ycJo-
Buem M Im;=N, a 3ateMm 1o BceM N, OueBHJHO, 3KBHBAJEHTHO
CVMMIpPOBAHHUIO NO BceM m, 6e3 orpaHuveHufi, T. e.

m, Ilm
P ) § IO S N VR TN S
e |24 = ]-11 ———m—l!—-— f—
m

my! ms! et T
my, My, ... 1 2

= exp [VZoclbl] ,
[
g=— karvzljalb,. (4.58)

© Crporoe 10K23aTeJbCTBO CYIECTBOBAHHS Ipeiena Ajs CPYINNOBOLO HHTEr-
paaa npa V— o0 cM. B [9,13,14]. — [Hpun. ped.
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§ 3. Ipynnosoe paznomenue Maiiepa

Cootnowenne (4.58) nasbiBaercsi epynnosuim pasaoxceruesr Maiepa.
Corsacuo (1.51),

N>=— Bk TVY la“lgg—bl =V latb,,
) [ !

TAK 4YTO BBIpaxKEHUE
!

onpeje/sier BeJHUYHHY o TpH u3BecTHOH miaoTHocTH. CorjacHo
(1.53), n1sa naBJCHUST uMeeM

__ 9| _
P= _W " ——kBTZ OClbl,
{

OTKYJa [oJqydaeM ypaBHeHHe COCTOAHMA Y

Zblal
PV PV 7
RSN (4.60)
RT 1 B Zlblal
i

[pu MasablX MJIOTHOCTSX, KaK BHAHO M3 Bhipaxenus (4.59),
BeJpuuHa o maja; torga altl<«Zalf, Tak 4yTo B pasioxenHHd (4.60)
caejyeT COXPaHUTh TOJNbKO HECKOJBbKO MepBhIX YJeHOB. [IpH Mabx
[ He cocTaBJfeT Tpyjaa BhuucauTh b,. O6pamas Bepaxenue (4.59),
noJyuaeM o B BHJE PasjokeHus no crenensam 1/V; sanucoiBas, nagee,

PV B C
rr=ltytat-..
HMeeM
b N
3:_;?1\/:75'[1_e-ss<m)]dR2, (4.61)

C __ﬂ’zfﬁﬁs _ 432_573_2 SS (2— =BV (rie) =BV (rea) —g=BV (rea) 1
by
_l_e-ﬁ[v (r12)+V(r23)+V('1a)|)dR2dR3. (462)

IIpu BLICOKMX TIUIOTHOCTSIX TpynmoBoe pasjoxenue Mailepa nepe-
cTaeT GBITh MOJE3HBIM. [lesq0 B TOM, 4TO NMPH OueHb 0OJIbLIOH MJ0T-
HOCTH (3KHAKOCTb) Han0o/jee BaXKHBIM B pasioKeHHH CTAHOBUTCA
N-ii umen. TousHee roBopsi, TOUYTH BCE YACTHIB OKasblBATCA
BKJIOUEHHBIMH B OueHb OOJBIIOH KJacTep, TaK UTO B KHAKOCTH
BCe YacTHUB 00pa3yioT mo cyliectBy N-dacTHUHBIA KJacTep.

D Vpasuenus (4.60) u (4.59) onpelensoT ypaBHeHHe COCTOSHHS HeSBHBIM
o6pasom. [lns TMOAYYeHHS SBHOTO DPas3/IONKEHHS M0 CTENEHSM [JIOTHOCTH HYXHO
HCKJMIOYHTb NapaMeTp @. D10 MOXKHO cjedaTe B obweM Buae (cM. [10] wau
[11], npunoxenue 1).— Ilpun. ped.
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n. 4. Knaccuueckmne cuctemnl N uvactuy

I'a3 teepabix ctep. Teneps noctaBuM BONPOC O TOM, Y€MY paBHA
CTaTHCTHUECKasl CyMMa rasa TBepJbIX L1apOB, TOUHEE rasa, 4acTHilbl
KOTOPOrO fABJASIOTCA MajbIMH HeNPOHUIAEMBIMH cdepaMu, JefcTBy-
IOIIMMH APYr Ha ApPYyra JMllb NPH CONPHKOCHOBeHHH. K coxka.le-
HHIO, OTBETA Ha 3TOT BOMPOC [0 CHX INOP HE CYIIECTBYET, MO3TOMY
nocTaBuM ero HHaue. Mmeem

Zy =\ avR,

ri¢ INpH HHTETPHPOBAHHU CJEIyeT YUecTh, YTO HUKAKMe IBe 4ac-
THUBI He MOAXOAAT APYr K ApYry O/uike, ueM Ha paccTodHue 2a
(a—paauyc cheprl). B TO Ke Bpems

VN — g dVR,

rIe Ha HHTErpUPOBAHHME He HaJjaraeTcss HHKAKHMX Orpauideduil.
OTHOWeHHe 53THX JABYX MHTErpaloB GakTHYECKH Ompeje’ser

BepPOATHOCTL TOro, 4Yro M3 N uyacTHU, ,BOYIWEHHBIX® B 00bem V,

HUKaKHe JBe He MOJOHAYT Ipyr K apyry Gauxe, ueM Ha 2a.

$ 4
PapuansHas thyHkums
pacnpegeneHus

PaceMorpuM cucremy u3 N uacTHI, MeX1y KOTOPHIMH CYILECT-
ByeT mapHoe B3auMogelictue. CraTHcTHYECKAsi cyMMa Zy HMEeT BHIL

Zy={exp | =B XV ()| ¢R. (+.63)
ij

[TnoTHOCTE BEPOSITHOCTH HAaXOXKAEHHS €acTHubl | B Touke R,
yacTUIL 2 B Touke R, u 1. 1. paBua

%\/EXP [—- BV (Rly vy RN)]

(MaOXHTedb 1/Z, obecrieunBaeT HYXKHVIO HOPMHPOBKY).

BeposiTHOCTb TOro, 4YTO JaHHas 4yacTHUA (HanpuMep, yacTuua 1)
HaxoxuTcs B Touke Ry, a ocTajbHBIE YaCTHLBI PACIOJIONKEHBI HPO-
U3BOJIbHO, JaeTcA BBIpaxKeHHeM

Z—lvgexp [— BV (R, ..., Ry)] d&*R@R, ...dR,.

[Tockoabky Bcero umeercss N 4acTHI, IJIOTHOCTb BEPOSATHOCTH
HaXO0XKIeHHUs OZHOU M3 HHX B TOuke R paBua

m(R) =7 {exp [— BV (R, Ry, ..., RYI &R, ... d'Ry=
=%Se><p [——ﬁ > V(r,-j)] @R, ... d°R,; (4.64)

o napam

130



§ 4. PaguansHas yHKuMs pacnpegeneHus

BeJHUMHA 71, €CTb OJAHOYACTHUHAS IVIOTHOCTh, WJIH O00HOYACMUHHAR
pyurkyus pacnpedeserus.

JByxyactuunas QyHKUUs pacupeneneHus n,(R,, R,) onpeze-
JasieTcsi caeqyloluM o6pasoM:

\ N — .
na Ry, Ry === (exp [—(3 3 V(,U)] @R, ... Ry,

Mo mapam

(4.65)

Beauuuna 7, eCTb NJOTHOCTb BEPOSITHOCTH OGHAPYXKHTbL OIHY
yactuUy B Touke R,, a mpyryino—B R,. [Daa XuIKOCTH HJaIn Trasa
1, (R, R,) siBsisieTcst QyHKIMEH pacCTOSIHUS MeXAY ABYMSA 4aCTHLAMMU:

g (Rp Rz) = 112(1’12).

O6wkii XapakTep NOBefeHHsi BeJUUHHBL 1, (r) Mokasan Ha ¢ur. 4.5.
TlpH 7 — co Beau4HHA 7, (r) CTPEMHUTCA K ni, Tie 7, — OJHOYACTHY-

Tig(r)

OUl. 4.5.
IOsyxyacTuunas GyHRKUMS paclpeneneHus.

nas GVHKIUA pacrnpejeseHus; 5To o0yC/JIOBJIEHO TeM, YTO OPH yBe-
JMUYEHHK PacCTOsHWA CYIeCTBOBAHHE ONHOIO aToMa He BJHseT Ha
pacrnoJIc:KeHue APYroro aroma.

PannadabHas QYHKIHSA paclpeneseHus r,(r) BXOIUT B BbIpae-
HHe, onicbiBaoulee AX(PAKIHMIO PEHTTEHOBCKUX JyueH HJH HeHTpo-
nos (¢ur. 4.6). PeHTreHoBckoe H3/ayudeHHe Majaer BJOJb OCH Z H
pacceliaeTcsl aTOMAaMH; pacCesHHOe u3Jaydenue HalI0LaeTCs
B Touke P, maxogsmielics rae-To0 Ha 00JBIIOM pPaccTOAHUH OT
KHAKOCTH. AMmiuryaa usiydyenus, Habmonaemas B Touke P, paBha
CyMME AMIIHTYH, pacCesiHHBIX Kax/IbIM A4TOMOM M HMEWUIHX BHA

R
a (9) -

3nech R— paccTosiHMe OT pacceuBaioulero atoma, a(0) ykasbiBaer
BO3MO/KHYIO VIVIOBYIO 3aBHCHMOCTb paccesHHs, KoTopas [Js HalHX
llesefi HecymlecTBeHHa. YuHThBas ¢asy mnajgawmed Boaubl €K7,
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Tn. 4. Knaccuyeckme cucrembl N yactuy,

3anuuieM i aMIIMTYy bl

. th thZ
__a(6)§:< e />. (4.66)

OUT. 4.6.

Jubparuus peHTreHOBCKHX JyyYel.

Zz — HalpaBJIeHHE NaJAOUHX Jyueil

¢ BONHOBHIM BeKTOpOM K. . P — Touxa
Habuaogennst; C — NPOUSBOJMBHLIA LEHTP
paccesHUs B XKHIKOCTH (MOMKHO MPHHATE,
uro z=0 B TOuKe C); ip——ennﬂuqﬂbxﬁ

BEKTOP B HalpaBJEHUH pPaccesiHHON
BOJIHBl C BOJIHOBBIM BEKTOPOM K —klp

Ins touky nabmopeHuss P uMeeM NPUGIHKEHHO
Rip=Rcp—R;ip,
TaK 4YTO MOXKHO 3alllcaTh
ijanan'Rj’ kiPZKpaCy
u BbIpaxkernue (4.66) nmpunHumaer BuA
th cr

=da (9) “Rep 2 e [KpaC'R/e[Knan'R/,
i

HJH
J SR p .
TAe
o . .
G:%exp [L(Knan'Rj_Kpac'R/‘)]:Zexp(lq'R/’)
7
n
qEKnau_KpaC’
Jnl WHTEHCHBHOCTH [ pacCesHHBIX DEHTTEHOBCKHX Jyuell HMeeM
[=|ApP=12O01, 62, (4.68)
REp

Haa BblUMCIeHHs HHTEHCHBHOCTH HeoGXO0AHMMO HaHTH cpepnee 3Ha-
ueHHe BennunHE |G|?, KOTOpasi ompejedsieTcsi BbIpaKeHHeM
N .
1G|2= 3 TR
L I=1
Jlns xuIkocTH, TmpeHebperas uneHamMy i=j B JBOHHOH Ccymwme,

noayuyaem
exp [—ﬁ Y VRy
)

015 =0 o e = sm, a0
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§ 5. TepmognHamuueckne DyHKUMM

NNOCKOJILKY BeJHYHHaA B KBdleaTHbIX CKOOKax ecTb BEepPOATHOCTb

KoHdurypauun Ry, R,, ..., Ry. Hcnoassys (4.65), sanuniewm
615 = (e =R 1, (R, R)d"R, &R, (4.70)
Ecau n,(R,, R,) 3aBucur toasko or |R,—R,|, T0 umeem
<G| >———VS e Xn, (X)) dJX——ﬁ/ rng, (r)singrdr, (4.71)
rae V—obbeM xuAKOCTH B ¢=|q].
$ 5
TepmoguHamumueckue
doyHKLMUM

B knaccuueckoM ciyuae, 3Has f, (r), MOXHO HaliTH BCe TepMo-
JUHaMHueckue (QyHKLHH.
BHyTpeHHA 3HEpPTHA ONpepe/siercss BbIpa)KeHHEM

3 1 aZy

——Q—RT—ZTVO—B,

rie Zy-——cTatucTuuyeckas cymma [eM. (4.2)]. Torna
10Zy (Vg exp [ BV (riy)] JVR —
Zy o .5 N

UL [Z_Nﬁ VD] g

N (N—1 exp [—B YV (i) 4
- —)jv(flz) [2§ e,

(4.72)

Hcnons3ys Bupaxkenne (4.65), nosyuaem pajee
1 0Zp
7 o= =7 [V () n () R, R,
W11

U=3 RT+ [ Vryn, (r) 4 ar. (4.73)

ITOT peayJbpTaT MOXKHO ObLIO NpeABUAeTh. [lepBbil usneH B mpa-
BOH yacTH BbIpakeHusi (4.73) mpexacraB/isier COGOH KHHETHYECK VIO
SHEePTHIO, BTOPOH uJieH —IOTeHLHANBHYIO 3HEpTHIo (0H 00yc/oB/IeH
HajquuueM IapHoro norennuana V(r), a MHoxurean !/, obecreun-
BaeT OJHOKPATHBIA yueT KamA0H mnaphl).

HaBaense onpenesisieTrcss ypaBHEHHEM

PV =RT— [ R-VV (R)n, (R)dR, (4.742)
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In. 4. Knaccuueckne cucremer N Hactuy

HJIHu
PV = RT —— S V' (1), (r) daer® dr . (4.746)

At# GOpMYJabl NMPHUTOAHBEL A/ KJIACCHYCKOTO CJaydasd, OJHAKO OHH
HepUMEHUMBI A KUAKOTO reqdus. ¥ paBHeuue (4.740) BhBOAUTCA
caenytowum obpasom. CorsachHo ypasHenuio (2.121),

3PV =2 <Epud>—( 2 riV' (r;)) - (4.75)
i<
Kak u B Beipaxenuu (4.73), <E,..> = (*/,) RT. Bropoil unen B (4.75)

MOXKHO 3alucaTh CJAeIYIOLUM 00pasoM:

2, r; V (r4)) I_V__@/;l) rV! (ry)>=
{ = :

P f
_M_'Z_l_)S 12V’ (rp) €™ BAV (rea)+V (rg) + .. Jd3 (R —R,) =

:TE”HV, rlz) 712(1’12) 3(R1'—R2),

OTKYJZa HEeNoCpeiCTBEHHO cJjejlyeT ypaBHeHue (4.746). Y paBHeHue
(4.74a) npencraBasieT co00fl He 4TO HHOE, KaK oueBUAHOE 060Gie-
HUe ypasHeHHs (4.746) Ha caydall MOTEHUHAJOB, He OOJaJAOIIHX
cepuueckoli cummerpreit. ITpoussenesue R- VvV (R) B nogeinTerpadis.-
HOM BbIpa)KeHHH ypaBHeHHs (4.74a) Ha3bIBaeTCA BUPUAAOM.

PaccMorpum cayuafl, korja uLeHTpasdbHAas CHJA SBJSETCA OJHO-
poanofi QyHKuHed mopsiaka (n-1), T. e.

Viry=—crn,

TAK 4TO
V' (r) = ner® = nV (r).

Hcnoassys 310 cBoiicTBo B ypaBHenusix (4.73), (4.746), waxoiuu
3
3PV 4nU =(3+5n)RT. (4.76)
[locaennee cOOTHOILEGHHE HA3BIBACTCS MEOPeMOl supuaid,

3adawa. Ilokasatb, 4TO NMPH MaJbIX NJOTHOCTHX
Ny, (ry=1—e-Vn,

Vcnonbsys a10T pesynbTar B ypasHeHuu (4.74), noJyuuTh BUpH-
ajbHble KO3(pUUHEHTH B BHPHA/JILHOM Pas/ioKeHHH.
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§ 6. YpasHenue bopra—[puHa

$ 6
YpasHenne bopHa — [ puHa
ONs N,

B § 5 6nsi0 ykasaHo, 4TO NMPH 3aAaHHOH QYHKUHHU n, (r) MOXKHO
onpejeauTh BCe TepMopMHaMMueckue Qynkuun. B § 1 Mbl nokasadaw,
KakuMm o0pasoM B INpPHHILHIIE MOMXKHO HalTH e~PF ecanm usBecten
NapHbil NOTeHLHAA B3aHMOJCHCTBHSI MEKAY YacTHIaMH; 3Haa F,
TakKzKe MOKHO ONPEJEHTh Bee TepMoanHamnueckue gynknun. OpHako
Ias Tero, uToGel omnpenenutb e~BF | MBI JOJMKHBI NIPOUHTETPUPOBATH
npumepHo no 10% nepemenHmM. Takas 3ajaua He 1o cujaM jaxe
DBM, mosToMy COBEDIUEHHO SCHO, YTO HEOOXOIMMO HCIIOAB30BAThH
Kaxofi-1160 NpuOAuxKeHHbH crnocod BhiUHCAeHHA. OAHHM H3 Takux
crocofoB ABJseTCS NMpUMeHeHUe TPYNIOBOro pasJjoxkeHus Maflepa.
2roT crnoco6 jJaerT BIOJHE Y/JOBJETBOPHUTEAbHBIE DE3yJabTaThl 5
rasa. B cayyae KHAKOCTH Mbl paccMarpuBaeM BMecTO F BEJHUHHY
n,(r), Aaa pacuera KOTOpof HeoOXONHMO BBIIOJHHTb Ha LIECTb
UHTErpUPOBaHHU MeHblIe (HAIOMHUM eIlie pa3, 4To Las F HX Tpebyerca
okoJsio 10%3), CregosatenbHO, Mbl JO/DKHB HaliTH KakoH-To JApyrofl
nyTh. OauH U3 BO3MOXKHBIX NOZXOJAOB K BBIUHCJIEHHIO HAlUHX 4YIO-
BUINHBIX HHTErPaJoB COCTONT B pelleHHH ypasHeHHsA bopna—IpuHa.

JpyxuacTuunyio ¢yHKLHIO pacnpenedenns n,{(R;, R,), onpene-
JeHHYI0 BhIpa)keHueMm (4.65), MoxHO mNpeoOpasoBaTh CJAEAYIOUIHM
o6pasom:

ny Ry, R =20 (exp [—p X, V(R)| @R, ... #Ry=

no napam
N(N—
"‘*‘——(ZN l)fexp —B X V(R)—B X, V(Ry) |dR, ... d°Ry.
o iz

Juddepernunpys 370 ypaBHEHHE, NOJyYaeM

Vs Ry, Ry =— PG =0 ([o,v (R, +

+ E‘l V.V (Ry;)] exp {— B Zp 14 (R,.,.)] d°R; ... d°Ry. (4.77)
[ 2

Onpegeaum Tenepb (QyHKIHIO
NI g
n Ry, Ry R)=gr=gzy [exp [P X V(R dR,.. Ry
no napam
(4.78)
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n. 4. Knaccuueckue cuctemsr N uvactuy

Toria ypasHeHue (4.77) MOKHO 3alucath B BHJE
Viny (Ry, Ry)=—PV,V(Ry,)n, (Ry, R))—
—p S ViV (R 13 (Ry, Ry, Ry)dRy; (4.79)

nocJejiHee YpaBHeHHe npeacrasJser cob6ol ypasuenue bopna — I'puna
(cm. [5, 6]V

BaxkHoe CBOHMCTBO 3TOr0 ypaBHEHHUSA COCTOUT B TOM, 4YTO B HErO
Hapsany ¢ @yuxkuueii n, (R,, R,) Bxogur raxxe ¢pyuxuns ng (Ry, Ry, Ry).
Ec/au nofAty jgajblile M 3amucaTb ypaBHEHHE JJs f,, TO NS 3TOrO
HaM [OHAJO6UTCA (YHKUHSA 71, Y paBHEHHe IJf f1; COIAECPNKHT 1
u 1. A. Taxum ob6pasoM, Mbl MOJyyaeM Hepapxuio (WU UEIMOYKY)
ypaBHeHHH.

Vepapxuyeckne LENOYKH YPABHEHMH TaKoro THIIA BO3HHKAIOT
Takke U B JPYTHX 00JacTaAX (QU3HKH-—HanpHUMep B TeOPHH ME30H-
HOTO NOJsi, OAHAKO JO CHX NOp ellle He paspafoTaHo oOLIEro H
TOYHOT'O Crocofa pelleHHsi TaKHX Lenoyex. EcaAuM chesarb HEKOTO-
poe NpeAnoJIoKERNe, HalpUMep O BUJE #,, U 000pBaTh HEPapXHIO
ypaBHEHHH B 3TOM MeECTe, TO MOXKHO IIOJYYHTB XOPOIUYIO OLEHKY
IJs1 N, ORHAKO IMOKa He J0Ka3aHo, YTO TOYHOCTh AanipOKCHMAaIHH
(OVHKIMH 7, He BJAHseT Ha BuJ QYHKUUH A,

OcTpoyMHbIl cnocob 3aMBIKAHHS IENOUKH Npeaoxua KHPKBYA.
Korpa touka Ry Haxomutcs paneko or R, u R,, mMoxHo HanucaTb

ng (Rp sz R3)"—’n2 (Rp Rz) .

OcHOBHIBasiCh Ha Takoro poja cooGpaxeHusix, KupkByn [7] mnpex-
JIOXKHJ Chellyiomee npubauxeHne:

(Rv Rz’ Rs) Zn?(er R,) 15 (Ry, R3) 15 (R, Ry) , (4.80)

ng

KOTOpOe TMOJYYHJIO HasBaHue npubauscenus Kupkeyoa, win cynep-
nosuyuonkoeo npubauncenus. TloacraBiass npubauxesHe (4.80) B
ypaBHeHHe (4.79), MBI MOMKeM DEUIHTb €ro OTHOCHTE/bHO A,.

§ 7
OpHomepHbl ras

Haim rnonbiTKH BBIYHCAUTL HHTErpalfbl, ONpPeneJsoliHe TepMo-
IMHAMHYECKHE CBOHCTBA MKUAKOCTeH H ras3oB, HE YyBEHYaJHChb [OJ-
HbM ycnexoM. [lpubamxenune KupKBYAa, BO3MOXKHO, M ABJseTCA
HellJIoXMM caMo Mo cefe, HO HEH3BECTHO, B KakOM HallpaBJeHHH
€ro MOXHO 0GOGLIMTH; HEH3BECTHO Takxke, MO3BOJIHT JH NOJ00HOE
oboblieHne yAYYIIHTE pe3yabTaT. HaMm Xoresnoch 6bl HMeTb METOA,

1Y 310 ypasHeHHe oOBIYHO HA3HIBAIOT YpPaBHeHHEM Boromoﬁosa——BopHa——
[puna— Kupksyna— Heona; cM. [8]. — [Tpun. ped.
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§ 7. OaHomepHbIH ras

KOTOpLIH paBaj Obl Tem 6ojee TOuHbIE pe3yJbTaThl, yeM GoJblile
Tpyla BJOXKEHO B HUX NoayueHue. K coxangeHuio, B Hacrosinee
BpeMsl Takoli MeToj] OTCYTCTByeT .

31ech Mbl CTaJKHBAeMCsi €O CJAMIIKOM TPYyAHOH npoGJIeMOH
Moxno, onnaxo, nmonpo6oBaTh MOJYUMThL MPEACTABJEHHE O HeH,
noxoGpaB paspewlnMylo 3ajady, B KOTOPOH NPHCYTCTBYIOT Xapak-
TepHble YepThl 3ajaud, He NoJjaollelcs perleHHIo.

0 T, T, Iy @, Ty L
=7 d s
QUT. 4.7.

I'as, yacTuumn KOTOPOro MOryT IABHrarhbCs JIMIIE B OJHOM
U3MEpEeHHuH.

PaccmoTpum, HanpuMep, ras, COCTOSIIHA M3 YacCTHL, KOTOphIe
MOT'YT JBHTaThCA JiMWbL N0 NpAMOH JuHuH (¢ur. 4.7). Byrem yuu-
TBHIBATh celyac TOJILKO B3auMOZeHCTBHe Gamxxalmnx cocegeit. Cra-

THCTUYECKAA CyMMa HUMeEET BHJ

Zy(L)=
— S e~BLV u=x)+V Ga=x)+ Ty dx,. .. dxy, (4.81)

0 <x, <x2<..4<.)cN<L

npudeM aiaumHa L ¢ukcupoBaHa.

B KauecTBe HauaJbHOro pelleHUs HAlled 3a0auH XOpOLIO GBIJIO
6bi NOJY4YHTh PEeKypPpPEHTHOE COOTHOLUEHHE, BhIpaxawuee Zy,, dyepes
Zy. TlockoabKy MBI He MOXKEeM clesaTe Jaxke 3TOro, MoguduiHpyem

g ¥ 1'] \TN L

[
- * 1

OHTI'. 4.8.
Jlo6aBounbili aroM, (PUKCHPOBAHHBIH B TOUKe 4.

3ajjauy TakUM 06pa3oM, 4TOObl MAKPOCKOMHUECKHe CBOACTBA CHCTEMB
He M3MEeHHJIUCh, HO PeKypPpPeHTHOe COOTHOIIeHHE YIAJd0Ch Obl HadTH.
[TomecTHM ONUH JOMOJHUTENBHBIH aTOM JeBee TOYKH X, B (HKCHpPO-
Bannolt Touke y (dur. 4.8). O603HAYUM CTATHCTUYECKYIO CYMMY
nonyyenHo# cucreMbl uepes Py (y, L):

= e=BV=xa+Vixi-x)+ddy dx, ... dxy, (4.82)
y<a <x, < o< L

1 Q pasnMUHBIX NONBITKAX BHIITH 3a Npejesbi CyNepRO3KIMOHHOrO MpHOAN-
*enust Kupkeyia cM. B crathe Pambpyka B krure [12]. [Ipennokens pasmuunble
NpuGAMKenna, HanpuMep, rumepuennoe, Ilepkyca—Iesdka u upyrne 6ogee
CoBepiuenHble, YeM cynepnosuluonHoe.— [1pun. ped.
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I'n. 4. Knaccuueckue cuctemsl N vactuu

(y— dukcnposansas BeauyuHa). Paccmorpum Tenepb caydad, u3o-
6pakenupli ma ¢ur. 4.9; B coorBeTcTBHH C (4.82) MbI MOXKeM
Hanucarb
Py (z, Ly = S e~BlVe-p+Vw-sa+.Idydx, ... dxy,
2y <x < ... <L
(4.83)

npuyeM Tenepb 2z SABJIAETCH (UKCHPOBAHHOH BEJHYHHOH, a y H3Me-
usercs. M3 (4.83) umeem

PN+1(27 L) — S e-ﬂV (Z—y)dy S e-ﬁ[V (Y=x)+V (kg =x5) +...] D
z2<y y<x<...<L
X dey ...odey= {  Py(y, Lye-®e-0dy.  (4.84)
z<y<L

Hcnoabsys Py(y, L), MBI MOXKeM MNOCTPOHThL OOJBIUYIO CTaTHCTH-
4eCKYIO CYyMMY

- 1 m N/2
e=Be =S oBuNg=BFN N ppun (——-—) Zy,
; %‘ NEA 2afizp N

npuyeM B HaweM cayyae Zy/N!l=Py(y, L) (Muoxnrean 1/N! noss-
JAeTCs u3-3a TOTO, YTO B HHTerpane aas Py MBl OrpaHUYUIH
0 z ¥ % Z; Ty L

'
! ]

GUT'. 4.9.
HoGaBoursiil aTtoM, (GUKCHPOBAHHBEIN B TOUKE 2.

06JacTh H3MEHEHHS KOOpAMHAT sHagenusaMu y < x; < ... <L, T.e.
ViK€ HE CYMTaeM, YTO Kax/asl 4acTHIAa MOKET HaXONMThCs B JoCoi
Touke orpeska [0, L]. Muoxurenn (m/2mh*B)N/2 MOMKHO BKJIOUHTE
B eBuN | COOTRETCTBEHHO mnepeonpenenuB Beauunuy p. Toraa umeem

e-BgzgeﬁuNPN (y, L). (4.85a)

Kak n B § 1, ecau cucreMa impeacrasiafeT coOOH COBOKYIIHOCTH
HECKOJIbKHX HE3aBHCHMBIX HOJCHCTEM C OJAMHAKOBBIM 3HaueHHEM U,
TO BeJMUYMHA g ABJSAETCS ANAAHTHBHOH, T,e. paBHAa CyMMe BeJUYMH
g; Ls KaxpoH nogcucteMmel. B rii. 1, § 6, Oblio 1aHo onpenenenue
F=g-+uN, rae N —cpegHee yucao 4acruy B cucreMe. (OQueBHAHO,
4TO B CJAy4ae HECKOJbKHX HE32BHCHMBIX MOJCHCTeM BejuunHa F,
TaK e Kak u g, obaajgaer CBOUCTBOM aIIUTHBHOCTH.

Ec/ii YMCA0 YACTHI[ JOCTATOUHO BEJNHKO, TO MOXHO paccMartpu-
BaTh NPAMYI0 JMHWIO Kak Hafop OTPes3Kos, OUYeHb cj1alo B3auMO-
OeHCTBYIOMIMX APYr C APYroM. B sTom ciaydae, Kax HETDYJAHO BH-
JeTb, oTHOowWeHue F/V spisiercs QyHKUHEH TOJBKO TJAOTHOCTH (MpH
IaHHOK Temmepatype), T.e. F MoxHO 3anucate B Buae F=V[(V/N).
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§ 7. OpHomepHslit ras

Herpyano nokasatb, yTo Takas gopM 3anucu Ajs F paBHOCH/bHA

ypaBHeHHI0 g =— pV. JledicrBATeIbHO, coryiacHo M. 1, § 7, uMeeM
_OF __oF
R=3% v P= =37y

oTKyla, nojab3ysack Beipaxennem F=Vf(V/N), naxozum

OF oF
g+ pV=F—uN-+pV=F—N 5| —V 5| =

- e (B (R () =e- ()=,

YuureiBag, 410 ,00beM* cucTeMbl paBeH L-——y, MBI MOXKEM 3anucath
cooTHouieHHe (4.85a) B BuAE

Pk (L—y)-_—_geﬁuA’PN(y, L). (4.856)
YmMuoxas (4.84) Ha eN+DuB g cymmupysa no N, moayuaem
eP(L=-2)B — ouB §3P (L= ) Be=BV (z=1) gy, (4.86a)
L
OTKYyJa e=Br = Se‘l’ (y=2) Be=BV (=4 dy, (4.866)
WU e—Bu =°§ e—phre=BV (0 dx (4.86B)

0
(MBI ycTpeMHJH BepxHMH mnpejes K OCKOHEUHOCTH, IMOCKOJbKY
3HaueHHe WHTerpasa Majlo 3aBHCHT OT BepXHero npejena). Bripa-
xkeHue (4.86B) mpencrabisieT coOo HCKOMBIH pe3yabTaT, H3 KOTO-
pOro MOMXKHO Telepb HallTH BCe TepPMOLHHAMUYECKHe BeJUYUHLL.
Hanpumep, umeem
g _pm, PV _ 00, Op
N>= au o _Vau_l‘du'
Coornomenne (4.868) MOXKHO 3anucaTe B BHJE
w
pr-1n § e-rbre=V 0 dx =F [, B, p(u, B)] =0.
0
Torpa us ycaosus 9f/0p=0 ciaenyer, 4ro
w
o= PBx =BV (1)
O _ _ 9how _
au df/ap

0
@®»
S xe— PBr ~BV (%)
o
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In. 4. Knaccuueckue cuctemsl N sactuy

3a0a4a. Ilonyuuth BBIpa)KeHHe IS XHMHUYECKOro IOTeHuHana
AJS cayuasi, KOTAA Y4YHTBHIBAIOTCSl B3aHMOJEHCTBUS MeX1y OJu-
JKaHuMH B BTOPBIME cocensiMu. (Y Kasauue. [lomecTuTs j1Ba
atoMa BOJHM3M JEBOTO KOHLA OTpe3Ka M BBIBECTH PEKYDPPEHTHOE
COOTHOLIEHHE, H3 HEro MOJYUYHTh MHTErpasbHoe ypaBHeHHE.)

Mgl yGepuauch B TOM, UTO 3a7ada O YacTHLAX, PACIONOKEHHBIX
Ha TpaAMO JMHHUH, HMeeT pelleHHe, €C/IH TOTeHUuaa JeACTBYer
Mexky HeCKOJAbKUMH OuikafiuuMu cocefamu. OAHAKO Kak ObITh
B TOM cJly4ae, KOTAa BCE aTOMbI CHCTEMBl B3aHMOJAEHCTBYIOT APYT
¢ apyrom? Ilpu HeKOTOpLIX crelHaJbHBLIX QopMax MOoTeHUHaJa B3a-
HMOJIefiCTBHS 3ajaya BCe ellle HMeeT pellueHHe; B YaCTHOCTH, B § 8
GygeT paccMOTpeH NMOTeHUIHaa Buma e~!*l.

$ 8
OpHomepHebli ras
C MOTEHLUASIOM
Buga e~ '™

Paccmotpum 3amauy o0 OAHOMEPHOM rase, BCe 4YacTHIBI KOTO-
poro B3aUMOAEHCTBYIOT MNOCPEACTBOM IMOTeHLHANa OTTa/lKHBaHHUA
Buga V(x)=e-'¥|. Ecau MexJy 4YacTHLIAMH HMEETCs TOJILKO [pH-
TsKeHHe ¥ OTCYTCTBYeT OTTaJKHBaHHE, TO HauHOOJee MpeanoYTH-
TeJbHOH Kompurypauneil 6yaer Ta, NPH KOTOPOH YaCTHUBL ,CHASAT
Apyr Ha apyre. [oTeHuHalbHas 3HEPTHS MPOIOPUHOHAIBLHA YHCAY
nap N (N—1)/2; ueM GoJblue HMeeTCs ap, TeM HHxkKe MOXKeT cTaTh
3HaueHHe TOTEHLMA/ a, ¥ B KOHEYHOM HTOre BCe YaCTHUbl KOJIan-
cupyior B TouKy. Takoff pesynbTaT HeJb3sl Ha3BaTb OCOGEHHO
COAepIKaTeabHbIM, NO3TOMY PAacCMOTPHUM CHJBI OTTaJKHBAHHS.

IlycTb N wacTHI pacrnpefefeHbl Ha OTpeske JIHHOH L, xak
noKasaHo Ha ¢ur. 4.7; BEIYUCJAHM BENHYHHY

L L
- I N/2
e BFN—_:_-[W< mn ) S‘...Sexp(——ﬁZe"":’"‘H)dxl...dez
b 0

onfitP i<i

:( n >N/2 S exp | —B ze‘xi'xi’] dx,...dxy=

0<%, < . <xp <L i<i

m N/2 ‘ —_ —=X ar
= exp { —P [e"t(e Yol L e N+
( > 0<x,§...<L ]
+ ¥ e‘*f‘*r’]}dx, L odxy. (4.87)
i>iz= 2
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§ 8. OaHomepHsid ras

Kak u paHee, momuduuupyem sagaiy, NOMecTHB [00aBOYHBIA
aToM JeBee X, B QUKCHPOBAHHOH TOuKe y, H 0603HaAYUM o =¢¥ (MOo3k-
Hee Mbl mogoxuM y=0). CraTucTudeckKas CcyMMa TaKOH CHCTEMBI
HMEeT BH]

In@ D= | exp { —p [a (e=*Femt ... e M)+

0<y<x,<...<L

(X;~x)
e ’]}dxl dey (4.89)
TOT A4

Iyi (o, LYy= S exp {—ﬁ [a(e‘xo—}—e‘x'—l—... +

O<y<x, <xy<..<L

— Xy (x-—x) .
+e 1‘)+1>t2>03 i /]}dx‘, vos diy=

= S exp (—Poe=*)exp {—[5 [(a+e'*o)x

0<y<xy <0< L

I>i>

X4 ... e )4 X ,e(x"'x’)] }dxo oo diy=

L
= {exp (—Bae=m) Iy (@+en, L—y)dx,. (4.89)

Kax u B § 7, MBI MOXEM BHIOHM3MEHHTb 3ajdyy, He Hapyuwas ee
Mak pocKonuueckux cBolicTs. HIMeHHO, npHMeM, 4TO YHCIO N MOXKeT
H3MEHAThCHA, BBEJNEM XHMHYECKHH IOT€HUHAA U ONPENEJIHM BEJH-

UHHY g8
e =2 Iy (@, L) e,

[Mockoabky Iy (e, L)—craTucTHdecKass cyMMa JJIi CHCTEMEI, B KO-
Topo#l opHa 4acTHIA (HKCHPOBaHA B TOUKE y = Ino, mIMHA CHCTEMBI
pasna L—Ina, npuuem g= — P (L—Ina).

VMHOKUM cooTHolleHHe (4.89) na eW+DUE, npocyMMupyeM 110
N, nonoxum y=0 u 3ameHuM L OeckoHeyHLIM 3HauyenueM. Ilocne
IPOCTLIX BLIYHC/EHHH IOJYUHM

®©
e—ub :-—Sexp {—PB[e~* -+ Pln (1 +e*)]} dx,. (4.90)

0
Otciona MOXHO HafiTH BCE TepMOAMHAMUYECKHE CBOKCTBA, NMpUueM
C GOMBIIUM OCHOBAHHEM MOXHO [pPEANOJOXHTb, 4TO aToOM, (HKCH-
poBaHHBIH B HauaJje KOOpAUHAT, He MeHseT 3THX cBodcTts. [locmor-
PHM, OJHAKO, KaKHe pe3yJbTaThl MOKHO MOAYUHThb, HE UKCHPYS
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n. 4. Knaccuueckmne cucTemsl N uactuy

aToM B Hauaje Koopauxar. Cuja, JeficTBylomlas Ha NEPBHIA artoM,
pacnonoxeHHbll B X,, OOyCJOBJeHA BJHAHHEM BCEX OCTa/bHBIX
ATOMOB Tasa, a BJHAHHE JDYrHX ,IIOCTOPOHHHX“ ATOMOB MOXET
ObITh OMUCAHO C [IOMOLLbLIO NOTEHINAJ]a, COAepIKallero OIHH JOMoJ-
nuTeqabHE mapamerp. TaknMm o0pasoM, MepBRI aTOM JBHIKETCH B

noTeHuHane cer—1, rue c:Ze""l'. Bwmectro TOro 4TOGBl BBOIUTH

12
B KauecTBe JONOJHHTEJNBHOTO IapaMerpa KOOpPAHHATY OJHOro H3
aTOMOB, 3ajajyM BeJHYHHY ¢, KOTODad OMNpeJesseT MOoTeHlIUuasl,
aefictByronuit Ha dYacTHLy B TOYKe X,. BreuMcauM Tenepb KOHQH-
rypauHoHusi uaterpan Gy, L (¢):

e
i<y

Gy, L= S exp [——ﬁ D e"("i'xl')j] dx, ... dxy,

B KOTODOM Ha Tpeje/isl HHTETPHPOBAHHS HAIOMKEHO YCJIOBlE
e ti=c,
i

npugeM 0 < ¥, <...<xy<L. D10 orpaHuyeHHe MOXKHO YHYeCThb
MaTeMaTHuyecKH, BBOAA §-QyHKIHIO:

Gy, L ()= S exp [——[5 Z.e'("f"‘i)] e

0<x <. .<xy<L i<

xﬁ(c—Ze""f>d,xl ol dxy. (4.91)
3ameruM, uto Gy, 1 (c)=0 mpu ¢ <0, a

e—BFN:<2£2 >N/2 SGN L (e) de.

Js monyueHus peKYPPEHTHOTO COOTHOMIEHHA (UKCHpYEM X, IIpH
BLUTOJHEHHH HHTErpUpPOBAHHUA NO APYrUM nepemerHbM. CooTHoIle-
nue (4.91) MoXKHO TOrga samnucaTbh B BHAEG

Gy, 1(c)={ exp [—ﬁ e —p Eie_(xj—xi)] <

<<y
X § (C_e—xl——;'e—xl)dxl e d.’CN, (4923)

rae
YV

ﬂw

i 7
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§ 8. OgHomepHbIH ras

Beuiy sanuuus S-Gymxuuu cymmy >, e”*i B noKasaTene mommIHTer-
3

PadAbHOro BHIPAMXKEHHSA MOXKHO 3aMEHHTb BEAMUHHON c—e=*t, Yrobw
HOSICHHTDL 3TO paccyKjeHHe, NpPOU3BeAeM 3aMeHy X;=x;—x,. Torza

L

L
G‘V, L (¢) :S dxl S 6 ( C—e‘xl—e—xxz' e—x:->><

0 Xy

xexp[—p 3 ¢—p Z et dx L dry (4.920)

Kaxk nssectro, 6(ax)=(1/a) & (x), nostomy umeem

8 (c-—e-xr—e"‘x > e"‘?) =end (et —1— 2 e"‘}) .

i i

Torpa Boipaxkenne (4.926) MOXKHO 3amucaTh CJAEYIOMHM 06pa3oM:

L L—=x4
Gy, 1(©)= [ dresexp[—Bleen—1)] { & [cen—1—3e7) x
0 I L i
X exp [—13 > e-(x}-é)} dx, ... dijy=
i<j
L
= {dvenexp[—pleen—1)] Gro, Lo en—1)  (4.93)

4]

BooGue rosops, BolpaxkeHHe (4.93) comep)kHT pelleHHe 3amayH,
OIHAKO ero O4YeHb TPYJHO IOJYYUTBE B SBHOM Buue. Has naabHeil-
IIerc ONpeNeJuM BeJHUHHBl (418 N uacTui)

2aNGy, L) =ePlg (),  a=e (4.94)

B napaenue P.
OGvenunaa suipaxkenus (4.93) u (4.94), naxoxum

glo)=a S dxe*exp [—B (ce¥x—1)] e~ BP* g (ce¥—1), (4.95)
0

Tle npous3BejCHA 3aMeHa X—X;, W BepXHHH npegen L ycTpemusex
K Oeckoneunocty. Haiias coGcTBeHHBle 3HAYEHHS 3TOTO HHTErPasb-
HOTO ypaBHEHHf, Mbl YCT@HOBHM CBA3b MexAy o H P [cama peau-
YuHa g(c) He mnpencTtaBaser uHTepeca]. ['paHuunce ycjoBue aas
g(c) umeer Bup g(c)=0 npu ¢ < O; ypaBHeHune (4.95) MOKHO npex-
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I'n. 4. Knaccuueckue cuctembl N uacTtuy

CTaBUTb B au(depeHilnalbLHON Popme, CledaB NMOACTAHOBKY
h(C)*e‘ﬂ‘g( )

gloy=a S dxese=BPxp (cex— 1),

g’ (c)==a \ dxe**e=BPxh' (ce*—1) =

% dxeve-BPx —[h (cex—1)].

Oy g P 8 @

I/IHTeI‘pHpOBaHI/Ie 10 4acCTaM J4aeT
*x

g ()= % h{ce*—1) e* e=BPx

—H’h (ce¥—1) (1 —PP) ex=PPx dx —
0

g —2ne—1)=2F=Dg() Ze-pe-ngc—1).

(4.96)

oc({iP—l)

Ha nepsuifl B3raan ypaBHenue (4.96) asasieTcs AugpdepeHHalbHbIM,
0JHAKO B JIeHCTBHTEJBHOCTH 3TO HE TaK: B HEro BXOAAT KaK g(c),
1ak u g{(c—1). Urobsl npuBecTH €ro x APYromy BHIY, CHeNaeM
10/ICTaHOBKH:

g(c)=e=P2f(c),
g' (c) = —PoeB2f (c) +e=P2 [ (c).
Torna ypassenue (4.96) npuHHMaeT BHI
cf’ (¢)—Be*f (c)—a (BP—1) [ (¢) = —aeb?[ (c—1).

Hcnoabsys npeobpasoBauue Jlanjgaca

o

¢ (g) = emacf (c) de

0
MOKHO TOJYYUTL ypaBHeHHe 418 ¢ (g). Mmenno

Se‘q”cf' (c) de = —a‘%ge‘“f’ (c) de = ~§5[qcp @]
0 0

(emrecierde =Tz 0.
0
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§ 9. Kparkoe obcymaeHne KoHAEHcauuu
Orciona uMeeM

10w @] +8 % ¢ )+ (BP—1) v (g) = ae¥?e~1¢ (g);

NpPOH3BOAS 3aMeHY
— p—q2%/4
¢ (q)=e~ /"B (q),
HCKJIIOUHM YJIeH, COJEepPKAlHA MepBYIO [POH3BOJIHYIO

” 2 - 1
— By (9) = [—zqg—aeﬁ/“’e "+oc(BP—l)»i-ﬂ Y. (4.97)
Hcnonesys eme oano npeobpasopanue Pypre
¢ (0) = { etoef (¢ de

H NpOH3BOAsA 3aME€HY
Y (0) = e ¢ (0),
[iosiyyaeM OKOHYaTeJbHOE€ YypaBHEHHE

BY' (@) = 5 +oehe +aP—1) 45| b, (1.98)

Ina »3Toro ypaBHeHHs HaM HeW3BeCTHbl TOYHbIe 'PaHM4YHblE YCI0-
Busi. MoxkeT, 01HaKo, 0Ka3aTbCsl, YTO JOCTATOYHO OrPAHHYHUTHCH
Tpe6OBaHHEM KOHEUHOCTH GYHKUMH P (¢) uau ¢ (®) Bo Bcell obaac-
TH. Tenepsr B INpUHUHIE Mbl MOXEM HOJYYHUTb (PYHKUHOHAJIBHYHKY
CBsI3b MexAYy o U P.

§ 9

KpaTtkoe obcyxgpeHune
KOHAEeHCaLumm

B oaHOMEpHOM Tase ¢ OTTAJKHMBaTeJbHLIMH CHJAMH (MOAOGHHIM
PACcCMOTPEHHOMY BBINIE) KOHAeHcauus orcyTrcTyeT. [lostomy cie-
AyeT pacCcMOTpeTh cayyall, Korja MexKAy UYacTHIAMH CYILeCTBYET
Kax OTTaJKHBaHHe, TaK M [PUTAXKeHHe (HaNpHMep, NOTEHIIMA
uMeeT BHJ, H3oOpamxeHHbll Ha ¢ur 4.10)Y. Ilpu T =0 Bce atoMn
pacrioaraiorcsi oueHb OJH3KO IPYTr K APYLY B [OJOXKEHHSAX, COOT-
BETCTBYIONMX 3HAUEHWIO NOTeHUHaxda V.

1 Teopus ojHOMepHOro Trasa AJs B3auMojeficTBHSI C TBepAOH CepAUEeBHHOH i
SKCHOHEHUHAbHLIM TIPUTACHBAIOIIMM TOTeHLHajJoM naHa Kauem, ¥ienbexoM u
Xemmepom (cm. npunoxenue 111 B xuure [15]). Tlpu crpemsenun pajinyca B3anmo-
l]I]eﬁCTBHﬂ K 6eCKOHEYHOCTH B CHCTEME OKA3BIBACTCS BO3MOMKHBEIM (Da3OBHIA NEPeXof.—

pum. ped.
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n. 4. Knaccuyeckmue cuctembt N uactuy

[Tpu DOBBILIEHHH TeMOepaTypbl NPOHCXOAHT HENPEPBIBHBIA Hepexon
0T ,TBEPAOTO Teda* K CHUCTeMe, COCTOSILMHA M3 IPYNN C Pa3Jd4HbIM
YHCJOM AaTOMOB. DHeprus, HeoOXoAumas JJas pasjeneHus OjHOH
TpylInbl aTOMOB Ha JBe, paBHa, rpybo roBops, 3HepruH, HEO6X0AUMOI
Q51 TOTo, YToOBl VAAJHTH ONHH aTOM OT APYroro Ha GeCKOHEeYHO
$0.blI0e pACCTOAHUE, MBI O0O3HAYUM 3TY 3HEPruio &. BeposTHOCTh
OCYILLECTBJIEHHS TAKOTO pasleJeHHA Ha TPYNNEl paBHA e ®*BT 'y
NpU MOBHILEHAH TeMuepaTypbl OHO HadHHAET [POMCXOAHTH (0.ee
UJH MeHee OJHOPOJHO BO BCEX YaCTAX CHCTEMBL.

% OHI. 4.10.

[Motennuan npu HaaHyuu
NMPUTAXKEHHS H
VMlli{ OTTAJKHBaHHA.

B TpexMepHOM c¢Jydae MorJa Obl ofpasoBaThbesl rpyiiia H3 N
aToMOB. OHeprusa, HeobXojumas [1d ee pacllelnJieHHs, paBHa
¢ =N’ A, rie BeanunHa A HMeeT MOPSJIOK SHEPTHH CBSI3H OJHOTO
atoMa B rpynne. TakuMm o6pasoM, BEPOATHOCTh pacleIIEHHR Beel
rpynibl paBua exp (— N*+ A/kgT). Uem Goablie N, teM Gojee BHICO-
xada Temneparypa 7T tpefyercs AJs TOTo, 4TOObl BEPOSITHOCTHE pac-
naja 0o bLIOH TPYIIbl aTOMOB HMe/Ja KOHEUHVIO BeJHYHHY. Takum
o6pas3oM, B OJHOMEDHOM CJy4Yae AJisl DasjfeleHusi TPYIIL aTOMOB
Tpefyerca KOHedHas 3HEPrus, CYUIECTBYeT KOHEUHOe YHCJO TpPYMII
1 Joad aTOMOB (4HCJO KOTODHIX OeCKOHEYHO) B KOHJEHCHPOBRAHHOM
COCTOAHUH (T.e. B TPyININe MaKCHMaJbHOrO pasMepa) paBHa HY.JIO.
B TpexMepHOM cAyuyae M3-32 HaJAUUUS BEPOSTHOCTHOTO MHOKHTEs
exp (— N*: A/kgT) KOHedHas 10Jis TIOJHOTO YUC/Aa aTOMOB ra3a Mo-
€T HAXOAMTLCH B KOHICHCHPOBAHHOM COCTOSIHHH NPH KOHEYHOH
TeMmneparype.

JI1s TBepiablX Tes pasiHyHe MekKAY CJAYYasMH OJNHOTO U Tpex
u3MepeHu#l apasercs Goaee TOHKUM. [lycTb B OZHOMEpPHOM ciydae
1Py TOBLIIEHUH TeMmIepaTyphl CPeIHEKBaJPaTHYHOE OTKJOHeHHe
I0JI0JKeHHsl OJHOTO aToMa MO OTHOLUEHHIO K COCEAsIM C 06EHX CTO-
pon pasHo 6. Torza B oaHomepHO# cHcTeMe u3 N aTOMOB cpejHe-
KBajJpaTHYHOE OTKJOHEHUE MOJOXKEeHHS IEPBOTO M IOCJEIHEero arto-
MOB OT HJAeaJbHOH NepHOANYeCKOH KoHQHUTypauuu pasHo NG62.
3T0 OTKJ/IOHEHHE B HEKOTOPOM CMBIC/IE ,,paCIPOCTPAHSAETCA” 10 CHUCTe-
Me, H NIPH TNOBHILEHHH TeMIepaTyphl TBEpJ0e TeI0 MOHOTOHHO paciliu-
psietcsi. [Ipu 3TOM MMeeTcsi BCETro JHIIb OJAMH MYTh, MO KOTOPOMY
MOXKET [epelaBaTbCsl BJUSHHE B3aUMOAEHCTBUA. B TpexmepHOM
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Nurepartypa

cJiyuyae COOTBeTCTBylollee BJAHSHUE IOJI02KEHHS OJHOro H3 aTOMOB

Ha

[10JI0KEHHEe KaKoro-1u6o yVAaJeHHOro OT HEro artoMa OKasbl-

BaeTcs 3HauHTeAbHOo OoJjee CHUJbHBIM, YeM B OJHOMEDHOM. Heno B

TOM,

YTO CYULECTBYeT MHOTO IyTell pacnpocTpaHeHHA B3aHyorelicT-

BHR MeXKAY ABYMS aTOMaMH, TaK 4TO A5 IJIaBJ1eHHA TBepIoro te-
Ja temneparypa T no/kHa OBITb JOCTATOYHO BRICOKOH (Tellsosas
9HEPrusl JAO/J:KHa& MNpeBHIIAaTh 3TH ,MHOTOIYTEBbIE" CHJEI).

[o2R&)]

¥

9.
10.%

4
1.

JIMTEPATYPA
Kirkwood J. G., Phys. Rev., 37, 832 (1931).

. Kirkwood J. G., Phys. Zs., 33, 39 (1932).

de Boer J., Rep. Progr. Phys., 2, 305 (1948—1949).

. Mayer J. E., Mayer G. M., Statistical Mechanics, New York, 1940,

(Mmeercs nepeson: Joe. Maiiep, M. Fennepm-Maitep, CraTuctTuueckas vexa-
nuka, WJI, 1952.)

. Born M., Green H. S., Proc. Roy. Soc., Al88, 10 (1946).
. Yvon J., Actualities Scientifique et Industrielles, Ne203, Paris, 1935.

Kirkwood J. G., Boggs E. M., Journ. Chem. Phys., 10, 394 (1942).
boeoawbos H. H., TlpoGaempl IWHaMHueCKO#l TEODHH B CTATHCTHYECKOH (M-
3m{e,ggM.—.H., 1946; MaGpannvie Tpyaer B Tpex Tomax, T. 2, Kues, 1970,
cTp.

Xyowe K., CratHcTnyecKass Mexanuka, usi-so ,Mup“, 1966.

Xuan T., Crarucruueckas mexanuxa, UJI, 1960, § 25.

Hcuxapa A., Cratucruueckas ¢usuka, usg-so ,Mup“, 1973, crp. 437.

* @Opsuxa npocThix xkuikocrell, u. I. Cratucruueckast Teopus nog pex. I'. Tem-

nepan, [x. Poyauscona, Mk, Pawdpyka, usi-so ,Mup”, 1971

* Piosas ., Craructuueckas mexaiuka. CTporue pes3yJsbTaThl, H31-BO ..Mup*,

1971, § 32, 3.4.

Uhlenbek G., Ford G. W., Studies in Statistical Mecanics, vol. 1, Amster-
dam, 1962, p. 123.

Voaendex Muc., ©opd [Owc., JleKluu No CTATHCTHUYECKOH MeXaHHMKe, H31-BO
Mups, 1965,

* Kay M., BeposTHOCTE M CMexkHble BONpochl B Qu3HKe, n3l-so ,Mup~, 1965,



S

Teopusa nepexopos
nopsaok—o6ecnopsanok

§ 1

BeegeHue

PaccmoTpum Tenepb HOBbIH KJjacc 3aJad CTaTHCTHYECKOH Mexa-
HUKH, B KOTOPHIX H3Y4alOTCA HE ABHKEHUS aTOMOB, a HX TOJIOKEHHH
B pelleTke. TouHee, MBI PaCCMOTPHUM CIIJIaBbl, COCTOSILIHE H3 aTOMOB
IBYyX TumoB. Hanpumep, B kyOuuecKoll pelerke, H300pakeHHOH
Ha ¢ur. 5.1, cymwecTByeT HeKOTOpas MpEUMYIeCTBEHHAas] KOH(UTY-
panuA B OTHOLEHHH 3AMOJIHEHHs Y3JIOB pelleTKH aToOMaMH THIOB A

d "
O
-0

c atomamMu THna A u B.

# B. OrpaHuuyuMmcs c/ayvyaeM HyJeBOH TemnepaTypbl. PaxkTHueckH
B pelleTKe BO3MOXKHEBI JBa THUMA YNOPAJOYEHHS, OIHH M3 KOTOPBIX
noxasan Ha dur. 5.1; ¢ ¢usnueckol TOUKM 3pPEHHA HX MOXKHO
06®bACHATL caenyomuM ob6pasoMm. IlycTe V4, —mnoTenuuan BaauMmo-
IeHCTBHSL MEXKIYy aTOMaMH pasJHYHBIX THIOB, a Vg,, Vgp—coot-
BETCTBEHHO MEXJAy aTOMaMH, NpHHAaJIeKallUMH K OJHOMY H TOMY
xe tHny. Ecau V> (V 4, +V4p)/2, To atoMel THRA A npepnoun-
TAIOT HaXOAHThCA BOJIH3H cebe MOJOOHBIX; TO e OTHOCHTCA K aToMaM
Tina B. Teepioe Teso NPOABJAET TEHASHIIHIO K pacnagy Ha 49acTb, CO-
CTOALLYIO TOJILKO M3 aTOMOB THNA A, H 4acTb, COCTOAILYIO TOJBKO H3
aTomoB tHna B. Ecan V5 < (V44 +Vpp)/2, To aToMbl A 4 B cTpemsites
YepeloBaThCs APYr € APYTOM B KpucTamianyeckoi pewerke. [Ipy narpe-
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§ 1. Beepenne

BaHHH TBEDPJAOTO TeJjia aTOMbl THNA A W B NOCTENeHHO HAUMHAIOT Me-
HATBCSH MECTaMH CJy4adHbIM 06pa3oM J0 TeX 0P, [T0Ka MPH KPUTHYEC-
Koil Temnepartype Kiopn nopsjok B pacroJIOXKEHHUHU He ,paciaaBuTca”;
0pH  ZajbHeHINeM TMOBLILEHHH TeMIepaTypbl HACTYMAET MOJIHBIH
Oecnopsiiok. IlpeacraBssier HHTepec BHIUHC/JAEHHE CTAaTHCTHYECKOH
CYMMBI TAKOH CHCTEMBI:

e~ BF — > exp (———

no BCEM
woudurypayusam
aTOMOB

IBVU)-

no ceasam £, |
Beenem o6osHaueHus:

g;=-+1 ana atoma A,
g;=~—1 1a4 atoma B;

N,, Np—uucaa aromMoB Tuna A u B cooTBeTcTBeHHO. Takum
06pasoM,

8,-8]:+1 ans napel AA,
g;e;=+1 nas napsl BB,
e;=—1 gaa naper AB.
OrpaHHYHBaACh TOJBKO B3aUMOAeHCTBHAMH OIMKAHIINX cocelell mpu

(HKCHPOBAHHOM MOJHOM 4HCJ/Ie aToMOB N 4+ Njp, 3anuileM 3HEPTHIO
B3aUMOJEHCTBHA B Buje

Vl'/': a8i8f+ b <8i+8i> + C.

2
Torpa
Vis=a+b+e,
Vgg=a—0b+vc,
Vag=—a++c
u

9= La4-Van ; VBB——VAB,

Tak 4TO 3KCIMOHEHTA B BBEIpAXKEHUU I CTATHCTHYUECKOH CYMMEI UMeeT

BH
exp (—— Baz 8,-8/-> exp (— Bb Z 8[j8j> exp (— po);
Lj &

nocJaegHUE MHOXHTENbL e—P¢ gBJsSeTCST NOCTOSIHHBIM M HEe BXOIUT
B AaJbHeHIlIHe BLIYHCJACHHA.

B cymme 1o BceM CBA3GM 2(8,--}—8/-)/2 KaxXKJbli aTOM JaeT BKJaj
HECKOJIbKO pa3, MPHUYEM 3TO YHCJO PABHO YHCY CBA3eH, KOTOpLIe
ofpasyeT JaHHBIH aToM (MHaye TrOBOPA, HHCAY ero Oauxaiunx
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fn. 5. Teopus nepexoaos nopsafok — 6Gecnopsaok

cocezeil). Hanpumep, B cayyae jABYMepHOHl KBaAPaTHOH peLIeTKH
y KaxJIOrc aroMa HMeeTcs duerblpe O/HxKaHIIMX coceia, Tak 4To

g;i+¢
> 1= 9 (N, —Np).

o RceMm 2
CBA3AM

Boo6we rosops, ecan uucsaa atoMoB N 4 u Ny GHKCHPOBAHBI, MOXKHO
OIYCTHUTL CJiaraemoe 2(8i+8].),/’2, TAaK KaK OHO HE 3aBHCHUT OT pac-
NOJOKEHHs aTOMOB. 3ajaya BbIUMC/JAEHHS CTAaTHCTHUYECKOH CYMMBbI
CBOJAHTCSA TOrJa K HaXOXACHHUIO BEJHUHHBI

.exp (— ﬁa;je,»ej) = Dlexp <— H 2 s,-sj) :

1o BCEM
CBsi3AM

OaHako NpUH CYMMHUPOBAHHMHM KAKHX-JAUO0 BEeJIHUYMH MO BCEM BO3MOXK-
HBIM PACIOJOKEHUAM aTOMOB orpanndeHue N,—Ngz=const moxer
BHI3BATh 3aTpyAHeHHs. UTOOBI ocalHTh 3TO OrpaHHueHMe, BBEIEM,
Kak OOGBIYHO, ,XHMHuUecKH# mnorenuuan”. HHBIMH cJoBaMi, MBI
H3MEHAEeM 3ajauy, 103BoJadAs pasHocTH N ,—Njpz MEHATbCA, OJHAKO
OKOHYATeJbHLI pes3y/abTaT NPU 3TOM OCTaeTcs NpexHHM. BBeaeHue
XIIMHUECKOTO IOTeHIHasa Npu u3MeHsomelcs pasHocTH N,,—Np
MPUBOAMT K TOMY, UYTO HEKOTOpOe 3HaueHHe OTHOWeEHHs N /N,
CTaHOBHUTCS Haubojee BeposSTHbIM. B TakKoM cJjydae Mbl YxKe He
MOKeM MpeHeOpeub BKJaAOM CYMMEI

> igﬁz PO

110 BCEM no aToMaMm
CBA3AM

1 Halla 3ajaya CBOJAHTCA K BbBIUHCJICHNIO BEJHUYHHBI

lexp <—H > ee;—J > ai>,
Nno CBsA3AM no aroMam

rje, CYMMUPYs 110 BCeM DAacCHOJOXKEHHAM, Mbl I0-NPEXKHEMY CUHTaeM
ycao N,y-+Ng=N (UKCHPOBAHHBIM, HO He (QUKCHPYEM Ka)kjaoe
u3 uncen N, u Ny mo oraeabHoctH. Ecan J =0, To 3T0 03HAauaer,
uro Mbl paccMmarpHBaeM caydalt (N, >=<Np>. Urole npuobpecrn
HaBbIKH B BBbIUMCJAEHHH, PacCMOTPHM CHayaJjJa YKasaHHYIO CYMMY
B OJHOMEPHOM cCjydae. 3areM mnepelifeM K NpPHONUKEHHOMY METONLY
BBIUMCJ/IEHHS] COOTBETCTBYIOLIEH CYyMMBI B CJydae ABYX M TpeX H3Me-
peHu#l U, HaKOHeL, yKaxkeM cNoco0 TOYHOrO BLIYHCJACHHUS CYMMbI
A8 IBYX H3MepeHUH (TOYUHOe pelleHHe B TPeXMepHOM cjyuae elle
He HaHlIeHo).

Creayer 3aMeTHTh, YTO ONHCAHHAS BHIIE MOJE]b MOXKET TaKKe
CIyXKHTb MOJEJbI0 eppoMarHeTHKa. DyjaeM cuuTaTh, UTO 3HayeHye
g, =-1 COOTBETCTBYET CHHHY, HanpaBJEHHOMY BBEpX, a 3HaueHMe ’
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§ 2. Mepexon nopsaok —6ecNopaAOK B OAHOMEPHOM Clyyae

€, = —] —CNHHY, HallpaBJeHHOMY BHHU3 (NPEANOJMATaeTCsl, YTO ATOMBI
obaanaloT moJdyleabM CHHHOM). Dosee peajucTHueckas Mozeab
(beppoMarHeTHKa OIUCHIBAETCS TaMHJBTOHHAHOM

.

H > 88,
10 CBA3AM

rupe §;—ormepaTtop CIMHA {-ro aToMa. dra MOjAeJb HE 3KBHBAJEHTHA

MOJeJIH, B KOTODOH HMEeTCs JIMLbL YJEH B3aUMOACHCTBHA THIIA k.

Hanpumep, A cCHCTEMBI JIBYX aTOMOB HMeeM

S8,= 5 |8+ Sr—5h ],

NpUYeM anpHOpHAs BEPOSITHOCTH 3HAYEHHHA Sl-S.Z_—J/ﬁ2 BTpO€ mpe-
BOCXOJMT BEPOSATHOCTh 3HaueHus S,-S,=—3/,A% D10 03Hayaer, 4To
HMEIOTCSl TpH KOMOMHALMH JBYX aTOMOB CO CHMHAMHM Y/,, 1A KOTO-
pbIX TOJHLIA CMHH DaBeH eIMHHUIE, TOrAA KAK KOMOMHALHA, A
KOTOPOH TOJIHBIA CIHH paBeH HYyMO, BCero oiHa. HaoGopot, mpo-
H3BeleHHE &;8; NIPHHIMAET [IBa CBOUX BO3MOMKHBIX 3HAUEHHs C PABHOM
anpHoOpPHOIl BEPOATHOCTHIO.

HecMorpa Ha Taxoe pasnnuue B ABYX MOensiX, KaueCTBEHHBIE
pe3vabTaThl [/ HAX MOT'YT GbITh BecbMa CXOAHbIMU. Ha mpoTsi:kenun
OCTaIbHOH wyacTu 3TOH ry1aBbl MBI GyeM PaccMaTpHBATh MOIEb,
B KOTOPOHl B BhIpaKeHHe JUIs SHEPTHH CHCTEMb BXOIHT WieH &
3Ta MOJAe/b HaswblBaeTcsl Moneqwbio HMaunra,

§ 2
lNepexop,
nopsaok — 6ecnopsaok
B OOQHOMEPHOM Ccryyae

B kauecTBe YIOPpaXKHEHHSI BBIYUCIHUM CYMMY

e~ b= eXp('—HZ‘SiSiH“JZSi)
ST f "

B OJHOMEDHOM CJyuae.
Ilpeanonoxum mnpexae Bcero, uro J=0. Torza Herpyano pe-
WHTH, 3ajayy, BBEAS HOBYIO IlepeMEHHYIO

7]“{ I, ecau g, =¢g;,,
=
—1, ecan g;=—g;,,;
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I'n. 5. Teopus nepexogos nopsgaok —6ecnopsfok

npH 3TOM
e 3B oo [—H En) -
Ny==+1 i
M=zl
=< > e*”"x)( > oeHn) . = (2chH)Y;
MNy==1 n.=+1 }
takuMm obpasom, F=—(N/p)In(2ch H), 4ro u npexncraBjser coboi

HCKOMBIH pe3yJabTart.

Oxnako npu J=%=0 Takod cnoco6 CyMMHDOBAaHHA He IPHBOAHT
K LeJH U cJelyeT HCIOJb30BaTh yKe N0CTaTOYHO H3BECTHBLIH IpHeM.
HMmenno, cienyeT cQopMyJHpOBaTh HOBYIO 33Jady, KOTopas NpH
Go/ibUIMX 3HaueHUsX N TIpaKTHYeCKH He OTJH4aeTcsl OT HCXORHOH,
OJIHAKO JIOTIYCKAaEeT MOJYUYEHHE DPeKYypPPEeHTHOro cooTHoueHust . [Tonel-
TAaeMCsl BBIUUCAHTb CTATUCTHUECKYIO CYMMY A/ CHCTeMBl, B KOTODOH
YyacTHIA, HaxoAsmlasics Ha OXHOM M3 KOHLOB, HMEeT 3aJaHHYIO

SHEPTHIO €.
[Tycrs
-
Xy (Ener) = > . exp[— H (e, + ... Fentpypy)—
1+ Ezr s Epy
—J (&8t e En)]s
Toraa
Xye1(Enee) = 2 Xy (ene1) exp [— Heyy Bpro—JEn,]-
Ens1™ E

CeoboaHas 3HEeprus IJsa CHCTEMBl C 60JbIUHM UYHCJAOM aTOMOB npo-
NnopuxHoHaJbHa 3TOMY YHCJAY, CJEN0BaTe/NLHO,

Xnr1 (Byes) =P Xy (ens),

rge p He 3aBucur or N aaa Goapwux N, Tak 4To CcBoGoaHAs
sueprusi F=-—pN. PekyppeHTHoe COOTHOLIeHHE TIpeJACTaBAALT
coBOH cHCTeMY JBYX JUHEeHHBIX ypaBHeHHH

ePr Xy (y) = 2 Xy(ye Hw=-Jv  rre y=oI.
x=z=1

Ecan pacemarpuBath (Xy (1), Xy(—1)) Kak coGcTBEHHBIH BekTOp,
a ePr—gkak cob6cTBeHHOE 3HAYeHHe MaTPUYHOTO YPAaBHEHHA, TO
HeTpYAHO MOHSTHb JaJbHEHUIMH XON BBIUHC/IEHHH. [Lnsi HaxoxaeHus
ePt HeoGX0IHMO peLUTh ypaBHEHHe

—Hed__ B HiJ
Det<e ert e >:o;

eh-J e-H+J_eﬁu

B pe3yabTare MoJydaeM JBa pelleHHs
ebi —e~H ch J 4 e /1 Fe-H sh2J.
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§ 3. MNpubnurKeHHbie MeToAsl ANS ABYMEPHOTO Cnyuan

Kakoe W3 HHUX caeayeT Bb6parh? Ecin BcnoMHHTh cayqall J =0,
OYEBHJHO, YTO B 3TOM npejneie efl npuuumaer 3xauenne 2ch H =
=l L e=H Tak 4ro OGWMH pe3yJbTaT HMEET BHI

e —e-fchJ el ) 14e *Hsh?/.

3adaya. HaéiTu cBOGOAHYIO 3HEPTrHi0 KaK (QYHKUHIO OTHOLIEHUH
yuce, 1 aromMoB Tuna A4 u B.

$ 3
[MpubnvxeHHbie MeTOoabI
ONs [BYMEPHOro cryyas

Kak, BepOsiTHO, 3aMeTHJ YHTaTe/b, pELIeHHE HH ONHOTo Hu3
ypapienudt B § 2 He OblJO AOBENEHO 10 UMCJCHHOrO PesyibTarta;
3TO CBA3AHO C TeM, 4YTO HAC HHTEPecoBaJH He CTOJIbKO OTBETHI
33724, CKOJbKO BO3MOKHbIE TOZXOABI K MX pellenuio. BoamoxkHo,
YHTATENb CMOMKET YAYUUIHTh 3TH NOAXOAbI HIH IIPHMEHHTL Pa3BUThIe
3j€ch METOABl K 3ajauaM Jpyroro Tuma. B maHHOM naparpade Mbl
KocHeMcsl Apyrofl mpobJeMbl, a HMEHHO PACCMOTPHM MepeXoj mops-
0K —GecnopsasoK A5 ABYMepHOH KBagpaTHOH pelleTKH (IDH 3TOM
N0J0KHM AJs1 11pocToThl J = 0).

OaHH M3 BO3MOMKHBIX MOJAXOJOB COCTOMT B MNOJYHYEHHH DeKyp-
peHTHOro cooTHolleHus. s 3Toro cieayeT HafiTH CTaTHCTHUYECKYIO
CyMMy B cJaydae, KOTJ4 Bce 3HAYeHHs € /IS aTOMOB B IOC/elHeM
cronbie duxcupoBaunl. [IpexnonoxuM, uro umeercs M cronbuos,
Kax< bl M3 KOTOpPBIX COCTOWT W3 N  4gacTHH, H TyCTh
Xafley, €, ..., 8x)—CTATHCTHYECKAS CyMMa. KaK ¥ B OJHOMEPHOM
c/ayyae, CBOGOAHAs JHEPTHS MPONOPLUHOHAJbHA YHCIAY YacTHIL;
TOTA2 HMEEM

e'mNXM(Ep €os ooy 8N):XM+1(SU BRI SN)::
:6 Ze exp{’“H[€191‘|‘8262+---+9NGN]}X
1 o Oy
X exp{—H[eg,+ ... Fen_Bn]} Xar (0, o0, 84).  (5.1)

Jlis pelueHusl asaJoOrHYHOro ypasHeHus B § 2 norpebosajoch gua-
roHaaus3oBaTh 2X 2-MaTpuny; ypaBHenue (5.1) rtpebyer coorBer-
ctBymomwell auaroHagusaunun 2V X 2V-maTpHULEL

Ecau jgano marpuunoe ypaBHenne MA =3hiA, rae M —spmuToBa
MaTpHia, CYIIEeCTBYeT XOpOIUO H3BECTHBIH CMoco0 HaXOXACHHS
pelledHs ¢ MHHMMaJbHbIM HJIM MAKCHMaJbHBIM 3HAuYeHHEM A; OH
COCTOMT B HAXOXKACHHH 3KCcTpeMyMma BbIpaxeHust A-MA/A-A. Ilpu-
MEHHM 3TOT METOJ K ypaBHeHHio (5.1), NIOJOKHB

I
Xy(eg, oo, sN):exp{—7H[8182+...—}—eN_lsN]}Z(el, ceey BN
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Fn. 5. Teopusi nepexofos nopspaok —6Becnopsaok

toraa vpaBHenue (5.1) mpuHHMaeT BHA

s 1
AT (&), ..., Ey)= 2 exp {——gH (€184 .- +8N_18N]} X
8y wens By
1
X exp {———2-H (0,0, ... +6x_,64] } x
X exp {H [e,0, 4 ... FexOn]} Z(9,, ..., By).

Orta NOACTAHOBKA I[POBEJEHA C 1LeJb0 [OJAYYHTb YypaBHEHHe Ha
co6cTBennble 3HaueHus ¢ JAeHCTBHTEJNLHOH cuUMMeTpHYHOH (T. e.
5pMHTOBOH) Marpuuefi. UToOpl peUIMTb 3TO YpAaBHEHHE, MCCIAELyeM
skcrpemym otHomewus I/D, rae

129222(6" e 0 Z (e, e, ER)X

X exp { —-é—H [ees+ ... —]—sN_leN]} X
1
xexp{——Q—H[6192+ . +eN_10N]}><
Xexp {—H [e,0,+ ... F-e 0]},
D:Z‘Z(Sl, ey 8N)|2'

PasymeeTcs, HaliTH TOYHHIK 3KCTpeMyM OTHolleHus [/D Becbma
3aTPYAHUTE]IbHO; OIHAKO HAaHTH ero NpPUOIHIKEHHOEe IM0J0XKeHHe

MOXKHO, yaauHo nopoOpas ¢yuruuwo Z{e,, ..., gy). DBonee mnocie-
joBaTe/ibHas [pOLEAypa COCTOMT B TOM, YTOOB BRIOpATh KJaace
byHRUHA Zy (e, ..., €y) U 3aT€M HaWTH MAaKCHMyM IO OTHOUICHHIO

K o Torxa BesauunHa exp (BuN) Oyaer paBHa MaKCHMaJbHOMY BO3-
MOKHOMY 3Hauenuto [/D.

3afaua. Hafitn camoe GoJiblioe 3HadeHue OTHOWeHHA /D, kakoe
TOMBKO YAACTCsl; /1S OUEHKH HCXOAHBIX CYMM MOMKHO MOMBITaTb-
cs1 NOJIOKHUTE Oy =0, # ey =¢,. ITOT NpHeM NOMOraeT yIpOCTHTL
3a]adyy B TOM cJyyae, KOrja JIByMepHas pelleTka HaTAHYTa
Ha LUJHBAD.

Mbl paccMaTpHBaeM B3aUMOJEHCTBHS TIpH HYJEBO Temmeparype,
Korga aTomul TMna A u B uepeaylotess B pelleTke., B aByX- mum
TpeXMepHOM ciydYae NpH JOCTATOUHO HHU3KOH TEMIIEPATYpPe KPHCTALH
001aj2eT AaJbHHM NMOPAAKOM. ECAM HaM H3BECTHO, ATOMBI KaKoro
THIIA HaXOJATCs B Ka)JAOM ysje B ONHOH oO0JacTH KpHCTalia, TO
MBI MOXKEM YKa3aTh, aTOMBl KaKOro THIa HauGoJ/ee BEPOSITHO BCTpe-
THUThL Ha GOJBLIIOM yJajJeHHH OT 3TOH o06aacTH. 3aMeTuM, 4To
B OJHOMEDHOM cJjydae OJHH ,HelpaBUJbHBIA® ATOM B y3Je pPelleTKH
(aedekT) MeHsieT oxHAAEMBIH NOPHAOK aTOMOB TOJBLKC IO OAHY
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§ 3. MNpubnvrxeHHsle metoabl ANS ABYMEPHOTrO Ciyuas

cTopoHy oT Jedexra. B cayuae aByx u 6ojee H3MepeHUH MOXKHO
roBOpUTh 00 o- HJAM P-y3dax, NpHUEM B a-y3Jax ¢ HauboJblied
BEPOSITHOCTBIO pacroJsaraiorcsi atombl THna A, B f-ysn1ax—cooT-
BeTCTBEHHO aTOMBI THNa B (B OJHOMEPHOM CJyuyde Takoe pasbHeHHe
HEBO3MOXHO). [nis JByMepHOro cJayuyasi NOHSITHE a- H [3-y3.q08
ncroabnsosan bBere [1] npu npubauKeHHOM MOCTPOEGHHH TEOPHH
nepexo]0B NOPANOK—OecrnopsIoK.

Caeays Bete, GyseM paccMaTpHBaTh JHLIE MAJoe YHCJIO ATOMOB
pelleTKH; BJHSHUE OCTAJbHBIX aTOMOB IIONBITAEMCS y4YecTh ¢ IO-
MOUIBLIO OJHOTO napamerpa. ATOMEI, KOTGpPHIE MBI paccMOTpuM Gojiee
noapofHo, o0BeieHb! MyHKTHpOM Ha ¢ur. 5.2 (obaacts ).

a B8 a 8 « OUT'. 5.2,
A\
N\
' ~,
ﬁ @ /’/ 8 N, o@ B
no s AN
e I AN
V' N\,
o 7 \
(\\ 8 a :) a
\\\ //
N 7 .
ﬁ x \\\ 6 ,/// a B
N
N he IBymepHas pemretka
B a 8 « c ysnamu tHna « 4 f.

OtTHocuTebHast BePOSITHOCTL JAHHOr'O paclpele]eHHs aTOMOB
Mo BCEMY KPHCTaJay paBHA exp(—-HZsl-aj); NpH 3TOM IpejnoJia-
raercs, 4ro uucsaa aTomMoB THNOB A u B pasHe. Ecau MH orpaHu-
YHMCS PacCMOTPEHHEeM TOJBKO NATH atomMoB B obJjactu I, ciengyer
JONYCTHTb, YTO HA YeThIpe BHELIHUX aToMa B 3-y3.1aX BJHSIOT aTOMBI
13 obaacta II. Yurem 310 BaMsiHUE NPHOIHIKEHHO, MOJOKHB OTHO-
CUTEIbHYI0 BEPOATHOCTh JAHHOTO paclipelesieHust MATH aTOMOB Pas-
noit e”exp (—H Ye;e;), rae n—uucao ysoB tuna f B obaacti I,
B KOTODBIX HaXOAATCA ,HenpaBu/bHBE* aTombl THna A. Cymmupo-
BaHUE pAaClpocTpaHAeTcs JWlb Ha 4YeTblpe CcBs3n B obJjacta I
B KauecTBe BeJHUHHBl & MOXKHO BbIOpaTh OTHOUIEHHE allpHOpPHOL
BepOATHOCTH 3aHATHA aToMoM Tuna A yana P B obaactu [ K anpurop-
HOH CeposTHOCTH 3aHATHUS TCTO Ke y3jJa aToMoMm Tuna B.

LATIDHOPHOH BEpOATHOCTBIO® Mbl HasbIBaeM 3/€Ch BEPOSITHOCTD
3aHATHA y3J0B 0e3 yueTa TepMOAMHAMHUECKHX 3(hdeKToB, 00yCa08-
JIEHHBIX B3auMOJeHcTBHeM. 3TO O3HA4aeT, 4YTO JAAXKEe INPH OTCYTCT-
BHM B3aumoielicTBUA Mexay aTomMaMu B oOmactu [ BsaumonelicTBite
YeThIPEX BHEIIHH X aTOMOB, NpHHAaAAe)Kamux obaactu I, ¢ obaacrbio [1
OyzeT crocofCTBOBATh 3aHATHIO [3-y3/J0B aToMamu THna B. 3awme-
THUM, 9TO YHMCJIO 71 HE PABHO MOJHOMY YUCIY , HeNpaBUJABHO" 3ar0.1-
HeHHbIX y370B B obJjactu [. Tak, ecan o-ys3ea B LeHTpe 3aM0JHEH
aroMoM THNAa B, MBI He YMHOKAQeM OTHOCHTEJLHYIO BePOSTHOCTD
Ha e, Tak Kak oO6sacTb 1l He B3aHMOAEHCTBYET HENOCPEACTBEHHO
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Fn. 5. Teopus nepexonos nopspok-—6Becnopsgox

c 3THM aTOMOM. 3aMeTHM TakxKe, 4To aToMbl ofsnactd I moryt Bo3-
aefcTBoBaTh APYr Ha JApyra KOCBEHHO IIOCPEJCTBOM aTOMOB o0.a-
¢t 11, Tag uTO MHOXHUTeNb & JaeT JHIIL NpUOJMKEHHBIH crnocob
yuera Bausnusa obiaactu II.

[Ipu naHHOM 3HAYEHHUH & MBI MOXEM pacCUuTaTb BEJHUHHY W,
npeacTaBasioulylo co0ofl OTHOCHTeIbHYIO BepOATHOCTb TOrO, HUTO
y3eal o B obnactu 1 3amsar aromoMm TtHna B. Mbl MoxeM Takxe
paccuMTaTh BeJHUHHY @ — OTHOCHTE/bHYIO BEPOATHOCTL TOrO, 4TO
ysea B B obmacti 1 samar aromom Ttuma A. Ilorpebyem Tenepsb
BBIOJHEHHST PAaBEHCTBA @ =W', KOTOPOE 03HAYAET, UTO BEPOATHOCTh
,HEeIPaBUJLHOIO" 3aMOJIHEHWS [AHHOTO y3Ja 4y>KHM 4TOMOM He
3aBHCUT OT y3J1a, 9TO PAaBEHCTBO MO3BOJUT HAM OJHO3HAYHO Omnpe-
JeJIMTH BEJIHUHHY E.

Huxe OyayT 0oJydeHBl HEKOTOpHle H3 pe3yJbTaToB TeopHu
Bere. Beanunna w paBHa cyMmme no s (or n=0 no n=4) ordocu-
TeJAbHBLIX BEPOSITHOCTEH TOrO, YTO ¢-y3e/1 B 06JacTu | 3aHAT aToMoM
THna B W umeeTcs n y3aoB P, 3aHaTelx aromamu thHna A. Cyue-
CTBYET .

- !
= n! (4—n)!
crnocoBoB, XKOTOPHIMH n y3J0B [} MoOryT ObITb 3aHATBLI aTOMaMu
tuna A; HeTpyAHO BMAETb, 4TO
g8, =4—2n.
Nno BCEM

CBS35IM

Torna

4 4
W= 2 Crgne-H=am = p—4H 2 Cn (ee?H)r = e~ (1 + ee?f)t =
=0 n=0
= (e~ +eel)s, (5.2)

rae w NpejcTaBisieT cofoH OTHOCHTENbHYIO, @ HE HCTHHHYIO BEPOSAT-
HOCTb. MCTHHHAS BEPOSITHOCTB TOTO, YTO C-Y3€J1 COUEPKHT aTOM
tTuma B, MoJydaeTcs YMHOXKEHHEM W Ha COOTBETCTBYIOUIMH HOPMH-
pPYIOWLHHA MHOKHTEb.

[TycTh r—OTHOCHTE/IbHAS BEPOSTHOCTH TOTO, UTO Q-Yy3eJ 3aHAT
atomMoM THna A. BhipakeHHe JAJsi r MMeeT TOT Ke BHJ, UTO W 11 W,
3a HCKJIOYeHueM Toro, uro H 3amenserca Ha — M.

r= (e 4-ee ). (5.3)

Hopumupylomuif MHOXHTeIb DaBeH 1/(w-+r), Tak 4TO HCTHHHAA
BEpPOATHOCTb TOrO, YTO B J@HHOM y3Je HaXOJMTCA aToM Tuna B,
paBHa
(e— H - eell)? _
(e-H +eef)yt - (eH fge= H)t*
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§ 3. MpubnmikeHHbie MeTOABLI ANS OBYMEPHOTO Chyuas

C npyrofi cTOpoHbl, BEPOATHOCTh @' MPONOPLHUOHANBHA 1/, OT cpej-
Hero uucJja (-ysJoB B obaactu I, sauateix atomamu tHa A. Tounee,

w’

I

4
73 nia,+b,),
n=0

rjie a,—OTHOCHTE/NbHAS BEePOATHOCTb TOI'O, YTO # V3JOB THMA f
3aHATEl atoMaMu ThHna A W y3eq o 3aHAT aTOMOM Tuna B; b, —ort-
HOCHTE/bHAsl BEPOSTHOCTb TOI'O, YTO A Y3JOB THNA [ 3aHATH aTo-
Mamu tuna A U ysea TUNA o TaK¥Ke 3aHAT aToMmoM Tumna A. Mmeem

4
' 2—}1_2 nClen [e=H@=2m | gt u=2m] —
n=0

4
— nzl Cr-1gn [e-H (8~2m) +eH (4-2/1)] —

=g (¢~ 4-eel)3 J-ge~1 (e - ee—H)3, (5.4)

[MpupaBHHBasg BeaMUHHB @ H @', ONpeje/seMble BbIPaKEHUAMH
(5.2) u (5.4), Haxomum

(e=H f-eet')p =gt (e7H J- ey - e~ (e - ee~1)3,
TaK 4TO
(e=H +-eef)s (e=H 4-ee' —eef!) = eeH (e + ee=#)3.

yIIpOUlaH VpaBHEHHE IJId €&, IIOJYy4YaeMm

gts = e (5.5)
el fge— 1" :
NpUYeM eCH & YJOBJeTBOPsieT ypaBHeHHIO (5.5), To 3TOMY e ypas-
HEeHUIO yHOBJETBODSET 1/6. DTO MOXKHO yTBepXKAaThb IOTOMY, UTO
HHTZe B Npollecce BHIBOJA MBI HE HCIOJb30BaJgH TOT QakKT, 4TO y3/bl
THIA o HMeIOT OOJBUIYI0 BEPOSITHOCTh ObITh 3aHATHIMH ATOMAaMH
tuna A, 4eMm yaanl tuna f.
Pewass ypaBheHune (5.5) orHocuTenbHO €, moJyuwaem 1Ba pelile-
HUS, BbIPDAXKEHHBIE Yepe3 & OfHO W3 HUX HMeeT BUJ

2 -2
e2H.__8/3_~6 /3
T e

=glls Lg=/s (5.6)

sl ApYroro pelieHus €==1 H BeJHuYHHaA H NpoMU3BOJbHA, UTO He-
MIOCPEACTBEHHO BHIHO H3 ypaBHeHHsA (D.D).

MuniManbHOE 3HaY€HHE CYMMbI &'+ 4-g~'/spaBHO JABYM, Tak UTO
ecJau BeanynHa f oueHb MaJja (BBICOKHE TeMIepaTypbl), TO CJAeVeT
BuGpaTey € =1. [lo onpenejenyio BeIHYHHLl € 3HAY€HHe &=] COOT-
BeTCTByeT NOJHOMY Gecnopaaky. MOKHO 0XHAATb HaJUYUS Pasphl-
BOB B HEKOTOPbIX TePMOJAMHAMHUECKHX BeJHYHHAX HJAH HX IIPOH3-
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BOAHBIX TpPH TOH Temmepatrype, NPH KOTOpPoH YCTAHAB/IHBAETCA
noHbiH GecrnopAnoK.

B kauecTBe mpuMepa HCMOJIB30BAHHS OMMCAHHOH BBILIE MOJETH
A5 BHIYHCACHHS TEPMOAMHAMHYECKOH BeIHUMHBI HaHJeM 3HEpruio.
[Tpeano10K UM, YTO CBSI3b MEXAY 11apOH aTOMOB ABJAETCS C BEPOAT-
HOCTBLIO p cBA3bio Mexay atomamu Ttuna A u B. Torga ¢ Bepost-
HOCTLIO p 3Ta CBA3b jaeT caaraemoe (—FH/B) B BbIpaXKeHHH 15
sueprin, a ¢ BepoATHocThio (1 — p)—caaraemoe (- fH/B). Cpennee
3HaueHHe 3HePrHH PaBHO

E=v[p(—F)+a—n(+5)| =T 0= 60

rae N —4HCJA0 aTOMOB, V— UYHCJO cBsized. Beauuuna

[ee (e~ + ee)]

w--r
JaeT BepOSITHOCThL TOTO, 4TO AaHHBIH y3en f u3 obmactu I sanar
atoMoM THIA A NnpH yCJA0BHY, 9TO B Yy3J€ O HAXOHAHTCA aTOM B.
C TOYHOCTBHIO [0 HOPMHPYIOUIEro MHOMXKHTeNAs 1/(w-f r) sTa Be/udnHA
paBHa OJHOMY M3 CJaraeMblX B BBIpaXKEHHH JiA w’. Beanunna

1— [ee=H (e -|-ee~H)3]

1
wtr
ZaeT BepOSITHOCTh TOro, YTo JaHHEI ysen f u3 obaactu 1 sausit
aTOMOM THMIA B NpH YCJIOBHH, 4TO y3esq o 3aHAT aTOMOM THNa A.
BepoaTHOCTh TOTO, 4TO JaHHAf CBA3b MEXAY y3/]1aMu o H [ AB-
JIAeTCs CBA3BIO MewAy atomamu THna A u B, paBHa, CJIENOBATEJIBHO,

) cetl (e"H%— z-:eH)“ /1 Ee'H(eH—%—se—H)f’\ 5 8)
P= wtr \ w-r ) (o

Beauuuna H/p aBisiercs NOCTOAHHON, He 3aBucslleH OT Temnepa-
tvpel. HMemoassys (5.7) #n (5.8), wmoxno noayuuts Cyp=0FE 0T
SHTPOMHIO MOMKHO OMpefesHTh C TMOMOULbIO BLIpAXKEHHS

T
S(T)=S(T)—S (0)= gcvdTT, . (5.9)
0

[Ipit T =o0 BSHTPOMHIO MOXKHO BBIUHC/AHTL HEMOCPEICTBEHHO [0
OTPERETEHHIO, BCIMIOMMHARA, 4YTO S=—ky2P,InP,, rae P,—Be-
n

DOSTHGCTB cOoCTOsIHHA n. B cuereme u3 N atomMoB umeercst Bcero 2V
COCTOSAHUE, BEPOATHOCTH KOTOPHIX INPH OECKOHEUHO BBICOKOH Teu-
nepaType OIAMHAKOBBL. Torza

- -kB.zN(z)LNln 2—‘ﬁ> —NkyIn2; (5.10)

IPH 3TOM TNPUGAMIKEHHOE BBIUMCAEHHE C HCIOJAh30BAHHEM BhIpaXe-
Hus (5.9) paer snauenue S= Nk,-0,697 Bmecto Nkg-0,693. ‘
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§ 4. Npobnema Oncarepa

$ 4
Mpoébnema Owxcarepa

Pacevmorpuy 1BymMepHy0 KBaapaTHYIO PelleTKY, coctosamyio U3 N
4TOMOB; KaxJOMY aTOMy IIOCTaBHM B COOTBeTCTBHe Ju60 -1, /G0
—1; Tounee, KaxJIOMy aTOMy COOTBETCTBYET UHCJO #;, paBHoe —-]
M —1. 3Heprus B3anMOAeHCTBHS MeXay mapoii Oamkaliminx co-
cerefl pasia --fee; B exnnuuax kpT. CoCTofHUe CHCTEMB OIpe-
JeJdeTcA  TeM, 4TO Ka)XIOMy AaTOMY CTaBHTCH C COOTBETCTBHE
urc10 &; JaabHefillasd 3azaya COCTOHT B BBIUMCIEHHH CBOGOLLOI
SHEPTHH CHCTEMBI.

Cratuctuueckas cyMma Q [aeTcsi BbIPAKEHHAMI

Q = 2 e_BEKa

0 BCEeM
COCTOAHRHSIM

Q="-" E e—“*h’si:z/.: Z H*e—Hsl»ej,

i BCEM 1o BCEeM
COCTOAHHAM COCTOAHUSAM

rae > u IT" osnavaor coorserctBeno CYMMY H DpoOHU3BejeHue
MO TapaM COCeJHHX Y3J0B { M j B pemletke. HeTpymHo BljeTh,
4TO ecH JI3MEHHTb 3Hak f/, TO BeJuuuHa Q 0CTaeTcsl HEeU3MeHHOH.
das yaoOcTBa 3anuiieMm paJjee

Q= ¥ IT" o™ (5.11)

no BceM
COCTOAHNUAM

11 6yJeM CcuuTaTh BeJHUYUHY [ 10J0KHTeIbHOH.
[TockoabKy €:€;= =1, OuUeBHIHO, CNpaBeiIHBO PABEHCTBO

€H+2€_H+8i8f eﬁ—ée_H=€”iaf”~
Torna
eflegj=ch H {-e;e;sh H=chH (1 +eel), (5.12)
rie {=thH. M3 (5.11) u (5.12) naxoxum
Q=21I"[ch H (1 +epe,0)]. (5.13)

Bermomunas, uro B pemerke u3 N aromos umeercss 2N cBasel,
noJyyaem
Q=(chaHpy ¥ JI'(0+ept)=2¥Q (chH}Y. (5.14)

no BCeM
COCTOAHHUSAM

Teneps Ham HyXHO HaHTH MOAM(UUUPOBAHHYIO CTATHCTHYECK VIO
CyMMYy

Q =5y PN § CERFI) (5.15)

nQo BCeM
COCTOAHHAM
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Fn. 5. Teopus nepexopos nopspaok —Becrnopaaok

Pasnaras nmpowussefeHue, HCIOJb3yeM CHMBOJ X Adst 0G03HaueHust
CYMMBI TIO BCeM BO3MOXKHBLIM HabopaM [ pasjuuHbiXx cBsazedi. Torjaa

2VQ = X ... 21{1+t2;= £y 1% Dy (8,8)) (608 ) + .. b

gy=1 ==+
(5.16)

3aMmeTHM, UYTO B KaxaoMm cJjaraemoM B {5.16) BeJHUHHB & MO-
ABJAIOTCA I1apaMH, KOTOpble COOTBETCTBYIOT Y3JaM, sIBJSIOU[HMCS
OaHKaAIIMMH COCeNAMH, NMpPHYEM HH OJHA M3 [ap He BCTpevaercs
B OIHOM H TOM K€ IIPOM3BEIEHHH [BaKEL.

L] L} . . L} ° OUT. 53.
! 4 3 4
° 3

Ouarpamma, wau Hadop [
. . . . . ° cBa3eil.

ConocraBum Kaxao0fl nape &g, CBA3b MeXAy aToMamu [ H f,
ABJSAIOIHMHCS OJHXKAAWNME cocefsiMi. KamaoMmy cuaaraemMoMy, HJIH
nponsBeJeHu0 2/ BeJHUYHH €, NOCTaBUM B COOTBETCTBHE JHATpPaMMY,
uan HaGop ! csseit. I[locKoJsbKY HH ORHA M3 1ap &:g; He NOAB-
JdeTcs B JaHHOM 4YJIEHE ABaXKAbl, HH OJHA CBfI3b TAKiKE He BCTpe-
yaeTcsl JABaxanl B janHHol jauarpamme. Hanpumep, Ha ¢ur. 5.3
npuBejeHa guarpamMma, COOTBETCTBYIOLLAN U/IEHY

(€18,) (8584) (8586) (€185) (8586) (€584) (€48;) (E485) (€1081y) (8‘10814)-

Hauaee,

> e=0 u D er=2. (5.17)

e==+1 e=:!

M3 Beipaxenudl (5.16) u (5.17) sicHo, uro Bkaax B Q' jgaiwor
TOJBKO T€ WieHbl, B KOTOPbIX Ka)K0oe 3HAUYEHHE &; BCTPEUALTCS]
YeTHoe YUCJIO pa3. IDTO0 PaBHOCHJABHO YTBEPHKAESHHIO, YTO e€NMHCT-
BeHHbie JHarpaMmbl, KOTOpPHe HalOT BkKaag B Q',— 3T0 Te, B KOTO-
pHIX OT KaxAOTO aTOMa WJH y3Ja pelIeTKH OTXOAHT 4YeTHOe UHCJIO
(0, 2 uau 4) cesaselt. MHBIMH cJIOBaMH, gHarpaMmbl, Jaroliie BKJaj
B Q', NO/IKHBI NPeACcTaBJATh COGOH Cyneprno3HLUH TPOCTHIX 3aMK-
HYTBIX MHOTOYTOJLHUKOB, He HMeIolHX ofmux CcTopoH. Takue
JHarpaMmsl MOXKHO Ha3BaTb ,3aMKHYTHIMH®. ‘
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§ 4. MNpobnema Oxcarepa

Ha o¢ur. 5.4 npuseneH npuMep 3aMKHYTOH QHATPAaMMBbI; 3aMETHM,
YTO jHarpaMma Ha ¢Hr. 5.3 He HABJASIeTCSA 3aMKHYTOH H He Jaer
BKJaaga B Q'. Ha ¢ur. 5.5 npuBenen Apyro#l npumep He3aMKHY-
TOH anarpammsl, jawliefl HysneBoit BkJaax. Kaxznoe ciaraemoe

. . . . . . . 4 OUr. 5.4,
. . . . . .
. . .
. . . .
. 4 . . .
. . . °
. . . . .

[Tpumep 3amHyTO#
o R . R N . . . AHarpammel.

B (5.16), cooTBercTBYIOIEE 3aMKHYTOH JHarpaMMe, COAEPIKHT ueT-
Hyto crenedb (0, 2 unu 4) BeqUYHHBI €&;, T. e. paBHo npocrto tr,
rae L—uucao csasedl. CyMMHpYs 1O BCeM g;, 10Jy4aeM MHOXH-
Tesib 2%, KOTOpBIH COKpAalWaeTcss TAKHM JKe MHOMXHTEJEeM B JeBOM

* * : : * QUT. 5.5.
3 »
* -
. L ]

[Tpumep HezaMkHYTOH
. - . . . AUarpamMmel.

yactH ypaBuewus (5.16). Takum o6pasom, Kaxjaas 3aMKHyTas
auarpaMma JAdHOH L faer wjen nopsiaka tf B Q', Tak urto

Q’:%g(L) ¢k \ (5.18)

rae g(L)—uucio 3aMKHYTHIX AuarpaMmm JUIHHOH L, KOTOpOe MOXKHO
u300pasuth Ha pewerke. 3ameruMm, 4to g(L)=0 B ToM cayuae,
€caH L —HedeTHOE YHCJO, NM03TOMY 3Hak f (a caefoBaTenbHo, H H),
KaK Mbl H IIPeANoJaraju, HeCcyuecTBeH.
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Merox HaxoxgeHMsi TO4YKM nepexoja. Tenepb OTBJeueMCsl HeHa-
JOJITO M onumeM Meroj] (cosjaHublli Kpamepcom u BahnHbe), ¢ no-
MOLLBIO KOTOPOTO MOXKHO HalTH TOUYKY (ha3oBoro mepexoxa B mpo-
6neme Omucarepa.

PaccMoTpuM 3aMKHYTYIO juarpamMmy Ha pemeTke. Ilpumem, yro
JJIS LEHTPOB KBaJpaTHHIX DEIUeTOYHBIX AueeK W;= -1, ecau ouu
nonajalT BHYTPh AHATPAMMBl, U W, = —1, €C/IH OHH HaXOAATCH BHe
ee (qur. 5.6). PaccmoTpum janee cBa3b (M300paKeHHYIO WTPHXOBON

ol ol ol o o] ol of+
A N A R [ R
o | | +| o | o | +4o | o
ol 4+ | o] o ol + ]+ o
o ol o| o] oo o] o

OUT. 5.6.
lleHTpsl siyeek peweTKH OTMeueHbl 3HaKoM (), ecan
OHK [OMAjalOT BHYTPb 3aMKHYTOH JHarpaMMbl, H 3HaKOM
(o), ec/iu OHH HaXojsATCA BHe ee.

JuHuell) MeXny LeHTPAMH C pa3JHuYHbIMH 3HaueHusMH p. Kax-
Jaf M3 TaKHX CBs3eH COOTBETCTBYeT CBSI3H B 3aMKHYTOH JHarpam-
Me, TaK KaK KaxJ1as cBs3b, H3o06paxkeHHasi LITPHXOBOH JIHHHEH,
nepecekaeT CBsI3b, H300paKeHHYIO CIVIOIIHOH JHHHEH.

Teneps Mbl uMeeM JABe pemeTku. HoBylo perieTky Mbl HOJY4HM,
ecay 6ylneM CuUMTaTh, YTO aTOMbl, XapakTepH3yeMble pa3JIHYHLIMH
3HAYEHHUSIMH |\;, HaAXOAATCH B LEHTpax cTapoll peweTku. s HOBoM
PeleTKH TaKike MOXHO IIOCTaBHTL BONDPOC O BblYHcAeHHH Q mpH
JAaHHoH TeMmnepatrype T, MprueM 3HePrus B3auMOJEHCTBUA paBHa i
B eanHuuax kgl. Torgpa

Q= 2 Il emm.

10 BCEM
COCTOSTHHAM

Ecan w;=-+p;, 70 p,.pa,f—{—l M BkJaad paBen e*®  ecan
B;= —W;, TO COOTBETCTBYIOIMA BK/aj paseH e ”.

Hanee, ecau B Nd@HHOM COCTOSAIHHH HMeeTcsi L PpasjiM4HBIX CBH-
seit ¥ 2N —L nono6HbIX cBA3eH, TO BKJaj 3TOTO cOCTOsAHUA B Q (h)

~Lh,(eN-L)h
[ (4 )

162



§ 4. Npobnema Owcarepa

TaK 4ToO
Q (h) = eVh 2 m(L) e—th,
L

rie m(L)—uucao cnoco6oB, KOTOPBIMH Pa3HOPOAHBIE Naphbl MOTYT
ObITh pa3sMelleHbl Ha pelleTKe.

M3 npeaplaymux paccyxIeHHH, KacCalUUXCA WLTPHXOBBIX H
CIVIOLIHBIX CBa3eH, caenyer, yro m(L)=g(L), rae g(L) onpexe-
Jasieress cooTHoweHHeM (5.18). Takum obpasowm,

Q(hy=e X g (L) e,
Q (H)=2¥ (chH)™ Xg (L) i,

Onpenennm Teneps BesnunHy A ypaBHeHueM e~ ={=th H. Toraa
QW) =(th " g (L)t
M MBI [IOJIy4aeM TOXIECTBO
Q(H)=2(ch H)*¥ (th H)V Q (h).

Ecau snauenwe H Beaunko, 1o Beauuuua h maqa; ecau Q (H) umeer
oco0yio TOYKY, TO 3TO Ke chpaBemauBo W aas Q (k). D10 o3ua-
4aeT, 4TO ecau HMeercs (asoBblit mepexon npu H.,, To 6ynrer cy-
UleCTBOBATb TaKxke nepexod npu h,,. Ecau npexnonoxuts, 4TO
HMEeTCs1 €eJUHCTBEHHas Touka (a30Boro nepexoia (MJAHW TOYKa
Kiopu), 10 Hp=h, u H,=—/,1In(th H ). Pemwenue sroro ypas-
HEHHUA HMeeT BUA

l p—
Hyo=5In(V 2—1).
KaBaJIOCb 61)1, MO2KHO BOCIIOJIB30BaThCA TOXKIAECTBOM
Q [x}:QN(chx)%N(thx)NQ[——;-mthx] (5.19)
W HafiTi 3Hadennn Q (X) AS MHOTHX pas3JIMYHBIX 3HAUeHHH X [ecau

u3BeCTHO 3Hauenue ( (x) Aas oasoro 3nauveHnus x]. Temepn Haiizem
sHayeHue ( NpH APYTLOM 3HAYEHUH aprymeHTa

x'= —%ln th x;

3aTeM MOXKHO BBIYHCIAUTH Q IIpu

x'= —%ln thx’;

K COXAaJeHHI0, X" =X, TaK 4TO 3TOT METOJ HempuMEHHM D,

1
L B cuay ToxpaecTsa —%ln th [—31n th yJ =y.— [Ipun. peod,
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Tn. 5. Teopus nepexopos nopsaok —6ecrnopagox

Mponoskenne paccMorpeHust npobGaemb Oncarepa. OGosHaunMm
yepes h(l) yucmo myTed, KOTOPBIMH MOXKHO, HauyaB C HEKOTOPOTO
atroMa u cjenas [ maroB NO peweTke (npoixs [ cBfAseil), Bep-
HYTbCA K TOMY K€ aTOMy, HE MpPOXOAs HH OJHOH CBSI3H JBaXKIbl.
Mbl He yuurbiBaeM B A (l) pasiuunble MyTH, KOTOPHIE MOKHO HCIOJIb-
30BaTh A/ NOCTPOEHHS OXHOTO H TOTO K€ MHOTOYTOJbHHKA.

. . . . . * QUT. 5.7.
. - . L) [ ) .
[y L ]
L]
. B L] .
. MroroyronsHuk,
. A . ¢ 1oy yaomuics
B Pe3yJbTare MepeMelleHus
. - . . . M3 IaHHOH TOUKH DeLIeTKH
L

¥ BO3BpalleHHA B Hee
(Hu onHa u3 cBA3el ne
HayeJio =8 [IPOXOJHTCS IBaXKabl).

[as npoBefeHHst BHIYMC/IEHHH HaM MOHaROGUTCH CyMMa IO BCEM
pas3Jin4HBIM [ MHOTOYTOJIbHHKAM B KpHcraane; h(l) MHOTOYroOJibHH-
KOB (Hampumep, Ajasa atomMa A Ha ¢ur. 5.7) 6yAyT BHOBb COCYH-
TaHbl cpen A (/) MHOTOYTOJBHHKOB JJis APYTHX aTOMOB (Hampumep,
B ua ¢ur. 5.7). Kaxapii MHOrOyrosbHuk BCTpeTHTcs [ pas, no-

5TOMY YMCJO MHOTOYTOJIbHHKOB B pacuere Ha atoM paBHo A ([)/1.
[Tycts

g=% "y, (5.20)
=1
Mbl HMEEM BBbIpaxKeHHe

Q'=dglyr= X i
L no 3aMKH.
aouarp.
0/lHAKO HaM HeoO6XOJMMO Takoe Bhipaxenue nasi Q', Kortopoe
MOXHO HajeATbCA BBIUHCAHThL. [locTapaemcsi HaHTH ero, IOCTPOHB
npubanxkenne pas Q, koTopoe GyneT 3aTeM YTOYHEHO C TOMOUIBIO
ClennaJbHOTO NpHeMa.

Cnaraemoe, BO3HHKAIOLIEe 32 CYET 3aMKHYTOH AHarpaMMBbl, MOXKHO
NpeicTaBjasaTh cefe Kak NpOH3BeleHHE UJEHOB, MOCTPOEHHBIX H3
auarpamM, o0pasoBaHHBEIX MHOTOyToJbHUKaMmMH. Ilpun oTcyTcTBHH
MHOTOYTLOJIbHUKOB BKJax B Q' paBeH NPOCTO €JMHHIE; BKJaj OT
JuarpamM, COJIepKalluX OAMH MHOrOYrOJBHHK, paBeH Ng; AIa
HRCKO/JBKHX JuarpaMM, COCTOSIINX H3 OAHOIO MHOTOYTOJIbHUKAE
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§ 4. Npobnema Oncarepa

AnuHoi [, 3TOT BKJax paBen NA(l)/l. Hanee, BKJaj OT nap MHOTO-
YrOJIbHUKOB, OJHH H3 KOTODHX HMeeT JJIHHY [, a Apyrod — paudy /',
pasen (Nh({)/I)(Nh(I")/I') ¢!, rak uTO BK.Jaj OT Nap MHOTOYIOJb-
HUKOB NPOH3BOJLHOH IJHHBl PaBeH NPUMEPHO

3140 (452) o

L

rje MHOXHTeJb /, YUHTHIBAET, YTO KaxJAas apa COCUMTAHA ABAKIbL.
Taknm o6pasoM, BKJajl OT INap COCTaBAfAET BEJIMYHHY MNOPSijiKa
npumepHo */, N*¢g®. Ml roBopuM ,[IpHMEPHOY, MOTOMY YTO YYHTHI-
BaJd H IHarpaMMbl THOa

XOTSl TaKas lapa fueek He ABJsSETCH 3aMKHYTOH, MOCKONBKY OAHa
H3 cBA3CH yuMThIBaeTCH ABaxkAbl. Kpome TOro, gmarpamma

o«

npejcrapJsier cofoli mapy sueex, a TakxKe H OJHH MHOTOYTOJbHHK
¢ [==8, 1mo3TOMy OHa yuTeHa JIBaxKAbl. Ecau npeHe6peub BCeMH
TAaKHMH OWIMOKaMH, TO MBI NPUAEM K BBIPAXKEHUIO

Q' 14+ Ng+g (NP 4 (NP + ... =eV0. (5.21)

Caepyomufl JOTHUECKH# l1ar JOJIKEH COCTOSTh B BBeJEHHM TO-
NpaBKH K ¢ AJA NOJYy4YeHHUS NPABUILHOTO 3HAYEHUs Q'; 3TO MOXKHO
c/lenaTh, BBOAs NOMpPaBKY K A (/). BuINHmEM HeCKOMbKO MONpaBoy-
HBIX YJICHOB.

4

GUI'. 5.8a. OHI'. 5.86.

[TockonbKY B ujieHe NEpPBOTO MopsAjKa JJis @ HMeeTcs MHOro-
YrOJbHHK, H300pakeHHHH Ha ur. 5.8a, MBl IOJYYHM BO 6MOpOM
nopsfke 3alpelleHHyl0 AMarpaMmy, NpeACTaB/fIolyI cofo# mnpo-
W3BeseHNe 06yx¥ MHOTOYTOJBHHKOB. UTOOLI KOMIIEHCHPOBAThH NOSIBJIE-
HHe jpuarpammbl ¢ur. 5.86, BcTaBuM 3Ty AHarpammy B % (8) ¢ orpu-
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fn. 5. Teopus nepexopos nopspaok —6Eecriopsaok

uateabHsM 3HakoM. Ho rtorma, mo-suaumomy, B Q° GYAYT BXOZHTB
yjieHbH BHJA

KaK BO BTOPOM, Tak M B TpeTbeM nopsixkax. Bo Bropom mopsaxe
HUMEIOTCH JBa uJieHa, oOpasymoliie guarpaMmy Tuna H3obpaxKeHHOH
na ¢ur. 5.88, mpuuem ofa HMEIOT OTpHUATe/NbHBIH 3HAaK. ToyHee
roBOpsi, UMelTCs ABa crnocoba 3amucu auarpammel GHr. 5.8B B Buje
‘npou3BejeHHs AHarpaMM THIIA H300pakeHHbIX Ha dur. 5.8a u 5.86.
B rperbeM mopsjKe OJAMH H3 ABYX YJEHOB BTODOrO MODPSIAKA KOM-
EHCUPYETCA TOJIOKHTEJbHBIM NPOU3BEJCHHEM Tpex 4JeHOB Tuna
¢ur. 5.8a. Jli1s KoMmeHCAUWW APYTHX YJEHOB BTOPOro [MOPsALKa
tuna ¢ur. 5.88 Heo6XOOUMO BCTaBUTh Auarpammy ¢ur. 5.8s ¢ mno-
JIOXKHTENbHBIM 3HaKoMm B h(12).

®UrI'. 5.88. ®Ur. 5.8r.

B Boipaxenuy (5.21) MHOrOyro/ibHUK Gur. 5.8T COCYHTAH ABAKIBL.
OzxHako npu GOpMyJIHPOBKe IMpaBHJa O TOM, KaKHE YJIEHBl JOJI2KHBI
BXOAUTh B HCMPaBJIeHHOE BbipakeHwe AJs A(/) H KAKOBBHl JOJLKHBI
6LITb X 3HaKH, OKasbiBaercsd, YTo auarpamMa ¢ur. 5.8r He yureHa
B HCMpaBJeHHOM BhIpaxkeHuu anasa h(l).

PaccMoTpuMm eille pas pe3yJbTaT, K KOTODOMY Mbl MPHILIH.

[Tpn Bbiyncsenny A([) MBI O0XKHAAJH BCTPETUTLCH C 3aTpYHe-
HUAMH, CBSI3aHHBIMH C HEOOXORUMOCTBIO OTPAHHYHTBLCA HEKOTOPBIMH
paspelueHHbIMH MHOTOYTOJbHHKamu. [Ipu HaXOxpaeHHH [ONPAEBKH
K 2({) Mbl OGHapyKHJH, 4TO NOJIKHLI CYUIECTBOBATH APYTHE MHOrO-
YrOJbHUKH, BKJAJbl KOTOPBIX He 00s3aHbl GbiTh MOJOKHUTEbHBIMH,
[IpHYEM HEKOTOpble pa3pelieHHblE MHOTOYTOJIbHHKH YUYHTHIBATH HE
Hyx)Ho, ECTeCTBEHHO COMOCTABUTh KaxkKJIOMY MHOTOYTOJLHHKY COOT-
BETCTBYIOIHHA BeC W YUHTHIBATH BCE MHOTOYTOJILHHKH B CyMMe.
BcoOMHHM, 9TO paHee Mbl He YYHTBHIBAJH MO OTIEJBHOCTH [lBa HJIH
GoJiee pa3/HUHBIX NYTH, TIO KOTOPBIM MBI MOXKEM CJIe10BaTh, €CJH
GyZeM CTPOHTb MHOrOYTOJIbHUK, HCXOAA M3 JAHHOro atoma. Temepb
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§ 4. Mpobnema OHcarepa

Mbl OyjJeM yuHTBIBAThb Bce pasfHYHble IYTH, OJHAaKO BHIGEpeM Bec
KaXKJ0ro NmyTH Tak, 4ro0bl Halle YTOYHEHHOE BbIpaxKeHHe 1Js ¢
TpUBEJO K NPaBUJbHOMY BhIpaXKeHHIO 118 Q' HPH HCMOMb30BaHHU
Bripaxenus (5.21).

Tonosornyeckas Teopema. llpumuimem Bec o =exp (in/4) Kax-
AOMY MOBOPOTY HaJeBO H BeC o.”!=exp (—imn/4) NOBOPOTY Hanpaso
M IIpOCJEAMM 33 HANpaB/JeHHAMH MOBOPOTA MO Mepe 06XOna 3aMK-
HYTOrO nyTH Ha pewerke. ToroJornyeckoe paccyxieduve Kaua
U YOpaa COCTOMT B TOM, 4TO 3aMKHYTHE Juarpammul (T. e. Te,
KOTODble Mbl XOTHM ydyecTb) OYIyT YyUTEHBl, & 3alpelleHHble JHa-
rpaMmbl (HanpuMep, THoa ¢ur. 5.5) 6yayT KOMIIEHCUpPOBaHb!, €CJH
Mbl NIpOHJEM pa3HYHBIMA NMYTAMH MO 3THM auarpammam. CnpaBsej-
JHBOCTb 3TOH TeopeMbl AJid IIPOCTHIX CcJayuyaep Oyler IoKa3aHa
HHXKE Ha HECKOJbKHX mnp#Mmepax. [losHoe pokasarenncTBo, KOTO-
poe 6bl10 gaHo lllepmanoM [2], JOBOJBHO CJIOXKHO.

PaccMoTpuM npocTol 3aMKHYTHH MHOTOYTOJNBHHK Ha ¢ur. 5.8a.
Haunem o6xon B touke A u BosBpatumcd B A, ABHraschk IO 4a-
COBOW CTpeJsiKe; TOrja, Kak Mbl BHIHM, CcOBepllaeTcd 4 NpaBbixX
HOBOPOTa, 4TO jaeT TNOJHHil Bec

A= (e~ime)t = 1,
TOT K€ 06X0J, NMPOTHB 4YacOBOH CTPEJKH JaeT Bec

ot = (ein/4)4 —= 1.
TakuMm ofpasom, noJHbIH Bec paBeH —2, a IPOCTOH MHOTIOYIOJb-

HUK (aKTHYeCKH YyuYTeH; JJs [NOJYyYEeHHH IMpPaBHUJALHOIO Beca |
YMHOXHM BC€ BLIDAa)K€HHE Ha —1/,.

rimnr) O =4
L Lo A N b} |
OUr. 5.85. DOUTr. 5.8e.

PaccMorpum Teneps MHOTOyrosibHUKHM Ha ¢ur. 5.8n1 u 5.8¢. Ha
¢ur. 5.81 obxox (M3 ToukH A) coBepuiaerTcs TakK, 4TO [0 MYTH
HMeroTca 6 JI€BBIX IOBOPOTOB N 2 mpaBHX; OOMMH Bec paBeH

aso~?=at=—1. Ha ¢ur. 5.8 o6xox coBepliaeTcs TaK, 4TO
HMEIOTCH 4 JIeBbIX H 4 TpaBHiX IOBOPOTA, TaK 4TO OOUIHA Bec
aloe~¢=1. [lonubifi Bec 0GouX OGXOAOB IO 4acOBOH CTpeJKe paBeH

—1+1=0; acHo, 4ro gBa 06xX0Ja NMPOTHB YACOBOH CTPEJKH HMEIOT
TaKxke HYJCBOH Bec.
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Fn. 5. Teopus nepexogos nopagok —Becnopsaaok

ARaJorHUHBEIM 06pas3oM YHTATeJb MOXKET I0Kas3aTb, 4YTO JHa-
rpammbl ¢ur. 5.86, 5.88 u 5.8r M Bce NMPOCTbIE MHOTOYTOJILHHKH
JAl0T NpaBUJbHBIE BKJ4Ibl (CAelyeT MOMHHTb, YTO BCE BEJHUYHHDI
YMHOXKAWTCS Ha —1,).

MeToa BHIUHC/IEHHA CTATHCTHYECKOH cymmbl. Dynem Temnepp cuk-
TaTh, 4To B (5.20) ucmoap3yeTcs HCIpaBJeHHOE BblpaxkeHHe Aad
h(l), T. e.

o

h(l
g= {ucnpasneIHHoe O); "
[=

Q' =eNa—2¢ .Z% =—2 Z {ucnpasaennoe A (1)} £2,
=1

4yTO NPEeACTaB/IsfeT COOOM CyMMY KOMIJIEKCHOH ,aMIJIMTYAbI, Jd
Beca, IJf KaxkJOro NyTH, B3ATYIO 110 BCEM MNYTAM, BBIXOASILLHM
W3 HayaJa W BHOBb BO3BpPAllAWIIMMCA B HEro. YKasaHHas aMIlIH-
Tyla NpelcraBjsieT CcO60H NpPOHM3BeJeHHE aMIIUTYA IJs KaxK[0To
NPOXOAHMOTO y3/a peleTKH. DTH aMIJHTYAbl HMEIOT CJAEeLYyIOuyo
BEJIHYHHY:

{ —nJs [BHKEHHd, HallpaBJEHHOrO BIEpeT;
fo—J15 JBHXKEHHsSI, HANPaBJEHHOTO IMPOTHB 4YaCOBOH CTpE/KH,
azeiﬂ/‘l;
to~l— 19 JABHXKEHUs], HANpaBJEeHHOrO MO YacoBOH CTpeJKe,
a—lze—[ﬂ:/d,;

0—aas mosopora Ha 180°.

dopMyIHpYys NPaBHJO, ONpPelesaoilee aMIJHTY LY A/ KaKI0ro
NPOXOAMMOTO y3Ja peIleTKH, Mbl He yKasa/u, KaK ObITb C IIepPBbIM
[aroM, aMIUIMTYJa KOTOPOrO 3aBUCHT OT NOCJ/EAHEro uara. B gasab-
peiimeM GyjgeM CuMTaThk, 4TO OOXOJ HAYMHAETCs H3 Hayajd H BO3-
BpaliaeTcsl B HauyaJjo CHH3Y, TaK YTO JBHXKEHHE HAlpaBJIEHO BBEpX.
Torja NpaBUAO 3alUCH aMIJHTYAH [IJs [EPBOTO LIara MpHMeT BHJ

{—ecsH HayaJbHBIH LIar NPOHCXOJHUT BBEpX,
fo—ecaH HayaJbHBIA MIar IPOMCXOAHT BJEBO,
to~l—ecsn HayvaJbHBIA IIAr IPOUCXOJAMT BIPaBo,
0—ecs¥ HayaJbHBIA LIAT NPOHMCXOAHT BHH3.

Boofuie roBopsf, Mbl HCIOJb3yeM 3TO MIPaBUJO IIEPBOTO IUara
M AJs caydas, KoTAa o6XoJ, HaUHHAeTCA B Hauaje M 3aKaHYHBACTCH
B mo6oil Touke peiteTkH (X, y). Ilpu 3TOM NPHXOJHTCA ONHCHIBATDL
aMOJHTYAy, 3ajaBasi d4eTbipe KOMHOHEHTH: U (¥, y)— aMnJuTyry
npubbitua B (X, y) NpU IBUKeHHH BBepx; D (x, y)—aMnauTyny
npubeiTusi B (x, y) NpH IBHKEHHH BHHS3;, R (X, y)—aMIJIHTYRY
npubLITHA B (X, y) TpU ABHxKeHWH cnpaBa H L (x, y)—aMnauryny
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§ 4. Npo6nema Oucarepa

OpHOLITHS. B (X, y) NPU JABUXKEHHM cJjieBa. DTO OOYCJAOBJIEHO TeM,
UTO aMILIHTYyJa, CBA3aHHAs CO CJEAYIOU UM I1aroM, 3aBHCHT OT
HanpaBJ/IeHHs NMPUOLITHA B AaHHBIH y3€J, 38 KOTOPbIM HEOGXOZHMO
CJEeJHUTD.

I'py6o rosops, Ham cjelyeT BBIUHCJAHTb aMIIHTYIbl NPHOLITHS
B TOUKY (X, y) IO Pas/JHYHBIM HAIPaBJEeHWAM B pe3yabTaTe B TOY-
HOCTH 71 lIATOB M 3aTeM NpocyMMupoBath no n. Beanuuna U, (x, y) —
3TO aMIINTyJa npubniTHa B (X, y) C INOMOLIbI0O TOYHO £ WLIATOB,
IpHYEM TOCJENHUH Iuar HalpaBJeH BBepX; aHaJOTHUYHOE CIpaBej-
ausBo aas D,, R, u L,. [lpeanmonaraercsi, 4uto NpPH HYJEBOM uIare
MBI IPHXOJNM B Hayasio, ABHTasiCh BBEPX, TakK 4to U, (¥, y) =0, 6,4,
D,=R,=L,=0.

[prmMH CJIOBaMH, aMIJIUTYAa NPUOLITHA B pe3ynbrate HyJe-
BOTO YHCJa LIAaroB paBHa eJMHHIE, €Ccad Mbl NIPUXOAIM B HadaJo
CHU3Y, W paBHa HYJO AJs J1060f Apyroft Touku u joboro Apy-
roro HanpapJeHHs1 npubbitusi. MMmes onpeneneHHylo TakiM ofpa3zom
aAMILTHTYY NPUOBITHS B pe3yabTaTe HYJEBOrO UHCJa 1IAaT0B, MOXKHO
NOJYYUTh H aMIJIHTYAY X8 NPOH3BOJBLHOIO YHCJaa IIAroB ¢ I0-
MOULbLIO PEKYPPEHTHOrO COOTHOImeHHsl. MOXKHO BBIPa3HTh aMILIHTYAY
NPUOLITHSI CHH3Y B TOYKY (¥, y) C ToMowbio n--1 maroe yepes
aMIIMTYY nepexona us (x, y—1) ¢ noMoupio n I1Aaros:

Un+1(xv y):tUn(xr y—l)_i_ta['n(xy y_1)+ta_1er(xv y_l)

Eciu Mel npuuid B TOuky (x, y—1), ABHrasicb BBepX, TO MOJY-
yaeM JOMOJIHUTEIbHBIA aMIIHTYAHBIE MHOXHTelb f. Ecau Msl npu-
UJH TyJAd, ABHrasch cJaeBa, HaM HEO3X0AHMO OBLIO MOBEPHYTh
NPOTHB YACOBOH CTpeJaKH H A00aBHTb MHOXHTENb fa H T. X. Mol
He MOXeM ronacTb B (X, y), ABUTasACb BBepX, €CJi Mbl MPHILIH
B (x, y—1), ABurasch BHH3, Tak KaK IyTH, [epeCEKaOlUlHe CaMH
ce6si, He paspewiensl. HerpyJHo HamucaTb aHaJOTHYHBIE BBIPa)Ke-
us a1a R, (x, y), L, (x, 4), D,(x, y).

Torpa BHAHO, YTO Haiie INPEANOJOKEHHE OTHOCUTENBHO aMITfH-
TY/Ibl HYJEBOro IIara jaeT NPaBHJbHBIE AaMIJIKTYJbl I/ HEPBOTO
lara (Hanpumep, f, ecJd JBHXKE€HHe HauumHaeTcsi BBepx). [Ipu cym-
MHDPOBAHHH 110 7 Mbl ZOJDKHBI HCKJIIOUHThL cJsaraemele ¢ n=0, Tak
Kak (Urypy ¢ HyJeBOH MNJHHOH CTODOHBI MHl HE PacCMAaTpHBaeM
KaK MHOTOYTOJIbHHK, XOTsl OH4 HAyHHAETCS H KOHYaeTcs B Hauaje.

Js ynpoueHusi CyMMMPOBaHHSI 110 72 BBEJEM IpeoGpasoBaHue

U, (x, y):

a

Us& M= 3 3 U,(x, g)e-bemim, (5.22)

X==—® y==—=w

Torpa
2n 2n

Untx, )= [ e¥emu, @ mE3.
00
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In. 5. Teopus nepexonos nopsaok —6ecnopagok

Hanpumep, B pesyabrare npeoOpasoBauus U, (x, y— 1) nonyyaercsa
e~MU, (&, n), a B pe3yJbrare npeobpasosanns U, (X, y)—eAHHHLA.
[1peo6pasoBaHHoe ypaBHEHHE HMeEET BHJ

Upiri (5, ) =te™™ U, (&, m)-F0-e™D, (§, n)+tae ™ML, (E, n)-
+tamteT™MR,(E, n) (5.23)

u agaJgoruyno aas D, ., (&, n), L, (& ) 1 R'l“(g’ 7).
O603Ha4UM yepes 1, UYETBIPeXKOMIIOHEHTHBIEl CHMBOJ (BEKTOP-

cronben) ¢ xommouwenramu (U,, D,, L,, R,); Toria B MaTpHYHOH
3alHCH UMeeM MaTPHYHOe ypaBHeHHe

L - (ga 7])=tM (ga ﬂ)‘l’n(g, n, (524)
rae M (E, m)—wmarpuua

l e—in 0 oe—in  g~le-
I 0 etn gl gein
ME W= . . , (5.25)
a~le-i8  ge=it ik 0
oe's o 1ets 0 ets

P, (§, m)=(1, 0, 0, 0),
P, (€, 7])=tM"po,
P, —tM1l>1~(tM)z‘Po,

P (tM)" \Lo

Torna suipaxenue

:2 tM) P, = tMlpo

€CTb npeoépasosaﬂne aMIlJIMTYABl NepexoAaa B pe3yJabTare NpOoH3-
BOJIbHOTO 4YHCJA 1WIaros. AMHJII/ITyIIa HpHﬁbITHﬂ B HayaJio Ipu JABH-
KE€HUH BBEpPX paBHa

2n 2n

2 (0, 0)——1—]—2 U, (0, 0)=—1-+41p,: S S elE0pimo w

2m 2n

XT=mm mll’odif;l SS(‘Po'ﬁ%—l)gnd)ﬁ'.
00

Hayana moxno AOCTHUb, ABUI'afACb B Pa3/IMUHbLIX HANpaBJIEHHAX,
TaK 4TO CJA€AYeT IPOCYyMMHPOBaThL (10 BCeM YeTbIpeM 3HAYE€HUAM lpo,‘
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§ 4. Npobnema Oucarepa

nmeHHo: P, =(1, 0, 0, 0), p,=(0, 1, 0, 0), ,=(, 0, 1, 0) #u
Y, = (0, 0, 0, 1). 210 o3navaer BbIUHCJEHHE unypa. Mmeem

2n 20

- [To(m)8g om
2n2nd§dn O{OI ) I ]
q=§§aw5Pé[*ﬁﬂ:mm+ﬁﬂmj=
27 2nd§dn (t M !
={ Vet oo S [—satmm| =
0 g , lO }
=§§ 05 ffnd);] Sp[ln(1—tM)] =
=%z§1 mfgjf);‘ In Det (1 —tM), (5.27)

(=]

rae Mbl HCIOJbL30BaaH CJAEIYIOUIYIO TEOPeMy:
Spin A =1nDet A.

Jlas1 fokaszaTesbCTBa 3TOH TeOpeMbl 3aMeTHM, 4TO

Det e® = lim (Det eV — lim [Det (1+§>JN=

No>w Now»
— lim ( I 4 Sp B)NzeSDB.
N—w

CuenoBareabno, InDeteB=SpB. [losoxum B=InA, roraa
Spin A=1nDet A.
Marpuua M onpesaessiercs BhpaxkeHnHeM (5.25), U Mbl moJyuaem

Det [1 —¢M] = (£2 4 1)*—2¢ (1 —*) (cosE+cos ). (5.28)

B utore iumeem

Hon($).
Q=2Y(chHy¥Q’,
Q' =evr,
2n2n
q=%SSé%j)—glnDet(l——tM),
0 0

Det (1 —tM) = (*+ 1)2—2¢ (1 —¢*) (cos § -}-cos ),
t=thH.
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F'n. 5. Teopus nepexonos nopspok—6ecnopaaok

Ob6bennHAR BCe 3TH pe3y bTaThl, HaXOAHMY

21 2n

ﬁ_F=—1n2—LS S B | [(ch2H)2— sh2H (cost -+ cosm)]. (5.29)
00

N 2 @n)?

§ 5
Pasnu4Hble 3amedanus

Bbitle Mbl MHOTJa CuMTanM pelweTKy KoHeuHoH (¢ N y3jamu),
a uHorja OecKoHe4HOH (HampuMep, ecJad MpeHeSperanu TpaHuneit).
[NockoarKy uuciao N Besfe mnpejnoJgarajoch OOJBUINM, TO I1PaBO-
MEDHO [ONYCTHTh, YTO 3Ta HEMOCJIeOBATEJbHOCTh HE CKAa3hblBaeTcs
CKOMBbKO-HHOYAb 3aMeTHeIM of6pasoM. OJHaKO BhlIENPHBEAEHHbIE
BBIKJa/KH MOXKHO OOOOUIHTH, YCTPaHHMB TakuM o00pa3oM Hemoc/e-
JIOBATeJbHOCTh,

[lIycte pemeTka HMeeT cHMMeTpHMIO Topa. Ecan Mbl mnepeme-
maemcs Ha L wiaroB B OAHY CTOPOHY (HJH L' 1WaroB B MepreHIM-
KyJspHOM HanpaB/JeHHH), TO BO3BpamaeMcs B HCXOAHYIO TOUKY.
PaHee, MOACYHTHIBAS aMIIJIUTYAY BO3BpallleHHS B HayaJio IPH JABH-
JKEHHM BBEPX, Mbl PAacCMaTpPHBAJIU CYMMY

21 U, (0, 0).

Teneps caeayer paccMoTpeTb CyMMYy

pz > z U, (pL, qL");

=—® qg=—~o n=1

MOBTOPSAA BCe BBIKJAAAKM INpejplaymiero mnaparpada, mnosyuaem
BMecto (5.29)

251 20

- e g oo

X 1n[(ch H)z-—sh 2H (cos g+cosm)].

1) HeckosnbKO HHOM MOAXOA K TpakToBke npobGaembr OHcarepa faH B paforax
H. B. Bposuuerko [3].

2 Hsnoxenue paGoT [3] oM. B yueGHuke [4]. Ananus sbipakenus (5.29)
(cm. [4], cTp. 534) nokasbiBaeT, UTO 3HaueHue {={f,= YV 2—1 orBeuaer Touke
¢asoBore mepexopa. CooTBeTcTByMOILast Temrneparypa T, onpeje/sieTcs COOTHOLIe-
uueM th H,=th (J/T )=t,. Pasnoxenue F no crenensm T —T, collepKHuT Hapsiy

" 1
C peryJsipHoll YacTeio Jorapudmuueckyio oco6eHHOCTb an——Q-b(T—Tc)Zx
XIn|T—T,], a w b nocrosnsne, b > 0. Cnenosarennho, 3 Touke (d30BOro
nepexoja TEIMIOEMKOCTh ofpamiaercsi B GeCKOHEYHOCTh Mo 3akoHy C = b In|T —T 1.
Ilo stomy Bompocy cm. Takke [5,6]. — /Tpum. ped.
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§ 5. Pasnuunbie 3ameuanus

OjHako

zm: e[pLg—— Z 6( 2nn>

p=-o® n=-—-®

TdK 4ToO

B e LYY (5 (2 gl

m=0n=0

X In [(ch H):—sh2H (cos m—l— 227)] (5.30)
ITockoabky L u L' cTpemsitcst K GeCKOHEYHOCTH, cooTHoueHHe (5.30)
nepexoiut B (5.29).
Cnenyer caenaTb HeECKOIbKO 3aMeYaHHH OTHOCHTENBHO (OPMBI
ypaBHenus (5.29). Hcnonapays BheIpaxeHue

BF=—In ¥ e-PE,
10 BCeM
COCTOSIHRSIM

MOXXHO y6eIuThCcs B TOM, 4To ypaBHeHue (5.29) cnpaBemJiHBO IMpH
BBICOKMX Temmepatypax (H —0) u HU3KHX Temneparypax (H — oo).
JpyruM moATBepiKACHHEM IIPAaBUJIBHOCTH COOTHOweHHs (5.29) moxer
CAyXuTb cootnomenue (5.19). Ecan paccmarpuBath @ Kak ¢QyHK-
uno y=sh2H, a He Kak (pyHKumo H, 1o coorHomwenue (5.19)
MOXKHO 3anHsaTbh B ocofeHHO npocToii dopme. ITockoasky sh2H =

=2chHshH=2ch*HthH, To
Q (1)=2" (ch B (th HY Q( )=(sh 2V Q (5 ) =¥ () (5:3D)

i cooTHoumeHHe (5.29) MoxeT ObITh 3almHCAaHO B BHJE

%F:—ln2—-%lny_% ‘28‘“‘28.:‘ éid)"zll [y—{-%/--—(cosg_{_cosﬂ)],
0

(5.32)

OTKyJla BHIHO, uTO cooTHolleHHe (5.19a) cnpaseanuso.

Kan BoigBunysn NpeanosioxeHHe O TOM, YTO pelLIeHHe Tpexmep-
Hol mpobaembl OHcarepa (kKyOuueckKas peLleTKa) HMeeT TaKOH ke
BUl, Kak H (5.29), ¢ To#i Jquwb pasHuuel, uro cosf-cosr 3ame-
HsieTcst Ha €oSE--cosn -+cos U didn/(2n)® Ha dEdndC/(2n)3. OpHaxo
3TO TIPENNONOKEeHNEe HeBepHO.

IlpennosoxuM BMECTO STOr0, 4YTO creludHYeCKHe CBSI3W B pe-
wetke M3uHra waJjo BJAMSIOT Ha XapakTep ¢as3oBoro nepexojpa Ha
KpUBOH TenaoeMkocTH. [IpH 5TOM IHOJIKHA OKAa3aTbCs OYE€Hb MOJE3-
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In. 5. Teopus nepexofoe nopsaok —6ecnopspok

HOU anmpokCHMallHsi, B KOTOPOH B KauecTBe OTIIPABHOIO MYyHKTa
ncnonbsyercs ¢asoBbiil nepexox. Ecau B mpobaemy Oncarepa BBeCcTH
MarkuTHOE M0J1e, 33a4y BbIYHCAEHHS CTATHCTHYECKOH CYyMMbI MOXKHO
BHOBb CBECTH K 3ajaue O MYyTAX, KOTOpas ellle He pellleHa; TPyA-
HOCTb COCTOHT 3jleCb B TOM, YTOOBl YUMTEIBATh OJHOBPEMEHHO KakK
AJIHHY 3aMKHYTOrO NYTH, TaK H OXBaTHIBAEMYyl0 UM NJIOULAAb.

Mpl 3aTpaTHJIM MHOTO TPYAa Ha BBIUHCJEHHE BEJHYHHHI

Q= D exp (—-H > sl-aj>;
g;= & I 1o CBA3SAM

ofHAa M3 NPHUYMH 3TOrO 3akKJ/iodyaercs B TOM, YTO, BO3MOXKHO, YHTa-
TeJdb CMOMKET IPUMEHHTb STH METOAbl rie-iubo eiie UAH OOOGLIUTEL
ux. Hanpumep, Mbl paccmaTpuBa/dM CTATHCTHKOMEXAHHUYECKYIO
3aj1auy, B KOTOPOH HYXKHO OBIJIO B KOHEYHOM cCueTe HAUTH CyMMy
1o BceM MyTAM, BBIXOASIIMM U3 Hadaja KOOPAMHAT ¥ BHOBb BO3-
BpAalllaloUiMCsi B Hero, MpHYeM amIUIMTYRa 3aBHce/JIa OT Mpelbiay-
ero mara.

dTo mo cyiecTBy ecTb Henb MapkoBa, B KOTODOil Kaxabii
IIar OonpefeaseTcs JUllb NpeablAymuM waroM. Ilpobaemy Mapkos-
CKHUX cay4aiHbIX OJIYKIAHUH MOXHO, OJHAKO, PACCMOTPETh U B TOM
cjlyyae, KOrjla JaHHBIH 10ar 3aBHCUT OT ONDPEAENEHHOTO KOHEHHOro
YHCJia OpeAIlecTBYIOMMX [aroB. MeTojoM, aHAJOTHUYHBIM NPUBENCH-
HOMY BhIlle, MOXKHO HalTH Q, AJs clydas, KOrJa aMILIUTY/a luara
onpejessieTcss W NpefiecTBYIOIHMH Iaramu. Ocraercs JHIL BO-
NPOC: MOMKHO JIH NPUAYMaTh HHTEPECHYIO 3afady, B KOTOpPOH cra-
THCTHUeCKas cyMMa Oblja Obl paBHa BeaHuuHe Q7
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6

OnepaTopbl
POXAEHUS
U YHUHTOXEHUS

§ 1
Mpocras
MOTEMATUYECKas 30404d

B sTo#i raaBe Mb PacCMOTPHM METOA ONEPaTOpPOB DOXKACHHS H
YHUYTOKEHHS, KOTOPBIH MIMPOKO NMPHMEHAETCH B KBAHTOBOH Mexa-
HUKe, B OCOGEHHOCTH NMPH OMHCAHUH TaPMOHHYECKHX OCHH/JIATOPOB
M NpH U3YYEHHH CHCTEM MHOTHMX YacTHI.

HauneM H3joxkeHHe ¢ 06CYXASHHS ChaeAyioliell IPOCTON 3a1auH.
[IpeAnoioKHM, Y4TO ONEPaTop a YAOBJETBODAET YPABHEHHIO

[a, a*] =1. (6.1)

3agaua COCTOMT B ONpeJeeHHH COOCTBEHHBIX 3HAYCHHH DPMHTOBA
oneparopa a+a ¥ YCTAHOBJEHHH COOTHOLIEHHH MEXAy ero coGCTBEH-
HBIMH BeKTOpaMHd. 3aMeTHM, 4TO a* 0003HauaeT OmepaTop, IPMUTOBO
conpsixxeHHBIH K @, u [A, B] npencrasiseT cofo#, Kak 06BbIYHO,
KommyTtatop AB— BA.
OTMeTUM cHauaja, YTO €CJd | >—HOPMHPOBaHHLI coBCTBeR-
HbIH BEKTOpP, Takoil, uTo
aralad>=oalad, (6.2)
TO
a=<a|atala>=|ale>|*>=0, 6.3)

T. e. Bce COOGCTBEHHBIE 3HAUEHHS A€CTBHTE/NbHBI U HEOTPHIUATENbHBI.
Ucnoansys toxaectBo [AB, C]=A[B, C]+ [A, C] B, upuxoanm
K COOTHOIIEHHAM

[at a, a] =[a*, ala=—aq, 6.4)
[a*a, a*}=a*[a, a*]=0a* (6.5)
WM K S5KBHBAJIEHTHLIM HM COOTHOLIEHHAM ,
(ataya=a(ata—1), (6.4")
(ata)at =a*(ata+4-1). (6.5")
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I'n. 6. Onepatopsl POXKACHUS M YHMUTOMKEHUN

C nomonbio coorHomenus (6.4") Haxogum Aasi COOCTBEHHOTO BeK-
Topa |a >

(ara)yalad=a(ata—1)|ad>=a (a—1)|a>=(a—1)a]a . (6.6)

CrenosarenbHo, ala) siBAseTcAd COGCTBEHHBIM BEKTOPOM C COGCTBEH-
HEIM 3HAyeHWeM o—1, €CJW TOJbKO He BBINOJHSETCS PaBeHCTBO
a|o>=0. AHaJOrHUHO a*|«)> sBJAeTcsl COGCTBEHHBLIM BEKTOPOM
¢ COGCTBEHHBIM 3HayeHWeM o -1, ecaM TOALKO He BBINOJHAETCH
paseuctBo at|x>=0. Hopma BexTopa a|a> onpenpensiercsi U3 co-
OTHOLIEHNU

lalo>|* =<a|ataload>=ala|a)> =2,
COrJ1acHO KOTOPOMY
lala>|=Va. (6.7)
AHaJoruuneiM 00pasoM moJaydyaeM
lat|a>||=Va 1. (6.8)

ITpennosoxuM Tenepb, uTo a*|ad =40 aasa Bcex n. Torga, mHo-
TOKPaTHO MPHMEHAs cooTHolleHHe (6.6), HaXoaum, 4To a*|o> sB-
JsieTcsl COOCTBEHHBIM BEKTOPOM oOllepaTopa ata ¢ COOCTBEHHBIM
3HadenneM o—n. OQHAKO 3TO NPOTHBOPEYHT ycaoBuio (6.3), mo-
ckoabky a—n < 0 aasa pocratouno Goabwiux n. ClezoBaTedasHo,
I HEKOTOPOro HEeOTPHULATEJILHOTO I€JOT0 YHCAa A JOJKHBl Bhi-
HOJIHATHLCH YCJAOBHS

atjo> =0, HO a**a>=0. (6.9)

[MonoxuM |oe—n>=a"|n>/|| a®|n>||, Tak 410 |OL—n> Npejacrap-
JasieT coO0oH CcOOCTBEHHBIH HOPMUPOBAHHBIH BEKTOP C COOCTBEHHBIM
3HaueHneM o—n. Torma u3 coorHoweHud (6.7) u (6.9) monyuaem

Va—n=|ala—n>||=0;

CJeA0BATENbHO, ¢ ==11. JTO ypaBHeHHE MNOKa3blBaeT, 4YTO COGCTBEH-
HbIMHU 3HAYeHMsAMH oneparopa a*a RO/KHBI ObiTh Lefble HeoTpHua-
TeJIbHblE YHC/Ia M YTO JOJIKHO CYIeCTBOBAaTh ,,0CHOBHOE COCTOSIHHE"
| 0>, Takoe, yTO

a|0>=0. (6.10)

[ToBTropHO JAedCTBYs olepaTopoM a* Ha OCHOBHOe COCTOSIHHE, Ha-
XOIHM, 4YTO BekKTOp (a*)”|0> HuMeeT COOCTBeHHOe 3HAYEHHE 1 H,
cordacHo (6.8), HMKorga He paBeH HyJO. TakuMm o6pasom, coGer-
BeHHBIMH 3HAYeHHAMAU onepaTopa a*a asasawTed yucaa 0, 1, 2, 3,... .

Ecan |n> sBaseTcss HOPMHPOBAaHHBIM COOCTBEHHBIM BEKTOPOM
C COOCTBEHHHIM 3HayeHHEM 7, TO TOrja, corjacHo (6.8),

|n—1>=—l71=n_—aln>
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§ 1. MNMpocras marematuyeckas 384aua

ABNSETCS HOPMHUPOBAHHBIM COGCTBEHHBIM BEKTOPOM C COGCTBEHHBIM 3Ha-
yenueM n—1. AHaJOrHYHO

a* |n—15= = a*a|n> =V n|n>.

CrenoBatenbHo, JeficTBYs onepatopoM a* Ha coctosinue jn— 13,
Mbl CHOBa MOJy4aeM COCTOSIHHE |7)> (C TOYHOCTBIO O MHOXHTEJR),
a He KaKoe-HHOYHIb Ipyroe cocTofHHE ¢ COOCTBEHHBLIM 3HAUCHHEM /1.

HMrak, Mbl MOMKeM IOCTPOHUTb COOCTBEHHLIE COCTOSIHHSA oneparopa
ata caenyromuM obpasoM. Hafizem cnauana takoe coctosirue |0,
4yTOGHl BBLIIOJHAIOCE YCJIOBHE

al0>=0. (6.11)

(Cocrosnue |0> MoxeT OHITh €AHHCTBEHHBIM; €CJH 3TO HE Tak, TO
Mbl HaljJeM ADYLHE Onepatopsl, KOMMYTHpYIOUIHe ¢ 4 U a*, u mpo-
BeaeM kJaccupnkanuio cocrosinufl | 0> cOOTBETCTBEHHO COGCTBE HHBIM
3HAUEHUAM 3THX onepaTopoB.) OnpexesnM Tenepb COCTOSHHS

1

V2

at | 1> = ——(a*)2|0),...

—nt —
[1>=a*1{0>, |2> 3

¥ B oflieM BHAE

1
Vol
(3amMeTuM, YTO MBI MOTJH Obl BKJIOUHTH B OMpefeseHHe |n> Mpo-
U3BOJIbHBIE ()Aa30Bble MHOMKHTEJH; 31€Ch Mbl CUHTAEM, UTO OHU PABHBI

ennsnue.) CorjacHo 3TOMY ONpejle/IeHHI0, COCTOSIHHS |[7) OpTOHOp-
MUpPOBAHH ' W YJ0BAETBOPSIOT COOTHOLIEHHSM

[nd>=

(a*)"]0>. (6.12)

a+|n>:l/n—}~1|n—i—l>, (6.13)
alny=Vrnln—1>, (6.14)
ataln>=n|nd>. (6.15)

Coorsomwenus (6.11)—(6.15) asnsiorcs peuleHueM 3afaud, chopmy-
JHPOBAHHOH B Hayaje 3TOoro maparpada.

D HeficTBUTebHO, corytacHo (6.12) umeem
1
n|md>={0]a(a*)”|0> ——,
{n|my=<0] | >Vn!m!
Ua yparuenns (6.1) nerko nosayuaem

la, (a+)?j=n (at)n-1,
TaKk 4To
{01 an (a*+)m |0y = (0| an=* (a*+)” a| 0y 4 (0| nan~1 (a*)"=1]0% =
=n{0}a"=1(a+)?-110>=n (n—1).. (n—m-4-1){0}an—2 | 0> =nlb,,
H OPTOHOPMHPOBAHHOCTL JOKa3aHa.

177



In. 6. Oneparopbl POXKAEHUS U YHHHTOIKEHUR

Onepatopsl a* H a Ha3bIBAIOTCH ,(OBBLINIAIOUUMH® H ,[TOHHXKAI0-
UIMMH® ONepaTOPaMH, MOCKO/JAbKY OHH COOTBETCTBEHHO YBEJHUYHBAIOT
i yMeHbLIAT coOCTBEHHblE 3HAYeHHs oneparopa a*a. B panabueil-
wem Mbl GyjeM HHTepPNpeTHpoBaThb a*a Kak onepatop ¢H3HUYECKH
HabaolaeMOH BeJMUHHBl, MNpejcTaBiasiomel co6ofi YHCJAO 4YacTHI
onpejie/IeHHOrO copra. B 3TOM cayuae onepatopsl at ¥ @ Ha3bLIBAOTCSA
onepaTopamMi ,pOXKAEHHA" W ,,yHHUTOXKEHUA" (UJIH ,UCIYCKAaHUA® H
snoraomenua®). CootHoulenuss (6.13) u (6.14) MoXHO 3anmucath
TaKke yepe3 MaTpPHUHbIE 3JIeMEHTHI:

<m!a+‘n>:l/n‘f‘16m, n+1ly (613,)
<mlaln>=l/7l Om, n-1. (614’)
$ 2
" apmoHUuecKum
ocuMnnaTop

B KayecTBe NepBOro MNpPHJOXKEHHH DAasBHTOIO B IpEIbIAYILEM
naparpade MeToa paccCMOTPHM OAHOMEPHBIH rapMOHHYECKHH OCLHJI-
JSITOp, TaMUJABTOHHAH KOTODOTO HMeEeT BMJ

1 mw?
H=%p2+—2—x2, (616)

riie x 1 p—oOnepaTropol KOODAHHATBI W HUMIIYJbCa 4YaCTHIBI, YJI0B-
JETBOPSOILHE COOTHOILICHUIO

[x, p] =ik (6.17)

Hawa sagaga cocToUT B oripele/eHHH COOGCTBEHHHIX 3HauYeHHH H
coOCTBEHHEIX COCTOAHUH omeparopa H.

3aMeTuM, uTO BeJHYHHbBI (Vmu)/fi)x H (I/Vmcoﬁ)p ABJAIOTCA
6espasmepHeiMH. Onpejgesum omneparop

[TockoabKy x U p—3pMUTOBBI OMEPATOPH], HMEEM

T=yE\V % 1/%17”)' ©19
[Moneaysce coorHowenuem (6.17), nosnyuyaem
[a, a*] =1. (6.20)

178



§ 2. TapMOHMUECKWA OCUMAAATOP

Bbipasum x H p uepes onepaTopnl a H a*:

% a+tat
x= ]/m—m T (6.21)
a—at
p= Vm(oﬁ——i VT (6.22)
Toraa nnsa ramMuAbTOHHAHA HAXOLHM
H= %ﬁ)(a*a—kaa*):ﬁm <a+a —}—%) (6.23)

CrienoBatesibHO, COGCTBEHHBIMU COCTOSIHUSIMU onepatopa H SIBJASOTCS
COOCTBEHHBIE COCTOsAHUA omepatopa a*a. Bocmoabsyemcs teneps.
pesyabraramu § 1 u Hafiiem coGctBeHHBe coctosiHus |0, |1,
|2>, ..., KOTOpbe YIOBJETBOPSIOT YypPaBHEHHUIO

H|n>:<n+2i>ﬁmln>. (6.24)

Taxkum 06pa30M, SHEPreTHYECKHEe YPOBHU OMNPENLJAITCH COOTHOUIE-
HHEeM

E, =<n+7l> fior.

Camn ke COOGCTBEHHBIE COCTOSIHHS ONPEAENAIOTCA COOTHOLICHHUSMIT
(6.11) u (6.12). Boanosyio GpyHKIMIO @, (X) = (X |An)> J€TKO NOAYUHTB
caepyoumum obpasom. M3 coornomenust (6.18) u (6.11) umeem

al0>= %(xﬁ—,f;p)!@:o' (6.25)

YMHo)Kas cieBa Ha <X | H YUHTHIBas, 4T0 <X | p| @>=— ifi (d <x [py>rdx),

nosyyaem
hod
V % (x+ - a;) <x]05=0 (6.26)

(rie x—rTenepb 4MCJ0, a He onepaTtop). YpaBHeHue (6.26) ectb He
YTO KHOE, KakK ypaBHeHue (6.11) B KOOpAHHATHOM NpejACTaBJAEHHI,
B KOTOPOM OHO NpHHHMaeT BHA AH(P(EPEHIHAIBHOTO YpPaBHEHHS.
Pewas ero, Haxoaum

<x|0>:Ae—mmx=/2h’
rie A—nmocrosunasti. M3 ycloBHS HOPMUDPOBKH CJeayer

1=<0[0>= { <O[x><x| 0y dx=| A" {emmorihay = |ap )/

-

nh
>
mQ
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Fn. 6. Onepatopsl POXKAEHHA W YHAUTOIKEHHA

1] 174
A=e <nﬁ> .

@a3a 0 nocrosiuHod A INpPOU3BObLHA, M Mbl NOJOXKHM ee paBHOM

Hysio. Torna
A= ﬂ)’“
(%

x| 0>=<’"—‘°)” b p-maxteh, (6.27)
ak

TaK 4TO

TakuMm o6pa3oMm, Mbl HallJIH BOJHOBYIO (YHKIIHIO OCHOBHOrO
cocTosiuus. BoJHOBble QYyHKIHH APYTHX COCTOSIHHH MBI ONpeJesHM,
JedcTBys omeparopoM a* coraacHo (6.12):

1
xlnd>=—=<x|(a™)*| 0. 6.28
|n5= = <xa*)" |0 (6.28)

TTockonbxy

xlat= ]/gwl(x—%l’): %\x Zo) dx) &l

< fn>= ﬁ <i;%>"/2 (x— ?Z%) x| 0y=
=7 (B)" ()" (r— s i) et 629

MaTpuuHbie 3JeMeHTHl onepaTopoB ¢uanuecKH HabJ/101aeMblx
BEJIMYHH TI0 COCTOSIHUSIM TapMOHHYECKOTO OCLHJISTOPA MOTYT OHITh
HafijgeHbl H 0e3 Mmepexofa K KOODAHHATHOMY MpEACTABJEHHI0 H HH-
TErpHpoBaHHA MO x. JIJ 3TOr0 HYKHO IIPOCTO BLIPa3uth OMepa-
TOPbl (PH3HUECKHX BEJHUHH Yepe3 OnepaTopbl POXKIEHUS H YHHUYTO-
kennst. [Ipumep Takoro BHIYHCJEHHSI MPHBOLUTCA B CJEJYIOWEM

naparpade.

TO

3alaua. JlokasaTb COOTHOLUEHHE

—(ma\Y me e _ L/ 2mo’\?
(5" ()[4 (e TN o
rae nox f (a*)caenyer noHUMATh CDYHKU.I/I}Ozan (a*)?, ecau f (x)=

= 2 a,x". Iloib3y fACk 3THM COOTHOLIEHHEM, HAATH POU3BOASILYIO

doym(umo Jid¢:| <x|n> (Ykasanue, [okasaTb cHawaJja, 4to

la, [(@")]=F"(a*).)
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§ 3. Anrapmonntbeckuii ocumnnatTop

¢ 3
AHrapmoHuyeckuin
ocuUnnNsTop

HpelUlOJIO)KHM, 9TO TaMHJ/IbTOHHAH CHCTEMbl HMEEeT BH]

P 0% g g, (6.30)

~ om

Byaem cunrate Beamumny A nocTaTouHo MaJjoi (k<fw)), Lelol®|
MOJKHO OBLJIO MCNOJB30BaTh NMEPBHIH MOPSAOK TEOPHH BO3MYILIEHUH,
paccmarpuBasi Ax* Kak BO3MYLIeHHE [Jsi IamMH/JbTOHHaHa (6.16).
Torxa a5 sHepreTHUecK X ypoBHel BO3MYIEHHBIX COCTOAHUN HMeeM
BhIpakeHHne

Enz<n—|—%>ﬁw+A,,, (6.31)

rae
A, =<n|hx*|n). (6.32)

Hcnoassysa (6.21), nonyuaem

An:k<%>2<n|(a d-at)tnd. (6.33)

m

PackpeiBast Buipakenue (a--a*)®, noayuaem 16 ugenos. OxHako,
I0OCKOJIbKY oOnepaTtopel a* H a 06/MafaioT CBOHCTBOM YBEJHYHBAThb
W YMEHBbIIATh YHCJA 3aMOJHEHHSA, OTJIHYHOE OT HyJs CpejHee 3Ha-
YeHHe GYAYT MMETh TOJbKO T€ WJIeHBI, KOTOPbIE CONEPKAT JBa Olle-
patopa a H 1Ba omeparopa a*:

<nl(a+a*)*|n>=<n|(a*a*aa+a*aata+ataaa* +aatata -
+aa*aa* +aaatat)|ny =
=n(n—l) 4+ +n(n+)4+nn+1)+n+1240n+1) (1 42) =
=6n*46n -+ 3,

Tle MBI HECKOJ/IbKO pa3 mpumeHssiH dopmyJnsl (6.13) u (6.14). Cae-
JOBaTeJbHO,

An:3h<j'7m>2(2n2+2n+l).
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Fn. 6. Onepatopbl poOXAEHUS U YHUUTOMKEHMR

$ 4
Cucrema
FaPMOHMYECKMX
OCUMNNSTOPOB

PaccmoTpuM cncTemy ¢ raMHJIbTOHHAaHOM
1
H:Z_Qm—i P?‘f_zvijQz'Qj’ (6.34)
{ i,

rae Q; # P;—KaHOHHYECKH CONPSMKEHHbIe KOODAMHATBL U HMIY1bCHL:
[Q, Q=[P P,]=0, (Q, P =ihs,, (6.35)
n V=V, Urobp HecKOJbKO yNPOCTHTb NPEACTABJICHHE, H3MEHUM

Mmaciitad, BBOAS onpeneseHHe
1

= V'm0, L o ;
G=VmQu  pi=—=P; (6.36)
H
2
=V, .
Ul] Vmim/ ij (6 37)
Onepatophl ¢; U p; OCTAIOTC KAHOHUYECKM COIPSKEHHBIMH:
l9;, p;] =ihd,, (6.38)
a ramMu/ibTOHHAH [pUHHMAaeT BUJ
! !
H:72 P?*F?ZUU‘J[(I/- (6.39)
i i,

BuipasiMm Terepb raMu/bTOHHAH ff uepes ONepaTtopbl pOxKAeHHS
M YHHYTONKEHUS, KaK 3T0 ObJIO CAe/aHO IJISi OZHOMEPHOIO OCIHJI-
astopa. [lIpoBerem npeofpasoBaHue B ABa NpHeMa: cHavasa Haiinem

COBOKYMHOCTb HOPMAJbHBIX KOODIHHAT {4, NO OTHOWEHHIO K KOTO-
pBIM TOTEHLUAJ] HMEET lll{aFOHaJIbeIﬁ BHUJI, a 3aTEM BbIpa3HM KOOpAH-
HAaThl W HUMNYJAbChl 4epe3 onepatopbl pPOXKAEHHA H YHHYTOXKEHHS.

[IpeanosioxkuM, 4To KOOPAUHATH ; H G, CBA3albl COOTHOLIEHHEM
- Y

Go = 2 Cailli- (6.40)
1

IMockoabky maTpuna (U,;) mpeanosaraercs AeHCTBHTEJIBHOH H CHM-
MeTpuuHOH, Marpuua npeobpasoBanus Cg;, KOTOpas ee AHArOHa/n-
3yeT, A0/KHA ObITb OPTOTOHAJNbLHOM: -

; Caicﬁi = 605[3’ ; Caicaj = 6[]'- (641)
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§ 4. Cucrema rapmMoHMYECKHX OCLUMNNATOPOB

[NpeoGpasoBanue, obparHoe (6.40), Torna umeer BHI
9= § Cio - (6.42)

[Mpennonoxum janee, 4To Bce cOOCTBeHHbIE 3HaueHHs Matpuubl (U,))
MOJIOKHUTEIBHBI, T. €. YTO MATPHULA ABJAAETCHA [OJOKHUTEJBHO Olpe-
JeJeHHOR (3T0 HeoOXOAHMO M TOro, 4ToGhl TouKa ¢; =0 6bla ToU-
KOH ycrofiuuBoro paBHoBecHs). O6o3Hauast 3TH cOOCTBeHHbIE 3HAaue-
His yepe3 o (w, > 0), moayyaeM ypaBHeHHE

Al
2_4. Cm'Cf],]'Uﬁ = U)gcﬁaﬂ’
i1

H, cJaejoBate’bHO;
20,9, = Zok g (6.43)
L

Haxkouen, onpeaeauM p, TakuM 06pasom, 4TOObI COXPAHHTL KaHO-
HUUECKHe KOMMYTAIHOHHblEe COOTHOLIEHHS

Po= 2 CaiPi: (6.44)
(9o Pp) = ihSup. (6.45)
B pe3yanaTe noJgydaem raMu/JabTOHHAH B BHJE
1 Ny ~ -~
H=15% (pt+ 0:43), (6.46)
o

KOTOpPHIIl I10Ka3blBaeT, 49TO CHCTeMa COCTOMUT U3 HeCBA3AHHBIX rap-

MOHHYECKHX OCUUJLIATOPOB (IO OAHOMY AJA KaxJOro 3HAYEHHA o).
[Touab3ysicb METOJaMH, pa3BUTBIMH B § 2, MOCTPOHM ONepaTOph

POKIAEHHS H YHHUTOXKEHHS 1A KaxAoH KoJebaTeNbHOH MOABI

aa=l—/‘7ﬁ-( m—a&wv"w:“ba), (6.47)

l ~ { -
a;,t 2’17'—27<l’ waqa—V_tK-;pa)» (6~48)
i =V L @atab) (6.49
P =— 1Y/ B (0 —a). (6.50)
Torpa, yuuthiBas, 4to
[a, ap] = [ak, af] =0, (6.51)
[ag: af] = Bags (6.52)

183



Fn. 6. Onepatopsl POXAEHUA M YHH ITOXKEHMSA

noJyuaeM

1= koo (a3, +3); (6.53)

co6CTBEeHHbBIE COCTOSIHHS TaMUJAbTOHMAHA [ I KaxIOTo o 3a1ai0TCs
co6CTBEHHBIMH 3HAUEHHUSIMH 71, ONEPaTopoB aja,. CleqoBaTe bHO,

I
H|nnn,. ..>= 2 <noc +7) fiog | nyngng . .., (6.54)
(a2)"

= 6.55
|nafyng. . > ]{;IVM 000 ..., ( )

rae ocnoBHoe cocrosiue |000...> onpenensieTcss paBeHCTBOM
A |000...>=0 (6.56)
JJs1 BCex .
3aMeTHM, YTO 3HEPTUAl OCHOBHOTO COCTOSIHHA paBHa /o, /2.
o

Jna cucteMbl ¢ OeCKOHEUHBIM UMCJIOM cTelleHeld cBOGOABI (KOTOPYIO
MBI BCKOpE PAcCMOTPHM) 3Ta BeJdHuKHA B obmWeM caydae OyaeTr Gec-
koHeuno#. ITockonbKky BBHIOOP HauaJja OTCHETa SHEPTUU CHCTEMbI HE
Hrpaer poJaH (TOJbKO pa3sHoOCThL 3HEPruil ypoBHelt HMeeT ¢H3HYec-
KHH cMbica), yAo0HO nepeonpeieNuTbh raMUJbTOHUAH TAKOH CHCTEMB
Tak, 4To6bl 3HeprHs OCHOBHOIO COCTOAHHUA ObIa paBHa HyJwo. Caefo-
BaTe/lbHO, €C/JTH Mbl IMOJOXHM

1 =~ ~ 1
Hng(P?x*’r‘wgqg—?hwq) (6.57)
e
(COOTBeTCTBYIOUIEE BbIPa’KeHHe uepe3 HCXOAHbIe KOODAUHATH §; HMeeT
6o.1ee CJAOKHBIH BHA), TO MOJYYMM raMdJbTOHHAH B BHIE
H = 2 hog 80, (6.58)
o

rjae
Hlmngpg .. .> = 2 nhoq | nyng .. .. (6.59)
o

@DoHOoHB!
CocTosiHUSI CHCTEMBI, DPAacCMOTpPeHHOH B IpeAblaylueM naparpade,
MOXKHO OINHCaTh, HCMOJb3ys HPeICTaBJeHHE O ,HeB3aHMOAEHCTBYIO-

wux pononax“. IlpeanosoK¥M, YTO raMUJBLTOHHAH HMeeT BUA (6.57)
Hian (6.58), Tak YTO 3HEPTHA OCHOBHOIO COCTOSIHHSA PaBHA HYJIO.

184



§ 5. DoHOHbI

OCHOBHOE COCTOSIHHE TOrjJa HAasbiBaeTCH ,BAKYYMHBIM COCTOSTHHEM®
H [peacTaB/seT co60H Takoe COCTOSIHHE CHCTEMBI, B KOTOPOM HET
tdononoB. Ecau cucTemMa HaXOZUTCH B COCTOSTHHH |1,71,11, ...>, TO
Mbl TOBODHMM, UYTO B 3TOM COCTOSIHUM HMeeTcst f, (POHOHOB THMA
a(e=1,2,3,...). Be1H4HHH 5, HA3BIBAIOTCS YUCJaMH 3aMIOJTHEHUS .
3amMeTHM, UTO 3HEPTHS 3TOTO COCTOSIHUsSI paBHA nlﬁw1+n27io)2+ e,
TaK 4YTO 3HEPrusi OAHOTO (OHOHA THNA « paBHa Nw,, 4 [OJHAH
HEPrHsl CHCTeMB! IIpeACTaBJaseT cOO0H CyMMYy 3HepTHH OTAEJLHBIX
tonoHoB. [dpyrumu c10BaMi, GOHOHBI ABJSIOTCS HEB3aHMOIEHACTBYIO-
LEMMH BO30YXKASHUSAMH.

IMockoabky
aiiny o g ol D=V gt 1Ay, oy gy (Mg 1), ey . D,
(6.60)
g | Ry oo NNl > =V g |0y, ooy By (g—1), flgay . >,
(6.61)

MBIl MOJKEM Ha3BaTb af M a, OINepPaTOpaMH POXKIEHHS M YHHYTOKe-
HuA QoHOHOB THna o. OmepaTopom uic/a GOHOHOB THIIA @ ABJISETCS
aja,, a onepaTop MOJHOTO 4ucaa (OHOHOB MMeeT BHJ

N =Y aZa,. (6.62)
o

O603HauuM BaKyyMHOe cocTosiHHe uepe3 |0 >, a cocToAHME ¢ g =1
U Ng, =0 1017 Bcex o <o 3anylleM B BHJIE

le>=0%]0>=]0, ..., 0, 1, 0, ...>. (6.63)

Torza ¢oHOHOM MOXKHO Ha3BaTb TAKYIO CHCTEMY, KOTOpAasl OIHCHI-
BaeTCcsl COCTOAAHMEM |@> (T. e. CHCTeMy, KBAaHTOBOMEXaHHYeCKoe
ru1b0epTOBO IPOCTPAHCTBO KOTOPOH MOPOXKIAETCA BEKTOPAMHU |a)).
Ecau |a> n |f>—oaH0opOHOHHBIE COCTOSIHHS, TO

<o | B> =<0 2§ |05 = <0| (afte+ Oag) [ 0> = 8,5, (6.64)

T. €. COCTOAHMA |&)> OPTOHOPMHPOBaHBl. Kaxkiolt nopmanbHol
KoJie6aTenbHOH MOJE HCXOJHOH CHCTEMBI FAPMOHHYECKHUX OCLHJIISTO-
POB COOTBETCTBYET OAHOMOHOHHOE COCTOSTHHE (MO3TOMY OHH 06a 060-
3HAYAKTCA HHAEKCOM o).

IMonobunie xe 06GO3HAUEHHSI MOXKHO HCHIOJL30BATh AJA COCTOS-
HUH 1ByX 4 Gojee (OHOHOB, BBOJSI OlpeAeNeHUs

[y ones oa,,>:a§1 a(}“n]O>. (

(e

.63)

DTH COCTOAHMS SBJSIIOTCSI HOPMMPOBAHHBIMH B TOM BHJE, KaK OHHU
3alMcanbl, €cld Bce O, ..., O, PA3JHYHBb; B NPOTUBHOM CJyyae
WX HopMa OGoJiblle eAdHHUBL. I[Ipenno/oKHM IJs ONpeieseHACCTH,
4TO @ NpuHMMaer 3Hadenusa [, 2, 3, ... . Torma cocresiHue ¢ yuc-
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[n. 6. Onepatopbl POMKAEHUS N YHUUTOMEHHUS

JIOM 1, COCTOfHHH a =1, n, coCTOSSHUA o==2 U T. I. 3alIHCBIBAETCS
B BHJE

[T, ooy 1,2, o, 2, o> =(a)"(ad)%...|0>=

e e N e e
ny g

=V n,! .. an, ...y, (6.66)

Tag 4TO €r0 HOpMa paBHa l/n,!nzl cen

Ecan onHoBpeMeHHO HMeeTCd BCEro JHIb HECKOJbKO (DOHOHOB,
TO 0OGBIYHO yJAoOHee MNOJb30BATLCA 0O03HAUEHHSIMH |0, ..., @,>,
yeMm NpeAcTaB/eHHeM uepe3 UHMCJA 3alloHEHHs |17, ...>, B 0cobeH-
HOCTHM, KOTZa & HMeeT HelPeDLIBHBIN cleKTp 3HaueHuH. [leficTBue
ONepaTopoOB DOXKIACHHUA U YHUYTOKEHHS HA COCTOSTHHE |y, ..., O,>
onuchiBaeTcs opMyJaamu

atlay, ..., a>=la, o, ..., x>, {6.67)

n

Q| Oy vony oc,,>:k§6mk|oc1, ceey Opoqy Qppyy on, Q> (6.68)

dopmyna (6.68) caexyer us (6.65) u CooTHOLIEHHS

n
[, a3 ... a3, ] =k§l Bao, 5 .. 6%, G5, ...af .

OrmMertumM, 4TO (POHOHLI BenyT cebs nojobHO H6o3e-yacTuuaM (B TOk
Mepe, B KakoH MBI MOXeM Ha3blBaTh HX 4aCTHLUAMH !'), IOCKOJILKY
B JiO6OM 3a3JaHHOM COCTOSIHMUM HX YUCJO MOKeT GbiTh MPOH3BOJib-
HbIM (T. €. COCTOAIHKHe |o, ..., o) CyHlecTByeT AJsi J0O6Or0 uucaa
3HaueHHH a). Mx Go3eBCcKUH xapaxTep OTpaxKaeTcs TaK»Ke B CHM-
METpUM COCTOAHMHA (Hanpumep, |a, P> =[P, a>). B § 7 nacrosiwei
rJ1aBbl 6YAeT MOKa3aHO, 4TO NPH HCIONb30BAHHH OOBIYHBIX TpaBH]I
KBAHTOBOMEXAHHUECKOTO ONHCAHHSA CHCTEM MHOTHX 003e-4acTHIL Mbl
NPUXOAUM K Habopy COCTOSIHMH H ONepaTopoB, COBNAZAOIMIMX 0O
BUJY C MNOJYYeHHBIMH 3]ech. DTO [[OKa3blBaeT MPABUJIBHOCTb OMHCA-
HHSI OCUMJIJISTOPA KAaK CHCTeMbl MHOTMX G03e-4acTHIL.

3axoHYNM 3TOT naparpad KayecTBeHHBIM 06CYXKAEHHEM BJIMSAHUSA
AHrapMOHMYECKOro BO3MYLIEHHS Ha cucteMy ocuuaiasitopos. Ilpen-
MOJIOKHUM, 4TO BO3MYHIEHHE COXEPIKUT YJ/eHbl BUAA

i§k Uix9:99 ¥ ; 2 lFijkl q9:9;9:9:-

v D Ry

) @oHoHEI Gosiee BCEro MOXOXKH Ha YACTHIBI (T. €. NePeHOCAT HMNYJALC U 3HEp-
FHIO), KOIAa CHCTEMA OCHHJJISTOPOB NpeicTaBAsieT co00H noJde, Kak 370 Gyaer
NOKa3aHy B CJeAywueM naparpadge.
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§ 6. KsaHtosaHue nons

Ky6uueckue ujeHbl, BbipaKEHHble Yepe3 OMepaTopbl POXKACHUS
¥ YHHUYTOXKEHHS, HMEIOT BHA

ajafay, azagay, ..., aQgdpdy,

OTKyHa CJelyeT, 4TO OHH BCEria MEHSIOT YUCJIO0 (OHOHOB (HAMpHu-
Mep, TNepBbiil 4JeH poxjiaeT TPH HOBHIX (oHOHa). C/enoBaTenbHO,
€CJIH MBI BO3bMEM CHCTEMY C ONpellesleHHBIM YHCJOM (POHOHOB H pac-
CMOTPHM ee JBHXKeHHe BO BpeMeHHW TDH 3aJaHHOM TaMU/JbTOHHAHE

1 (£)> = e~ (00> = ¢ (01> —itH [ ¥ (0)> + O (1),

TO BCKOpe 06Hapy>1mM H3MeHeHUe YHCJaa YacTHl. KBaﬂpaqubxe
yJleHbl TakzKe MEeHHIOT YUCJA0 4acTHil, 3a HCKJIUeHHEM YJIEHOB BHid

+
AgaRayas, AZORAYAs, « .y

KOTOPHIE COXPAHSIOT YHCJO YAaCTHI, HO MPOSBJSIOTCS KaK B3aHMO-
JefcTBHE MEX]Y HHMH; CJel0oBaTeNbHO, YaCTHUB YK€ He SBJSAITCA
He3aBHcHMbIME. Onucanne B3auMOMeHCTBUSA MeXKIY yacTulamu Oyner
6osee MOIPOGHO PacCcMOTPEHO HHKeE.

3adaya. Tlokaszath, 4TO omeparop YHCJa YacTHLL, onpejeseHHbIH
paBeHcTBOM (6.62), KOMMYTHPYET C NPOH3BEleHHEM ONepaTopoB
POKIEHHS H YHHYITOKEHHSA B TOM H TOJIbKO TOM CJIyuae, KOra Yucsio
onepatopoB at B NpOH3BeJEHHH pPaBHO 4YHCJY ONEPATOPOB 4.

§ 6

KeantoBaHUe nons

MnTepecHbM NPUMEPOM CHCTeMbI ¢ ORCKOHEYHBIM YHMC/IOM CTele-
Heli cBOGOALI fBJseTcs nose. B KauecTBe NPHMEpPOB NOJEH MOXKHO
Ha3BaTh 3BYKOBbLe BOJHBI, KoseGaHus MemOpaH, cBeT # T. 4. Pac-
CMOTpiIM AeHCTBUTeJIbHOE CKa/IsipHOe Y moJe ¢ (X), IBHXKEHHe ¥ KOTO-
pOro OTMHCHIBAGTCA JarPaHKHAHOM

Lig. =5 @x 0§ 0—2f @ x [@ x Kax—x"0 x) 0 (x"), (6.69)

U [IposefenHoe HHXKe DPAacCMOTpeHHE MOMKHO OGOCULHTH HA CIy4al MHOFOKOM-
{IOHEHTHOTO MOJS [YTeM BBeJeHHs COOTBETCTBYIOIMX HHIEKCOB.

2 B KJACcCHYECKOM cJydae ¢ (X) 3aBHCHT OT BPeMeHM f, HO (Tak Xe, Kak
w B § 4 15 g;) Mu He OyAeM YKasblBaTb 5Toro seHO. Kpome TOTO, B NpeAcTas-
aenud Ulpeamurepa omepatop @(X) He 3aBHCHT OT BPEMEHH.

9 [IpeanonaraeTcsi, uTo CHCTeMa sfBJAETCS TPAHCAALUHOUHO HHBAPHAHTHOM, Tak
4To K 33BHCHT TOJLKO OT pPAasHOCTH X -- X’ ’
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I'n. 6. Onepartopsbl POMAEHHA M YHUUTONKEHUS

rie K (x—x")=K (x’—x). Kuaccuyeckne ypaBHeHHS JBHKEHHA,
noJydaeMble BapbHpOBaHHEM ¢ (X), HMEIOT BH]

o SL OL o ’ ’ (A
S = al G0+ (@ x Kx—x)g(x)=0.  (6.70)

Cpasuum ypasHenHs (6.69) u (6.70) ¢ COOTBETCTBYIOIHMH YpaB-
HEHHAMH [J1s1 CHCTeMbl TapMOHHYECKHUX OCLUUJJASATOPOB, OMHCAH-
HoHl B § 4:

| ‘ | . - B
LZ;E‘]?‘@ZUUWN’ q"+2,~"U"fq’.f0'
1 i, 7

Otcrona BUAHO, YTO MBI JeHCTBHTEILHO MOXKEM paccMaTpHBATL NoJje
(o xpaliHedl Mepe (QOPMaJ/bHO) KaK CUCTEMY FaPMOHHYECKHX OCI[HJ-
JIATOPOB, TIPH 3TOM ¢ COOTBETCTBYET CHUMBOJY ,¢“ H X-—HHIEKCY i.
Torga ¢(X) MOXHO paccMaTpuBaTb KakK OTIEJNBHYIO KOODAHMHATY
CHCTEMBI JJ/11 KaKJOro X.

B kauectBe npuMepa NpeamoJOKHM, UTO

K (x—x") =—*y%8? (x—x"). (6.71)

Toraa ypaBHeHue (6.69) noc/ie HECKONbKHX HHTErpPHPOBAHUl MO
yacTAM NPHHHMAET BHI

1 . .

L=7§dsx [@ (x) @ (x) =2V (x)- Vo (x)] (6.72)

u ypaBHeHHe (6.70) npespailaercss B 0ObIYHOE BOJHOBOE YpaBHEHHe
1 -

Vi (x) = ¢ (x) =0. (6.73)

Ecau npeanosiokuth, 4To ¢ (X) —o0006LleHHAS KOOpAHHATA CH-
CcTeMB! JJI8 KaxJIOTO X, TO CONPSIKEeHHBIH ¢ (X) 0006LeHHBIH HMTY b

paBen
SL .
I (x) = ——— = ¢ (x). (6.74)
d¢ (x)
raMllﬂbTOHHaH CHCTEMBEI HpH 3TOM HpPIHHMaET BU]J

H={axmx)px—L=

=5 [T )+ [dx [axK x—x) 90 ¢ (). (6.75)

UTo6bl NpPOBECTH KBAHTOBAHHE CHCTeMBI, OYyJeM CUHTATh @ (X) H
IT (x) 3pMHTOBEIMH OLI€pATOPaMH, YAOBJETBOPSIONIHMH KOMMYTALHOH-
HBIM COOTHOILICHHSIM:

[ (x), ¢ (x)]=[II(x), II (x")]=0, (6.76)
[o(x), I (x")] =ik (x —x'), (6.77)
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§ 6. KBaHtosanne nons

U NpPeANoJIOXKHUM, YTO TaMUJBTOHHMAaH CHCTEMBI ONpPEJeNsieTCss Bhipa-
Kenuem (6.75) ¢ TOYHOCTBIO 1O CKaJspHOH IOCTOAHHOH, KOTOpas
BHIGHpaeTcs Tak, YTOOBl 3HEPrHS OCHOBHOIO COCTOSIHHSA ObBl1a paBHa
HYJTIO.

BripasuM Tenepb Bce BeJWUHHEI 4epe3 «HOPMajbHble MOAb». CH-
Tyanus TPH 3TOM OKAa3bBaeTCsl HECKOJbKO OTJIHYHOH OT PaccMorT-
peHHOM B § 4, MOCKOJBKY 37€Ch YA00HO HCNOJIb30BaTh «KOMIIJIEKCHbIEY
(T. e. He3PMUTOBBEI) HOpPMaJbHble KOOPIAHHATELI.

[TockoaIbKY cHCTeMa fBJAAETCH TPAHC/IALHOHHO HMHBAaDHAHTHOM,
TO MOXKHQ OXHJAaTb, 4To GoJjee YIOOHBIM OyAeT UMIY/AbCHOE MIpei-
CTaBJeHHe MOJAeBHX onepartopoB. Ilostomy omnpeaesim

¢ (k) = § doxq (x) emtkx, (6.78)
k)= aox 1 (x) ek x, (6.79)
O6parHoe npecOpasoBanne HMeET BHAY
a3k - .
?(x) = | gy @ (k) ek (6.80)

aHaJOTHUHHI BUA HMeeT Bhpaxenue aaa II (x). [Tockomeky ¢ (x)
H Il (X) —5pMHTOBHI OIlepaTopbl, HMEEM

¢* (k) =@ (—k),  IT* (k) =IT(—k). (6.81)

Hs coornowenuit (6.76) u (6.77) nonyuaem
[¢ (k), ¢ (k)] = [TI(k), TI(k")] =0, (6.82)
[¢ (k), TT (k)] = ifi (2m)® 82 (k +K'). (6.83)

Beejgem BesnuuHy
(k) = { asxK (x) ek %, (6.84)
Hs coornowenuit K (x) =K (— x)=K*(x) cjaenyer, uTto
o* (k) = 0? (k)*= 0® (— k). (6.85)
IlepenuceiBag ramuabToHHaH (6.75) B HOBHIX onepaTopax, NMOJy4aeM
=g s § o @ [T (—k) T (k) + @ (K) & (— k) 9 (k) =

=5 { g [T 00 TL(R) + @ (K) ¢+ () 6 (K)]. (6.86)

) B panbHefiueM HaM HEONHOKPATHO MOHAZoBATCS cAejyiolide HHTErpaJbi:

. 3 .
Sd3xe"k'x=(2n)3 & (k), gk

m [ x=63(x).
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n. 6. Onepartopbl POKAEHHUA N YyHUUTOKEHMA

[TpepnonoxumM, 49ro o?(k) > 0, Tak 4YTO raMHJIbTOHHAH sBJSeTCA
noJoxuTebHo onpenesaeHneiM. [CaenoBatesnbHo, o (k)-—aeficTsu-
TesbHast BeJMuyHHa, W Mbl BhiGHpaeM o (k) > 0.]

B npumepe, X158 KOTOPOro CHpaBefiHBH ypaBHeHHs (6.71)—
(6.73), umeem o (k) =c|k|.

OnpejennM Telepb ONEpAaTOPhl POKIAEHUS H YHHYTOXKEHHS [cp.
Bhipaxenus (6.47)—(6.50)]

K)y=—=—|V o (k) + k], 6.87
a (k) Vﬁ[ ) (k) V()()] (6.87)
+(k L [V ok ¢(—k) ———T (—k (6.88
a* (k)= Vzﬁ[lfmw( ) — ( )] )
HJIU
o (k)= %%)— [a (k) +a* (— k)], (6.89)

l/ fiw (k) [a(k —K)]. (6.90)

KomMyTauuonHbe COOTHOLIEHHS B COOTBETCTBHH ¢ (6.82) u (6.83)
HMEIOT BUI

(a(k), a(k")]=[a*(k), a* (k")] =0, (6.91)
[a(k), a* (k)] = (2m)*8° (k —K’). (6.92)

Boipaxas raMu/abTOHHAH (1 4epes onmeparopbl @ H a* H BBIMOJHAA,
rae 570 HeoOXoAMMO, 3aMeHy nepemeHHOW k— —k, nojyuaem

H= ; (gni;..} fio (k) [a* (k)a(k)+a (k) a* (k)]

IJI0C TOCTOSHHBLIA u4/ieH, KOTOPHIH BBORHTCA AJIA TOrO, YTOGH BHEp-
THS BAaKYYMHOTO COCTOAHHUA Obla paBHa HyJo. C y4yeToM 5TOro
4jeHa raMHJAbTOHHAH HMEET BHI

Hzg%ﬁ(o(k)a*' (k) a (k). (6.93)

[OTMeTHM, YTO YNOMAHYTLIE MOCTOAHHBIA UYJlEeH €CTb OecKOHeuHas
BeJinupHa —1/, Sdf*kﬁw(k)é‘""(O)‘] Haxkonen, sanuilleM HCXOAHBIE

nosieBLle ONEPaTOPbl Yepe3 OINepaTophbi POXKACHHS H YHHUTOMKEHHUS,
noaw3yack Bhipaxenusmu (6.80), (6.89) u (6.90):

3 TR
@ (X)= (—%Ek? T (k- [a(k)e-*+a* (k)e-tk-x], (6.94)

fl(x) = %l/—ﬁ%(k—)[—z‘a(k)e”‘"‘—|—ia+(k)e‘“""]. (6.95)
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§ 6. Keantoeanue nons

Qopmyan (6.91)—(6.95) npencraeasiior coGol Haubosaee BaKubie:
pesyJbTaThl, NOJYyyaloliiecss NPH KBAHTOBAHUH [MOJIs.

KomMyTauHoHHbe cooTHOWeHHA (6.92) MOryT nokasarhCs CTpaH-
HHIMH B TOM CMbicsie, yTo KommyTatop [a(k), a* (k)] paBeu Gecko-
HeuHoH BeJHuHHe (a He enuHuue). [TosToMy pesyabTaThl, HOJyYeH-
Hete B § 1, He MOryT GbITb HEOCPEACTBEHHO NPHUMEHEHH K OTIePATOPAM
a (k). Tlpeamonoxkum, OZHAKO, YTO MBI IOJB3YEMCH MeHEe CHHIY-
JASPHBIM TNpelcTaBaenvemM. Bribepem jjsi 3TOro MNOJMHYIO OPTOHOP-
MHDOBaHHYIO cHcTeMy OQYHKUHA P, (k), rae HHIEKC o NPUHHMAET
LMCKPeTHbIE 3HaueHUs:;

a3k .
{ gy W () g (K) = B, (6.96)
2 (k) Py (k') = (200)* 8 (k—k'), (6.97)
(¢
B OnpenesuM
(2% e k) a(k 6.98)
an = { Gz e () a (k). (6.98)
Torpa
(a5, af] = Oqg, (6.99)
TaK YTO MBI MOXKEM BOCIO/b30BATHCS NPEABIYIUIHMH Pe3yJabTaTaMu
H MOCTPOUTH |, ... g ...». HO 3TH COCTOSIHHA MOTYT U He GBITh
COGCTBEHHBIMH COCTOAHUAMHM ramujbToHnana H. CocTosHHS ke
[k>=a* (k)|0>, [k, k’>=a* (k)a* (k') |0>

M T. I. fIBJASAIOTCA COOCTBEHHBIMH COCTOSTHHAMH TraMHJbTOHHaHa H,
XOTsl MX W HeJb3sl HOPMHPOBATh.

KaxkoMy BHAY (OHOHOB COOTBETCTBYIOT 3TH HEHOPMHPYEMbiE CO-
crosuna? Cocrosnne [k> aBasiercad (OHOHOM C 3IHepruei fio (k) w,
KaK Mbl MOMKEM CKasaTh, ¢ WMmyJbcoM Aik. UTo6bl nokasate cripa-
BeJJIMBOCTL MOCJAENHETO YTBEpXKIEHUS, PAaCCMOTPHM ONepaTop

d%k

P:fwﬁkm (k) a (), (6.100)

KOTOprﬁ y,aOBﬂeTBOpHET KOMMYTaAllHOHHBIM COOTHOLICHHAM
[P, a* (k)] =hka* (k), [P, a(k)] =—Fhka(k), (6.101)

TakKk 4TO

Plk, k, ...>=(fk, +Fk,+...) [k, ky ...>  (6.102)

Lasnee, us Boipaxenuil (6.94) u (6.101) nonyuaem

[P, ¢ (x)] =ihve(x). (6.103)
inI 9TOM MOXKHO IOKasaTh, 4YTO
e Pk (x) emd PR = (x f-a); (6.104)
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Fn. 6. Onepartopbl POXKASHUSA M YHUUTOW@HHUA

TaxuM obpasoM, omepatop P mopoxaaer TpaHC/AALHH, T. €. ABAACTCA
OTIepaTOPOM HMITYJIbCA.

B § 7 u 8 mbl paccMoTpuMm Gosiee MoapoOHO CBA3b MexKAy olle-
paTopaMH U COCTOSHHSMH, KOTODble OHH MOPOXKAAIT U YHHUTOXKAIOT,
i NOKa)KeM, KakuM o6pa3oM JpyrHe oNeparopbl, HallpUMep TFaMH.b-
TOHWAH, MOLYT OBITb BBIP2XKEHBl Yepe3 ONepaTopbl POKAEHHS H
VHHYTOXKEHHS B JIIO60OM OasHce COCTOAHHH,

Samewanue. B pensiTHBUCTCKOH KBAHTOBOH MeXaHHKe NpHU KBaH-
TOBaHHMH 110Ji1 CBOGOJHBIX 4acTHil C 3Hepruef w(k):l/kﬁ—i—m“‘
(i==c=1) oObluHO HCIONBL3YIOTCA ApYTHE YCNOBUA HOPMHPOBKH
Il paBUJda CYMMHPOBAHHS JJIs1 COCTOSSHHH B HMIYJBLCHOM IPOCTpaH-
cTBe. Bo Bcex COOTHOWEHHAX TNOABJASIOTCH BbIPAMEHHs BHJA

Sd3k,/(2n)32co (k) u (2n)* 2w (k) 8% (k—k’), KoTOpble pPEAATUBUCTCKA
yUHBapuaHTHel. Hapsily ¢ 3THM H3MeHEHHeM HOPMHPOBKH HCIOJb-
3yI0TCSl «PeNATHBUCTCKHE» onepaTopsl @ (K), paBHLIE IPEKHHM Olle-

partopam a (k), ymuoxenubiM Ha } 20 (k). [Tpu 3Tom popmy.isl (6.92)—
(6.94) npuHuMalOT BUJ

[a(k), a* (k')] =(2m) 20 (k) 8° (k —K'),
H= S‘m (k) a* (k) a (k),
a3k

¢ (x)= (27)3 20 (k) [a (k) X +a* (k) e=fex].

B HekOTOpBIX cJayuasiX MHOXKHTe/b (27)* TakKe 3aluChiBaeTcsi I0-
apyromy. Mol He 6yJIeM MO/Jb30BATbCS PENATHBHCTCKHMH YCJAOBUSAMHU
HOPMHUDOBKH M TNIPUBOJHM HUX 3/€Ch TOJNBKO [/l TOrO, YTOOHI 4MTa-
TeJlb, BCTPETHB HX B JAPYrofl KHHre, MOr Obl CONOCTABHThL C HALIHMH.

§ 7
Cuctema
TOXOECTBEHHbIX
yacTuy,

B npeawgymux naparpadaX MBI paccMaTPHBadH KBaHTOBhIE CO-
CTOSIHHS CHCTEMBI OCLUJJISITOPOB KAK COCTOSIHUA C PA3JHYHBIM YHCIOM
YaCTHL, KOTOPhIE Mbl HasblBaJdn (oxnoranu. ONpeneseHHbE COCTOS-
Hus1 OB HAEGHTH(PUUUDPOBAHB Kak OZHO(POHOHHBIE COCTOSIHUSA, a
APYTHE COCTOSIHUS—KaK COCTOfIHUS, coepikauiue O6oJjiee OJHOro
¢onoHa.

B srom naparpade Gyzet ucnosb3oBaH Apyroil moaxon. Mel nau-
HeM ¢ OOGCYKIeHUS NPOCTPAHCTBA COCTOAHHUE 0mOeavroix G03e- HIU
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§ 7. Cuctema TOMAECTBEHHbLIX HACTHL

¢epMH-4aCTHL H NOCTPOHM MHOTOYAacTHUHBIE COCTOSIHHSA, [I0Jb3YSCh
CTaHJapTHBIMH MeToJamH. B ciyyae 603e-4acTHL Mbl NOAYYHM CHC-
TeMy COCTOSIHHI M OmepaTopoB, KOTOpAs MaTeMaTHUYeCKH SKBHBAJEH-
THa HaHjeHHOH paHee J/1f CHCTEMbl OCLHJNATOPOB. TeM cameim Oy-
JeT MOKa3aHo, 4YTO HHTepnpeTalus OCHUNISTOPHBIX COCTOSHUI Kak
MHOTOQOHOHHBIX COCTOSIHHH COrJ1acyeTcst C OOBIUHBIM OIHCAHHEM MHO-
royacTHyHo# cucteMel. IlonyTHo 6yaer pasBHT QopMaanu3M KBaHTO-
paHus A48 ¢epmMu-uacTHll, COCTOSTHMA KOTOPHIX HEMOXOXKH Ha CO-
CTOSIHHS] CHCTEMBl TapMOHHYECKUX OCIHUJ/ISATOPOB.

Byaem paccmatpuBaTh ciydaw 0o3e- u (epMU-4aCTHI OJHOBpe-
MeHHO, pa3JjHyas HX ¢ [OMOIIBI0 YHCJAa {, KOTOpOe IMPHHUMAET
3HaUYeHUd

- (6.105)

{ -1 naa 6ose-uacTulr,
—1 ana depmu-uacru.

BymeM 1noas30BaThCs TaKke cuMBoaoM {P (rae P—yucio mepecta-
HOBOK ) 1151 0003HadYeHus | B caydae 6ose-gactun ¥ (— 1) —sB caydae
depmu-yacTHL. PaccMOTPHM CcHauyajla pas3/MUHMBIE dYacTHUBL. Eciu
[¥,>, ..., |P,>—ONHOUACTHUHBIC COCTOSIHHSA, TO

WD =10 [ o> oo [ P> (6.106)

OMUCHIBAET f1-YACTHUHOE COCTOAHUE, B KOTOPOM {-f UaCTHUA HaXo-
JIHUTCS B COCTOAHHH |¢y;>. BHyTpenHee (ckaJjspHOe) IPOHU3BEIeHHE
COCTOSHUE | @>=|q> | Q> ... | @,> H|P) onpesensieTcs cieLyOLIUM
o6pasoM:

<P P> =Py [ <@y |- <@ ) (D> 1PD - - | 0) =
=Py [ P> <@ | PeD> - - <@L [P (6.107)

'unp6epTOBO HPOCTPAHCTBO, OMUCHIBAKOIIEE CHCTEMY 7 YacTHIl, I0-
poKJAaeTcsl B ITOM cjyvyae TeHsopaMu #-ro paHra Buga (6.106).
CocrosiHHe, B KOTOPOM i-s 4acTHLA JOKa/JH30BaHa B TOUKe X,
nMeeT BUA | X,> | X,>. . .| X,>. Korjga kaxjas KoopauHara X; npoGeraer
BCce TOYKHM IIPOCTPAHCTBA, BO3HHKAWOUIAA IPH 3TOM COBOKYIHOCTh
cocTofuul o6pasyeT NMOJAHBE OPTOHOPMHPOBAHHBEIA Habop Aia n-ya-
CTHYHOTO HIpOCTpaHCTBa (6e3 yueTa CIMHA U APYTHX IE€peMEeHHBIX)

(Ky| oo <K D (YD e |Yd) =06 (%, —yy) - .. 8% (x,—y,), (6.108)
Caxg o S, (x> o  1x0) (x| <x D=1, (6.109)

HOJTbBy}ICb 3THUM 6a3HCOM, MOXKHO 3aNMHCaTh A-4aCTHUHBLIE COCTOSHHA
B KOOpAHHATHOM NpeJCTaBJeHUU

P (Xpy ey X)) = (X | <X 0D, (6.110)
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Fn. 6. Onepatopsl POXKAEHHS M YHHHTOXMEHUR

Hdas cocrosuus [¢> (6.106), yuutniBas (6.107), noayuum

"p(xlr MR xn)zwl (xl) .. ’lpn (xn)’ (6111)
rae Py (X)) = <x; [P
PaccmoTpuMm  Tenepb caydall  HepasJHYHMBIX  TOMKJAECTBEHHBIX
yactul. I1peamoJoKHM, 4TO YacTHUB NOJYHHAOTCS 6ose- nau ¢ep-
MH-CTATHCTHKE; 3TO 03Hauaer, YTO Mbl JOJIXKHBl COOTBETCTBEHHO
CHMMETPH3HPOBATL HJH aHTHCHMMETPH3HDPOBaTh coctroaHusa (6.106).
OnpenennM AJas1 3TOTO COCTOAHHE

|‘IJ1>><[1P2>><---X[‘Pn>=’]71’2——,2§P|1PP(1>>l1PP @1 Pp >, (6.112)
P

rie P npousBOAMT Bce NEPECTAHOBKM n aprymentoB. Yacro Oyaer
yaoGuee mucatb [Py, Py ..., P> BMECTO [P > X[, X ... X[,

[TpocTpaHCTBO  7-YaCTUYHBIX COCTOSIHMH TOPOXKAA€TCA BCEMH
JpoussegennsiMu® Buaa (6.112). 3amerum, uro coctosuue | P> X ... X
X|¥P,> NOJHOCTEIO CHMMETPHYHO B cJaydae 6o3e-4acTHI H MOJ-
HOCTBIO aHTHCHMMETPHUYHO B cJiyuae (epMu-yacTHl, KaK H A0JKHO

ObITh.
Mpumep. Tlyers |@> u |b>—[ABAa OAHOYACTHYHLIX COCTOSIHHS.
Ecau {= +1 (603e-yacTHlkEl), TO

|a>x|b>=a, b>=—=(|a>|b>+[b>] a3),

[a>x|a>=|a, a>=V2|a>|a>.
Ecan {= —1 (pepmMu-uacTulbl), TO

\a, b>=—‘/13—(fa>fb>—fb>la>),

la, a>=0.

B nocneauem ciyuae MBI [MOJydYaeM, 4YTO [Be (epMi-4acTHUBI He
MOTFYT HAXOAWUTbCS B OJHOM H TOM e COCTOSHHH, KaK M CJ/el0Ba-

JI0 OKHJATh.
Uemy paBHO cKadsipHOe NPOH3BEICHHE ABYX TAKHX 71-YaCTHYHBIX
cocTostHui? OTBETOM CJYXKHT clefylouias teopema )

<yl <@y >

Py ever PPy ovey U>= e e e e (6.113)

PulPy>. . K@, | V> C

1) 3Ty TeopeMy MOXHO CPAaBHHTb C H3BECTHOM (OPMYJIOH YMHOXKEHHS BEKTO-
poOB B TpeXMepHOM HpOCTpPaHCTBe

[axb]-lexd]) =

a.c a-d
b.cb-d|’
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§ 7. Cuctema TOAeCTBEHHbIX HacTUy

rae nJs aodoi ManHubIA:(A,-/) PAa3MEPHOCTBIO 1 XA
|4 ICEZCPAIPM- .« Anp(ny, (6.114)
P

T. e. |A|_ saBasercad perepmuHantoMm Matpumsl A, a | A{, npen-
crapasieT co60fi BeJHYHHY, KOTOPYIO 4acTO HAa3bIBAlOT NepMaHeH-
mom AM

HdokasaTenpcTBO:

<¢1v LR (pn"lpb DR Ur’n>=
Z EPL2 (Kppey |-+ +LPpim ) (o> -+ | Poum>) =

1
=T Z Z EPL < @piny | Yoy« « PP (ny | Vo(my> =

l

1
= }.4 2. 8Py [ Yop=11)> . « < @n [ Pap-1(n)> =

(31€Ch MBI [POHM3BEJH IMEPECTAHOBKY MHOXKHTEJE€H B COOTBETCTBHH
c P

I -1
*-ZP, ZCQP <Py [ Pap=1)>+ « - <Pp | PoP-1(m)> =

;

(mockoabky (P =FP7" u LULF™ =(RP7Y)

1
= 2 DL LR | YRS+ + <P | PR (> ==
P R

(monaras R= QP-1)
= DR YR+ + <P | PR1> =] (KP: | ;> ) |2
R

yTo " TpeGoBanOCh NOKAa3aThb.
PaccMoTpuM Tenepb IOJHBIH OPTOHOPMHPOBAHHBIA Habop cocTo-

suuit {1 1>, 12>, ...}
<a|P>=Bap, Mla><a)=1. (6.115)
o

[Tosanerii HaGop n-yacTHYHBIX COCTOSIHHH ompejenasercs TOrjga co-
CTOSTHHAMHU |0, Oy ..., O,>, TAE O3 <L O,<C...< @, B Cayyae
cTaTHCTHRH Dose w o, <a, <... < o, B cllyuae CTATHCTHKH DQepmi.
OTH COCTOSIHUA OPTOrOHAJLHEL upyr npyry, HO He Bcerja HOPMHU-
poBanbl. Mul npensiaraeM unTaresio, MNoJsab3yfick Teopemoi (6.113),

1 TepMuHu ,mepManed1 Ais sesauuuybl | A | 3a mocnejHee BpeMs yxe BO-
Wen B OTe4eCTBEHHYIO JH1epaTypy.— [Tpum. ped.
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Tn. 6. OnepaTopbl POXAEHUS M YHUUTOKEHUA

noKasarb, 4TO B KaudecTBe [I10JIHOTO OPTOHOPMHPOBAHHOTO Habopa
COCTOAAHUI MOKHO B3STb

1

—_—y, vy %> (o <...<Ca,) 119 6030HOB,
Valnal ..
o, vony > (0 <...<a@,) aas hepMHOHOB,
TJe uncia ng NOKAa3bIBAIOT, CKOJBKO Pa3 o BCTpevaeTcss B Hocte-
NOBAaTeAbHOCTH Oy, ..., O, (A1 depMH-uacTHU #e =0 nan 1).

B ofoux ciayuasaX yCJOBHS IOJHOTHI MOTYT OLITH 3anucaHb! B
crenyiouleli yro6Ho# dopwme:

7

1 ~
: E—Z"'Z‘a’l’ s Oﬁn><061, LA | O('n[:l- (6116)
oy Oy

B sToft samucu 006sacTb M3MEHEHHA KaXKAOH NepeMeHHOH o) He
orpaHnueHa, MOSIBJEHHE K€ HECKOJbKHX OJMHAKOBBIX COCTOSIHHIL
YUHTBIBAaETCA MHOXKHTeJeM l/n! u HopmupoBKo#. B ciyuae depmu-
YACTHI YJEHH C OJHHAKOBEIMH C;, KOHEYHO, DaBHHLI HyJI0. Efnunma
B npaBoit yactH (6.116) o3HavaeT eJMHUUHLIA oOmeparop B Npo-
CTPaHCTBe (JOJKHBIM 00pPa3oM CHMMETPH30BAHHBIX) #7-YaCTHUHBIX
cocrosunii. CoorHomenne (6.116) MOXHO NpPOBEPHTH, AeHCTBYA One-
paTopoM JIeBOif uyacTH paBeHCTBa Ha cocTtosmue [Py, ..., B,> #
ucnoan3ya (6.113), (6.114).

Cayyait n=0, BO3MOXHO, TpeOyeT HEKOTOPLIX IOSICHEHHH.
CocTosTHHMA, B KOTOPBIX OTCYTCTBYIOT YACTHUH {,HY/Jb-4aCTHYHbIE
COCTOSIHNSI), ONMMCHIBAIOTCSI TEH30PAMH HYJEBOTO paHra, HJH CKa-
JASIPHBIMH BeJIMUYMHAMHM (KOMIJIEKCHBIMK 4uc/iamu). OHH o6pasyior
OJIHOMEpHOe MPOCTPAHCTBO, BCE 3JEMEHTH KOTODOTO IPOMOPIIMO-
HaJbHB eIHHHIE, DTO ,LJAHHHYHOE COCTOAHUE" MBI OyieM obo3Ha4aTh
|vac) (uau wuHorga |0>) M HasbBaTh ,BaKyyMHBIM COCTOSIHHEM.
TaxuMm o6pasoM, ,HY/b-4acCTHUHLIE® COCTOAHHUS MOPOXKIAEIOTCH COC-
TOSTHHEM | vac).

Mbl mocTpousn IJ8 KamJAOTO A THJALOEPTOBO NPOCTPANCTBO,
ONHCHBAIONlee CHCTEMY A YaCTHIl, M MOJYYH/IM B pesy’bTare Gec-
KOHEeUHYI0 T0C/e10BaTe/NbHOCTh N-9aCTHYHEIX IpocTpancTB. Bo muo-
IHX TIpoleccax YHCJIO YaCTHL, HE COXPAHAETCH: YacTHIB MOTYT
CO37aBaThCAd M YHHUTOXKAThCs. /11 onmmcaHus TaKHX IIPOLECCOB
HeoGXOUMO THALGEPTOBO NPOCTPAHCTBO, COAEpAKAUIee COCTOAHHUA C
NepeMeHHEIM YHCJOM 4YacThil. Takoe NPOCTPAHCTBO MBI INOJYUYHM,
ec/ii TPOCTO CKOMGHHHUDPYEM BC€ r-4acTHYHBIE NPOCTPABCTBA B OAHO
60JIbIIOE TIPOCTPAHCTBO, KOTOPOE MBI MOXKEM HAa3BaTb MHO20YOCHIUY-
Hotm npocmparcmeom. TIPOM3BOJBHOE COCTOAHHME B MHOTOYAaCTHYHOM
NPOCTPAHCTBE HMeeT BUI,

[P> = | PO - [ YD | P> [ P> .., (6.117)

rae | P> npexpcraBiaseT coGOH n-yacTHYHOE COCTOSIHME.
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§ 7. CUcTema TOXAECTBEHHbIX 4YaCTUL

CocTosinusl ¢ pa3HbIM YHCJIOM YaCTHI[ OMNpeJe/eHBl HAMH TaKUM
o6pasom, 4TO OHH OPTOroHaNbHBl JAPYr APYry, MOSTOMY €CJIH |@)
ecTb JAPYroe MHOrOYacTHYHOe COCTOsIHHE, 3alHCAHHOe B BHIE, aHa-
Jgoruydom (6.117), To

<[> = <@ [ PO <D [PV 4L, (6.118)

Ecau {|a>} —mnonHeii opToHopMHpOBaHHBIH HaGop cocTogHUIL,
I/ KOTOPHIX BBINOJHAIOTCA yeaoBua (6.115), To, nonssysce (6.113),
(6.115) u (6.118), MBI MOXKEM 3AMUCATH YCJOBHS OPTOrOHAJLHOCTH
B 0606iIleHHOM BHJE

605161 s 60‘15/1

yy orn @By s B> =8, | - e oo -] (6.119)
Py e 60°rzﬁn [

Hs (6.116) nMeeMm Takxe YCJIOBHS HOJIHOTHI

i

S Y e e ad<o e, a]=1; (6.120)
n=0 Qs ooy O

37ech €IUHHUIIA B NpPaBoH 4acTd o03HAuaeT eIHHHYHBIH omepartop As

BCEr0 MHOTOYaCTHYHOrO NMPOCTPaHCTBA.

B kauecTBe nmpuMepa pPacCMOTPUM COCTOSIHHSI B KOODAHHATHOM
npeacTaBiaennn. CuTyanus, B KOTOPOH B KaxkJI0H TOUKe X, ..., X,
HaXOAMTCH 1O OJHON uacTHIE, OIHUCHIBaeTCA (HEHOPMHPYEMbIM)
COCTOSIHUEM |X;, ..., X,>. B 3ToM cayyae coorHowenus (6.119) u
(6.120) mpUHHMAIOT BUJI

(%, —yp). .. 8 (X, —yn)
Kyy ooy XV, oo s Yo =0uml- « « « v o o oo |, (6.121)
6° (xn_yl)- .8 (xn_Yn) C,

Z1
ZHSdeI...Sdaxnm, ey XK .. Xy=1. (6.122)
n=40

Hcnonbsyst cootHomenue (6.122), MBI MOxeM pasioxMTb HPOU3-
BOJIbHOE MHOTOYACTHYHOE COCTOSIHHE | MO 3THM COCTOSHHAM:

1
|¢>:Zﬁ§d3x1...§d3xﬂlxl, cees X0 P (X, L., X)) (6.123)
n=0

3nech
P (Xyy vvy X)) =<Ky e, X [P (6.124)

SIBJAETCA aMIUIMTYAOH BKJajxa n-YacTHYHOTO COCTOSIHHA (COmepika-
Iiero Mo OJHOH uacTHIEe B KaxkaAo# Touke X;) B cocTosiHHe |V
(ecain ono Hopmupyemo). OTmerum™, uTo Y™ (X, ..., X,) ABJAAETCSA
CHMMETPHYHON HJIH aHTHCHMMETPUUHOH (GyHKIMe# B COOTBETCTBHH
CO CTaTHCTHKOH uacTHi. OTMETHM TaXXe, YTO eCau |¢> #ABAACTCH
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Tn. 6. Oneparopel POMAEHUA U YHUUTOXKEHUA

n-yacTHYHBIM COCTOSIHMEM, 3allMCaHHBIM B Buie |, ..., P>, rae
Kaxjoe |§;> ecTb OJAHOYACTHYHOE COCTOsIHME, TO
P (X, ..., X,)=0, ecan m==n,
Py (Xp) oo Wy (Xn)
VX, ceey Xp)=|. . . . .. R (6.125)
P (X1) ov Va(Xa)|a

rae W, (X;) = <X; [ P;>. CoorHowenune (6.125) caegyer us (6.124) n
(6.113). B cayuae craTuctiku ®GepMyu 5TOT JeTePMHHAHT HA3bIBaAETCS
,CA9TEPOBCKHM JeTepMHHAHTOM".

Iepefigem Tenepb K ONpEJENEHHIO ONEPAaTOPOB POXKIEHHS W YHHU-
TOMKEHHUsl. DTH OIEpaTOphHl WIpalT Ba)KHYH DOJMb NO ABYM INPHUH-
HaM: BO-HEPBbIX, MOCTPOMB MHOTOYACTHYHBIE COCTOSIHHS, Mbl IOJY-
YAJN BO3MOXKHOCTb ONMCHIBATL H3MEHEHHE WYKC/a YacCTHUIl B CHCTeME,
¥ TO3TOMY HAM HYMKHBl ONEPaTOPEl, KOTOpbIE MOTJH Obl [POH3BO-
NWTHL 3TO M3MEHEHHWe, M, BO-BTOPHIX, KaK OKasblBaercd, Psx omnepa-
TOpOB, HalpHMep IOJHAsi SHepTHsA, OYeHb NMPOCTO BhIpaXkaercs dye-
pe3 onepaTopnl POXKACHHS W YHHUYTOXKEHHS.

PaccMoTpuM NpoK3BOJbLHOE OAHOYACTHYHOE COCTOsIHHE |¢)>. Omn-
pelesuM Takofl JuHefHbl onmeparop a* (¢), KOTOphIH YIOBJIETBO-
psieT ypaBHEHHIO

At (@) P s V> =19, Ppy e.es VD (6.126)

JJIS TIPOU3BOJBLHOTO f-4acTHyHOro cocrosinua |V, ..., ¥,>. B cay-
yae n=0 noapasymeBaercsi, 4to a* (9)|vacy>=|¢>. Bysem HazbI-
BaTh a* (p) onepamopom poowclerus ANSL COCTOSAHHUA [@> W CONpS-
XKeHULIH eMy onepaTop a(@)—onepamopom YHULIMONEHUS.

Onepartop poxjeHHs npeoGpasyeT, OYEBHIHO, A-4aCTHYHOE COC-
Tosinue B (n - 1)-4acTHUHOE COCTOsiHHE. Jlerko mokasaTh, YTO oOfie-
paTop YHHUYTOXKEHHs [ePEeBOIUT /i-4aCTHUHOe cOocTosinne B (n—1)-
yacTuuHoe uau, ecau n =0, YHHYTOKAET BAaKyyMHOEe COCTOSIHHE.
Yro6bt HallTH pesyasTaT ReHCTBHsS oneparopa a (@) Ha /1-4acTHYHOe
cocTosiuue |{,...V,>, YMHOXKHM €ro cjeBa Ha NPou3BoJbHOE (n—1)-
YacTHyHOe COCTOAHKE <Yy. . Yp—1l

i v oe Anea [@(@) |y oo P> =
=P, P at (@) N KD =
=Py Vol @ Ya e Kned =
<Py [ e> <Py | A o o LPy | K>

f

A M PP -
20/ PRI R L

<¢nl¢><qM|X1>'
{ \
n‘ (HeT Py) k

z/

= ng_l <1Pk‘(P>

k=1

7m-1>

A2+ <Pn

N
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§ 7. Cuctema TOMAECTBEHHBIX HacThy

WJIH, pasgnaras Ha MHHOPHI,

= kZCk“‘ Pl @* <y (et ) o P [ Ai e AT =
=1

=k2 EE <P V> g wo v K | W e v (e W) o P>
=1

[lockoabky cocTosinue <Y, ...%Y,—;| NPOH3BOAbLHO, OKOHYATEIbHO
nonyuaem

n

a(@)| ¥, ---wn>=k2 =1 [ Pp> [Py v v e (eTWy) - .. P> (6.127)
=1

TaxuM o6pa3oM, omepaTop YHHYTOXKEHHA YJajAsieT [0 OJIHOMY H3
COCTORHHH |W;>, ocTaBass CyMMy (n-—1)-4acTHUYHBIX COCTOSIHHI.
B cayuae 6ose-yacTul ({=1) Bce 4/IeHbI NOJOKUTEJbHbI, B TO BpeMs
Kak B cayuae depmu-uacTHU ({==—1) ujeHB cymMBl 3HaKOlepe-
MEHHHE.

YpaBHenus (6.126) u (6.127) onucelBaioT AefiCTBHE OMEpaTopoB
POXKAEHHR H YHHUYTOXKEHHs HA MHOroyacTHYHoe cocTosinue. M3 ypas-
HeHHs (6.126) caenyer paBeHCTBO

a* ((Pl) a* (sz) =La* (®2) a* ((P1)’
[a* (1), a* (9,)]-t =0, (6.128)

rae [A, Bloy=AB—[BA, r. e. [A, B]. ({= 1) npexcrasaser
coGoii kommyrtatop u [A, B], ({=—1)—aHTHKOMMYTaTOPp.
Y paBHeHHE, 9PMHUTOBO COMNpAXKEHHOe ypaBHeHHIO (6.128), umeer

CJAeVIOUUA BHA:
' [a (), a(9,)]-z=0. (6.129)

TakuM 006pa3oM, ONIepaToOphl POXKAEHHA KOMMYTHpYIOT aas Gose-
YaCTHI ¥ aHTHKOMMYTHPYIOT IJs ¢epMH-4acTHI; aHaJOTHUYHO BEAYT
ce6s1 onepaTopel YHHYTOXKEHHSA.

Paccmorpum teneps [a(@,), at (@,)]-z. CeoauTcs am 3To BBIpa-
KenMe (uan Jwoboe nogobHoe eMy) K ueMy-HHOyAb 6osiee npocToMy?
Bbluncaum cHauaaa

a (@) a* (@) Py« s V>=0(@1) [ @os 1o v P> =<Pu [ @D Y1 P>+
+ ST > [P W ene e b (6.130)
k=1

HJIH

H 3aTeM
Q¥ (g) @ (@) |1+ P> = DT <P [ P>a™ (@) Py o - (wer Bp) . . P >=
k=1
= % Qk—l <CP1|'lpk> ‘ (p‘z’ lpl e (HET llk) e lI.n>‘ (6’131)
k=1
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Tn. 6. Oneparopbl POXKAGHAA W YHHUTOKEHUR

Ywmuoxkas ypasHeHue (6.131) Ha § u BblUMTa# €ro M3 (6.130), mo-
Jydaem

la(®y), a* (92)]-g=<P1| P> (6.132)

Cootromenus (6.128), (6.129) u (6.132) siB/IsAI0TCS OCHOBHBIMH KOM-
MYTAllAOHHLIMH COOTHOLIEHHUAMHU JJIsl ONEPATOPOB POMKCHHUS H YHHY-
TOXEHUS.

CooTHOIE U, KOTOPLIE Mbl TOJIBKO 4YTO TOJYUHJIH, OGBIYHO Bbi-
BoAATCA AJif OPTOHOPMMPOBaHHOTO Gaslca, M03TOMY Mbl PACCMOTPHM
cefiuac 3TOT cayyail. [lyets {|ad}={|1>, |2>, ...} obpasyiT noa-
Hbi{l OPTOHOPMHPOBAHHEI HAa0Op OJHOYACTHUHBIX COCTOSHHUIL. OO6biuHO
3aMHCHBAIOT Ao =a (o). Torga, yuuthiBas, uto <a|p>=08qp, noMy-
yaeM [ay, f]-z=08qp. PaccMoTpuM Tenepb cayuau Gose- u depmu-
yacTull MO OTAEJbHOCTH.

Cayuail Gose-uacTul. Bpelem
1,000,200, 2,0
anlngl... !

rIe 4ucaO Mo MOKAa3blBAeT, CKOJIBKO Pa3 o NOABJAETCS B KET-BeK-
tope B mpaBoil uacti. CeloBaTeNbHO, |m,...> (Kaxnoe fig=0,
1, 2, 3, ...) o6pa3yeT OpTOHOPMHPOBAHHBIN 0a3uc /st BCETO MHO-
rovacTHuHoro mpocrpaHctsa. Ms cdopmya (6.133), (6.126) u (6.127),
fnoJayuaem

ag|nty. . Na.. S=Vhg+1nn,. . .ne-+1...0, (6.134)

|attye o > = (6.133)

Qo | Mylty « o e > =V g |y o cia—1. .. (6.135)
KoMMyTalHOHHbBIE COOTHOLIEHHS HMEIOT BHI
lae, ag]=[ad, af]=0, [ax, af] = Oup. (6.136)

Ypasuenusa (6.134)—(6.136) unentuuns ypapnenusm (6.60), (6.61),
(6.51) u (6.52) nna omepartopoB POXKAEHHA H YHHYTOXEHHs JJIA
CHCTeMBl TaPMOHMUECKHX OCLHJIsTOpoB. Omepatop uucja YacTHI B
COCTOSIHHH |Q) HMEET BHJ

Ny =atag.

O6osnavenus (6.133) (B npejacTaB/JeHHH ,4HCEJ 3alMOJNHEHHA"),
BOOGILE TOBOPHA, HE BAAITCA HauGojee yJoOHbIMH. [leficTBUTENLHO,
fosee eCTeCTBEHHO MO-IIPEXKHEMY NPHMEHfATh 00O3HAueHMs, NPHHS-
ThHie B 5TOM mnaparpade, T. €, OGO3HAYEHHS [0y, Gy, ..., O,>. ITH
0603HaueHna obcyxzaaduch B § 5 B cBA3M ¢ ¢ononamu. OTMeTHM
npu sToMm, 4Yto cootHomeHns (6.126) u (6.127), sanucaHHble A#
COCTOSIHHH BHZAA |04, ..., O,>, CTAHOBATCH HICHTHYHBIMH COOTHOLLC-
Husim (6.67) u (6.68). CaepoBare/bHO, ONEPATOPH POXKIACHUA H YHHY-
TOMEHHs I/f cHCTEMbl §03€-4acTHI HMEIOT TOT K€ BHJ, 4TO H I
(OHOHHOH CHCTEMEL.
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§ 7. CucteMa TOMAECTBEHHbLIX UYACTHY

Cayuaii ¢epmu-uactuu. ITonb3ysich 0603HAUEHHSIME | Oy, ..., &,>,
nosyvaem
afla, .o a>=|a, oy, ..., @D (6.137)
H
n
a| Oy vees QD= 2 — 1) 16m [0y oeey Oty Oty oo es O,
(6.138)

MeI MOXKeM TaKKe BOCNOJb30BATHCH MPEACTABJEHHEM YHCEJ 3anoJ-
HeHHUs
[nany oo >=]ay, 2y ...,

rae o, < a, <..., H UMCJIO N, NOKAa3bIBaeT, CKOJbKO pas o BCTpe-
yaeTcss B 3TOH mnocjaenoBatenbHOCTH (1, =0 uau 1). Ecam ny =0,
TO Omeparop ai M3MEHseT ero Ha 1, a cllepaTtop @, HCKJIOUaeT 3TO
cocrosgnue. Ecau ny, =1, 10 a, usmensietr ero Ha 0, a a} uckIoUaer
310 cocrtosiHue. IlosiBasieTcs TakKe MHOXKHTENb =1, 3HAK KOTOPOTO
3aBHCUT OT TOr'0, KakHe eIle COCTOSIHHS 3aloJiHeHHI. Jlerde Bcero
npocTO 3anoMHuTh Gopmyasl (6.137), (6.138).

3amernM, 4o [a(9)]*=[a* (¢)]*=0 a1s a060ro 0AHOYACTHYHOTO
COCTOSIHHSA | >, DTO yTBepKAeHHE cJeJyeT M3 COOTHOMeEHHH (6.128)
1 (6.129) (rme {=—1 u @, =@,=¢); OHO KBHBAJEHTHO YyTBEpPXK-
JeHHIo, 4To JBa (epMHOHA He MOTYT HAXOJMTLCA B OJHOM H TOM
xKe COCTOSIHHH, T. e. |, ¢>=0.

CooTHouwlennsa (6.137) u (6.138) MOKHO BBIBECTH TaKKe HEIO-
CPeJICTBEHHO M3 AHTHKOMMYTAUHOHHBIX COOTHOLIEHHH

(ae, ap), =[aZ, af), =0, [aq, af], = Oqg, (6.139)

Kak 310 OBLIO cledaHo B NpenplayiieM naparpage Jaas ornepa-
TOPOB @, IJIS1 CHCTEMBI TaDMOHHUECKUX OCHUJIATOPOB. Ho B cayuae
(epMH-4acTHIl Y HAC HeT KakoH-au60 anpHOpPHOH MPHYMHBI MOCTY-
aupoBaTrh cooTHolleHus (6.139). (HanoMHuM, 4TO Ajasi OCLHJJISATO-
pPOB COOTBeTCTBYIOIHE KOMMYTAIHOHHBEIE COOTHOIIEHHS HOJYdYaloTCs
B pe3yJbTare NPOoleLypbl KBAHTOBAHUS KAHOHHYECKH COMPSIKEHHBIX
nepemMenHbIX.) CKOpee MOMKHO CYHTATh, 4TO cooTHomeHus (6.139)
BBITEKAIOT U3 MOCTYJaTa 00 aHTHCHMMETPHUYHOCTH BOJHOBOH (PYHKIMU
151 epMHOHOB.

BepHemcs1 K ofmemMy cayd4ai, KOTOPOMY COOTBETCTBYIOT (POPMYJIBL
(6.126)—(6.132). OxHo U3 NpeUMYIILeCTB CTOMEL 0bIie# GOPMEI COCTOUT
B TOM, 4TO Mbl He IIPHMBSI3aHBl K KaKOMY-JIHGC CNENHAJbHOMY BbI-
6opy 6asuca cocrostHui. [1peno/aoxk1M, YTO MBI MOJAB3yeMcH 6a3iucoM
COOCTBEHHBIX COCTOSTHHH B MMIYJbCHOM IPOCTPAHCTBE, T.€. 6a3HCOM
Ip>. Tak kak <p|p’>=(2n)3 8 (p—p’), umeem

[a (p)’ a* (p,)]—’é:(QT':)3 83 (p__p’)’ (6140)
[a (p), a(p)]-¢=[a* (p), a* (p")]-x=0.
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I'n. 6. OnepaTopbl POMAEHUSA ¥ YHUUTOIKEHUR

W3 BakyyMHOTrO COCTOSIHHSI MOXKHO CKOHCTPYHPOBAaTb JPYIHe COCTOS-
HUS, MO0Jb3YSCh COOTHOUIEHHEM

Py ooy P>=0a"(py) ... a" (p,)| vaco>. (6.141)

Ecan Mmbl nosnb3yemcss 0asucoM COGCTBEHHBIX COCTOAHHE | XD

B KOODAMHATHOM IPEACTAaBJEHHH, TO, YUMTHBad, 4T0 <X|[X'>=
=0% (x —x'), nosydaem

[a(x), a* (x)]-p= 6" (x—x), (6.142)

X, .., X>=a*(x,)...a*(x,)]vac)>. (6.143)

Ecau MBI I0Jb3yeMcs 6asncoMm coBCTBEHHBIX COCTOSIHHA omeparopa
BHepru AJIsi aTomMa Bojopoaa |almd, to [a(nim), a* (n'l'm’)]_y=
= OpnO1ts Omms ¥ T. L.

Kak MeHsiloTcsl onmeparopsl POXKAEHHS H YHHUTOXKEHHA, KOTAa
NPOHCXOJZUT H3MeHeHMe Oasuca? Ha 3ToT Bompoc JIErKo OTBETHTh,
YUHTBIBAS, HTO €CJH

> =o|b>+ple>, (6.144)
TO

a* (x)=oaa* (P)+Pa* (9), (6.145)
a(x) = o*a () +p*a(e).

DT0 o03HaYaeT, YTO ONepaTophl POXKAEHHs NpeobpasyloTCA Tak xKe,
KaK KEeT-BeKTOPEl, a ONepPaTOpBl YHHUYTOXKEHHT—KaK Opa-BeKTOPH
(nockosbky <y | =a*<Pp|+4p*<p|). CoorHouenue (6.145) moxuo
HENocpeJCTBeHHO 0000IUThL Ha cay4yall (ecKOHeYHOro psaga W HHTer-
pa/jbHOro mnpeicTaBjaeHus. Tenepp, HanpHMmep, ecJH Mbl mepeiijzem
OT KOODAHUHATHOIO K HUMIIYJbCHOMY MpPeICTaBJEHHIO, T. €. 3arluileM

|P>=Sd3xlx><x|p>=Sdsxl,()e;p.x’

0= [ sl P> <ol = [ £ p>emro,

TO TIOJAYYHM CJEAYIONYI0 CBSI3b MeXJAY OnepaTopaMy pPOXKIEHHS:
a* (p)= S d*xa* (x) eirx,

at (x)= S )0 a* (p)e-iex,

Yro6nl CBSi3aTb ONEpPaTOpPbl YHUUTOXEHHsA a(p) u a(X), jocTa-
TOYHO I[IPOCTO B3ATb COOTHOIUEHHS, PMUTOBO COIPSMKEHHBIE COOT-
Howienuam (6.147). Tlono6ubiM ke 06pasoM cjefyeT IOCTYNATb IIpH
J000M ApyroM u3MeHeHHu OGaszucal),

(6.146)

(6.147)

L' Pexomennyem uHTaTe/l0, HHTEPECYIOMEMYCsl HEKOTOPEIMU IPYTHMHU acleKTaMH
TEOPHH BTOPWYHOro KBAHTOBaHUS (Hanpumep, npocrpaHcrsoM Poka) 03HAKOMHTLCH
¢ ra. 6 kaurs [2].— pum. ped.
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§ 8. NamunLTOHMAH M Apyrue oneparopsl

3adaya. TlpeanonoxKuM, YTO MBI HMeeM [OJNHBIA OPTOHOPMHPOBAH-
HbIH HAGOp COCTOAHME |a), U NycTh <X | &) = Uy (X) CyTh ,BOJIHO-
Bble QyHKUMH® 5THX cocrosnuil. Hamucarb ¢GopMyJnl, BhIpaxKalo-
uiMe oneparopsl at (X) H a (X) 4epe3 ONepaTopH ag H aq, H dop-
MYyJibl OfpaTHEIX Npeo6pasoBaHHi.

$ 8
FamunbTOHUAH
M apyrue oneparTopbl

B npexmaymem naparpade Mpl PasBHJIHM MeTOJ ONHMCAHHS CHCTEM
M3 MHOrMX Go3e- WJH (epMH-4acTHIl H ONpeJeaHJH OlepaTophl POK-
JeHUsl ¥ YHHYTOXEHHs JJIsi MHOTOYACTHUHBIX cocToanui. ITokaxkem
Temepb, YTO 3TH ONEpPaTOPbl HCHOJbL3YIOTCA H AT ADYTHX lejed,
[IOMHMO DOXKJEHHS] ¥ YHHUTOXKEHHS COCTOSIHMH YacTHIL.

[MpeanoaoxumM, uto AY siBjseTcs OnepaTopoM, KOTOPHIA aeidcT-
ByeT TO/IbKO Ha OJHOYAaCTHYHbIE COCTOAHHMA. Mbl XOTUM Ha#TH TaKOH
onepatop A, KOTOpHIH HpejpcTaBisieT cofoif cymmy onepatopos A™
no BceM yactuuam. JpyruMu cjaoBaMH, A1 MoOGOro f-uacTHYHOTO

COCTOAHUA
P> =1%, ooy P =D X . X[ (6.148)

Mbl HlleM onepatop A [P>, yIOBAETBOPSIOWUA ypaBHEHHIO

Ap> = AV [P X P> X oo X, B> X AP XX P>
v OO X P> X XAD P (6.149)

Urto6bl MOHATH CMBLICJ 3TOTO YPaBHEHUS, MPENNOJOXKHM, UTO Kaxioe
cocrosinue |P;> ABJAseTCs COOCTBEHHBIM COCTOSHHEM onepartopa AW
¢ cobcTBeHHBIM 3HauenueM «;. Toria (6.149) osnayaer, yrto

Al =(a, ... +a,) [P (6.150)

Hanpumep, ecau A® npeicrapaser co60ii 0HOUACTHYHBIA raMuib-
ToHuaH, To A ecTb MOJHAasA SHEPrUd CHCTEMH yacTHil (6e3 ydyera HX
B3auMOJIElICTBHA, KOTopoe 6ymerT paccmMorpeHo Huke). Ecan A®
SIBJISIETCS] ONEpaTopoM HMMIyJbca OTAeNbHOH uacTHib, To A ecTb
noJHbA HMinyasc. Ecap AW = 1 (eAMHHUHLIA oneparop A OJHO-
YACTHYHBIX COCTOSIHMM), To A ectb omeparop uHcsa yacTHi N.

Untepecytomuii Hac onepatop A Jerko HaiiTh. PaccMmorpum
cHauaJa 4YacTHHIA caydali, xorga AV =|a><{p|. B sroM cayuae
ypaBHenune (6.149) npunumaer BHL

Alp> =Bl ot Yoy «vvy U3 F<BID [ 1y &y ooey B>+ oo+
F<BlWD [Py Yoy eees @>e (6.151)
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I'n. 6. OneparTopsl POXAEHHR W YHMUTOXKEHWUS

Bepuemcsa Temepp K ypaBHeHUIO (6.131) u 3aMeTHM, YTO €CJIH @, =&
U ¢,=§f, To ypaBHeHHe HMEET BUJ

* (o) a(B) [ > =’§1Ck'1<ﬁ|¢k>l“ﬂlﬁn sy (merby)y oo, B0 (6.152)

Ho B CHJIY CBOHCTBa CUMMETDUH fN-4aCTHYHOI'0 COCTOSIHHSI HMeeM
Bt o, Wy, v ey (et Wa)y oo Wnd =Wy o e ey Wposs O Versy o or VDo

Hcnoabsys sTo cootHowesne B (6.152) u cpaBHuBas ero ¢ ypasHe-
Huem (6.151), nmoayuaem

A=a* (@)aP), ecmn AV=|a><B]. (6.153)

®opmyay (6.153) MOKHO HEMOCPeACTBEHHO 06OGIIUTL Ha Cayyai
I POU3BOJIBHOrO OJHOYAaCTHYHOrO OlepaTtopa. BribepeM npou3BoIbHbIH
Ga3uc 0JHOYACTHYHOrO COCTOSIHHA |a)> M 3anuILeM

A® = Fjad < AV B> <pl= B AR|o> Bl (6.154)
@, B a, B
Torpa us (6.153), ucnosb3ys JNHHEHHOCTb PasioXKeHHsd, MOJydaeMm
A= 2 Aga* @a(p). (6.155)
B xauecTBe mnepBoro npumepa paccMoTpuM AW =1®, Tar yr0
onepatop A paseH omepatopy uHcaa yacTHi N. [o/b3ysace pasauuy-
HbIMM Gasucamu, MOJydaeM
d3
1u>=§a:|a><a|=gd3xlx><x|=§—(2n‘;3lp><p|, (6.156)
OTKyJa Cpasy :Ke cJaefyeT
N:Ea;aa_gd% a* (x) a (x) = S G (P a(). (6.157)
¢4
Tenmepb paccMOTPUM omepaTop uMmmyJbca. Tak Kak
]
pu)__S(2n)3p|p><p]=5‘dsx|x>Tv<x|, (6.158)
IJs1 [OJHOr0 HMIyJbca HMeeM
1
P= S 5 Da* (P)a (p) = §d3x a* (0 +va().  (6.159)

[CpaBuuTe mepBoe Hu3 3THX BbipaxeHull AJas P ¢ BbpakeHHeMm
(6.100)]. Hakoxen, paccMOTpUM TaMH/ILTOHHAH OJHOH YaCTHILLI

HO=2 4V (x), (6.160)
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§ 8. TamuneTOHMAH M Apyrue onepaTtopsl
rle X-——omneparop KOOpPAHHATH. B KoOpAHHATHOM NpejCTaBJEHHU
K| HW|x'y = — 5 726° (x—x') +-V (x) 8 (x—x'), (6.161)
TaK YTo
’ 1 2 ’ 7 '
H=Sd3x Sd?'x [—Q—mV & (x—x")+V (x) 83 (x—x )] at(x)a(x') =
=Sd3x a* (x) [—2"7;+V (x)] a(x).  (6.162)
B nMnyabcHOM npe;LCTaBJIeHHH v

<le(1)lp S e= (23-[)363 (p p )+Sd3xe ip- xV (X)e“’ [

=%n(2“>"53(p—p)+v(p—p), (6.163)
rie
7 (q)=§ axv (x)e-rax, (6.164)
CnenoBatesibHO,
H 2a+() () S ‘S‘dp V(—')a*()a(')—
5(231)3 om @ (P @ @Gap) @’ PP p)a(p)=
= (g_:t—)—g';; +S(2n)sg(Qn)av(q)a+(p+Q)a(p) (6.165)

Unen V(q)a* (p+q)a(p) onuCEBaeT YHHUYTOKEHUE UYACTHLBL C KM-
NyJAbLCOM P H POXJEHHE €e C HMIIYJAbCOM P--q; aMIJIUTyAd 3TOrO
npouecca pasHa V(q). Ecan Bocnonb3oBaThea 0a3HCOM COOCTBEH-
HBIX COCTOSIHMH |@) ramujbToHHana HW, 1. e.

<o HV P> = Eqbap, (6.166)
TO
H =2 E.ata,. (6.167)
[¢2

Takoe :xe mpeacTaBieHUe MBI NOJYYUAH Aas (POHOHOB C Ey = Fwg.

Bce sTu mpespcraB/ieHus AAS [ MOXKHO BBLIBECTH OJHO H3 ADY-
roro, MOJb3YysICh IPHBEAECHHBIMH B KoOHIE § 7 QopMy/aMH, CBsSI3bl-
BatomuMu a* (X) u a*(p) u T. 1. OAHAKO €acTo ObIBaeT Npolle
NONYYUTh 3TH BbIPAXKEHHUA HENOCPEACTBEHHO H3 OJHOYACTHYHBIX
raMuJbTOHUAHOB, KaK 3TO Mbl 3/[€Cb H CHAEJAJH.

1) Bropo#i uien moJyuyaercsl 37eCh LDH BEIYHCASHHH MAaTPHUHOIO 3/IeMEHTa
110 cocTosiHHSM <p| H |p’> oT omnepaTopa

V(Xp)= S 42V (%) | x> <x 1.
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Fn. 6. Onepartopbl POXKAEHHS M YHHUTOMEHUR

[TnoTHOCTL YacTHL (T. €. HX 4HCJAO B eJHHHIe 00beMa) B TOUKE X
onpeje/sieTcsi onepaTopoM

p (x)=a* (x)a(x) (6.168)

(KOTOpHIi COOTBETCTBYET OJHOYACTHYHOMY oneparopy |x><x|). Cie-
JOBaTebHO, omepaTop uucaa vactuy (6.157) Moxer ObITh 3anu-
caH B BHJE

= S d*xp (x),
a wileH ¢ NOTeHUHanbHOH 3Hepruell B (6.162)—B Buje
V= { daxv (x)p (x).

[NocenHee Bhpa)KeHHe SABJAETCH HHTErPa/bHBIM IIPEACTABJAEHHEM
MOTEHIIMAJbHOH 3SHEPrHH C BECOM B BHJE ONeparopa IJIOTHOCTH
4acTHIL

Jo cHUX mop MBl pacCMaTpHBAaJNU CHCTEMY HeB3AUMOOeliCmEyroux
Y4CTHII, NIPH 3TOM Ha KaXAYI0 YaCTUIY MOLJIO AeHCTBOBAThL BHellHee
flo/le, HO HMKaKHe [Be YacTHLBl He BJAHSJAM APYr Ha npyra. Ilpex-
I10JI0:KHM, OJHAKO, UTO MEXAY JIOOBLIMH IBYMSI YaCTHIAMH B TOYKax
X, W X, HMeeTcsl JOMOJHHTE/]bHOe B3aUMOJEHCTBHE, OIHCHLIBAaEMOe
notenuuasom V' (x;, X;) (KOTOPLIA onpejesier 1By X4aCTHYHbIE CHJIbI).
Bynem cuutats, uro V& (x;, X;)=V®(x; x;). CooTserctByomui
3TOMY B32HMOJEHCTBHIO ONEpaTop B HPOCTPAHCTBE ABYXYACTHYHHIX
COCTOSIHHI HMeEeT BHJ

ver= L ax gdSy [x, y>V (x, y) <x, y], (6.169)

KaK 3TO MOXHO IIPOBEpHTh, JEUCTBYS HM Ha ABYXYaCTHUHOE COCTOHA-
HHe |x,, X,>. Ternepp Mbl XOTHM ONpENEJHUTb BO BCEM MHOTOUYACTHY-
HOM [IpOCTpaHCTBe Takod omnepatop V, uToOhl

Vix, ..., xn>:.Z'V<2>(xi, X)Xy oo, XD =

2_ V (x;, X)Xy .00y X, (6.170)

i

Hcxoaa u3 Buipaxenus (6.169) u sameuasn, 9to onepatop a* (x)a™* (y)
co3jlaeT COCTOSIHHE |X, y>, B TO BpeMms Kak onepartop a(y)a (X) VHHu-
TOXKaeT TO K€ COCTOSTHHE, MBI MOXKEM INPeANoJOKHThb, YTO

V= S‘ ddxg ddyat (x)a* () VP (x, y)a(y)a(x). (6.171)

B npaBuibHOCTH 3TOro pesyJbTara MOXHO yOeiuTbCs, AeHCTBYs
onepatopom V na |x,, ..., X,>. IBaxas npumenns gopmyay (6.127),
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§ 8. FamunbTOHMAH M ApyrMe oneparopsl

nosiyuaem
a(y)a(x)[x; ... x,>=a(y) Z EF18% (X —Xp) [ Xy o (neT Xp) ... XD =

kzl “18% (x —X,) 2 N0 (Y—X)) | X;. o (uer X, X)) o0 XD,
Ia&k

rjie

(o ecan j<k
e = { o, ecan > k.

Hanee, umeem

a* (x)a* (y)a(y)a®)|x, ..., x> =

= _Z T in 8% (X—X%p) 82 (Y —X) | X, Vs Xqy o oy (heT Xp X)), oo n, X 0=
= ’%k TE1n 0% (X —X,) 65 (Y—X,) | Xps Xy o vn, (HeT Xpy X))y oney X0 =
== ,;: 8% (X—Xp) 8% (Y—X,) | Xy - - -y XD

YMHoxKas tenepb 3To BelpaxeHue Ha Y/, V® (X, y) u HHTerpupys mo
X U y, HAXOAHM, 4YTO onepatop V, omnpejeseHHbldl BhbIparkeHHeM
(6.171), nmeficTBUTEABHO YROBJETBOpPsieT ypaBHeHuwo (6.170).

YuuteBast ¢opmyay (6.168) u cpesaHHple nmocse Hee saMeuaHUs,
MOXXHO OXHJA4Th, 4YTO B3aUMOJEHCTBHE MEXIYy ABYMS YacTHLAMH
TaKXKe MOXKET ObITb BBIPAXKEHO 4YepEe3 ONepaTop NJAOTHOCTH dYUCAa
YacTHIL:

=’é‘§ d“xgdsyw’ (x, ) o (X)p (y)- (6.172)

Onnako omeparop V' He paBeH B TouHocTH V. UTOGH BHIIBUTH pas-
JMuNe MexJy HHMH, 3anuiueM

p(x)p(y)=a* (x)a(x)a” (y)a(y)=

=La* (x)a* (y) a(x) a(y)+ 8 (x—y)a* (x)a(y) =

=a* (x)a* (y)a(y)a(x)+ 8 (x—y)a* (x)a(x),
TaK YTO

V=V +-1§Sd3xv<2> (x, X)p (X). (6.173)
CnengoBatenbHo, oneparop V' colep:KkUT AONOJHUTENbHBIH 4JieH,
KOTOPbIH MOXHO HHTEPNPETHPOBATh KaK COOCTBEHHYIO SHEDIHUIO; OH
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F'n. 6. Oneparopbl POKAEHUS U YHNUTOMKEHMS

JaeT BKJaj, AaXxKe ecJAd HMeeTcs TOJbKO ojaHa vactnua. McThuHoe
B3auMojelicTBue V OTJAHYHO OT HYJAS TOJAbKO B TOM cJdyuae, ecJaH
uMeeTcss aBe HJaH GoJee uyacTHU. Hac HHTepecyeT TOJbKO B3dHMO-
NeHCTBHe MEXAY YaCTHIAMHU, ITOCKOJBKY J100as COGCTBEHHAA SHEprus
(ectu oHa cymecTByeT B NIPHPOJE) MOXKeT OBITh BKJIOYeHA B TdMH/Ib-
ToHuaH (6.162). Kpome Toro, 1151 MHOTHX NOT€HHMAJOB (HampHMep,
1J51 KYJAOHOBCKOrO mnoTesnHasa) V' okaswiBaeTcsi GeckOHeuHOI Be-
JHYMHOH, mosToMy V' Hesab3s paccMaTpuBaTh KakK HCTHHHBIA one-
paTop 3Heprui.

Ecan Mbl sanuileM omepatop V B HMIYJBCHOM NPEACTABJEHHH,
noaesysacs (6.171) u (6.147), H npeano/soXuM, 4TO

Ve (x, yy=V (x—y)=V (y—x), (6.174)
TO TMOJYYHM TIpeJcTaBJIeHHEe

1 d3 d3 d? iy ' ’ 7 3
V=3 G ) map ) eV @a* (p+a)a* (0 —a)a(p) a(p)- (6.175)

dynkuus V(q) 3mecs onpenensercs pasenctBom (6.164). Tlpu
BBIBOAe  (opMyJibl  (6.175) MBI BOCIOJB30BAJNHChH COOTHOMICHHEM

V (q)=V (—q), kotopoe creayer us V(x)=V (—x). OTmMernmM, uTO
V’pl’ p2> g(Qn)3 ~ ;p1 —L-q’ p? Q>,

OTKyJa clefyer, uTo oneparop V yBeanuHBaeT HMNYJbC OJHOH ua-
CTHUEI H YMEHbIIAeT HMIYJbC APYrofl Ha BeAHYHHY (, MpUUeM
aMILIMTYy @ 3TOTO Npouecca pasHa V (q). Jror npouecc Hobpakaercs

OUTI'. 6.1.
P:-q

Huarpamma,
n3obpaxawmas aelicraue
oneparopa V (q).
COnepartop V yBenuyusaer
HMOYJabLC onHoﬁ yacTHIbl Ha
BeJHYHHY q H yMeHbIIaeT
HMNYJbC APYTOH Ha Ty xe
BEJHYHHY.

auarpammolt Ha dur. 6.1. Iloamelt umnyanc coxpaHseTrcs, Kak H
CJIeZlyeT OKHAATh, IIOCKOJABKY B COOTBETCTBHH ¢ (6.174) B3auMopeii-
CTBUE MEXKIY JIBYMs 4acTHlaMH HHBApHaHTHO OTHOCHUTEJBLHO TpaH-
CaAALMH.

OnucanHeie 31eCh FaMHJILTOHHAH M B3aUMOLEHCTBHE COXDAaHAIOT
NoJIHOe YHCJ0 YacTul (CcM. 3ajady B KoHue § 5).
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§ 9. OcHoBHO® cOcTOsiHME [ANS hepPMU-CHCTEMbI

§ 9
OcHoBHOEe cocTosHUe
ana cepmMu-cuMcTemsl

B stom naparpade MBI paccMOTPUM (PEPMHOHEI, AJAA KOTOPHIX
MOXKHO HCII0/ib30BaTh pesyasTathl § 7 u 8 npu {=—1. [Ipeano.o-
JKHM, YTO HaM H3BECTHBEl COOCTBEHHBLIE COCTOSIHHS H coOCTBEeHHBIE
3HaYeHHUs OJHOYACTHYHOrO raMuibToHHaHa HW:

HY ja>=Eqla>  (a=1, 2, 3, ...). (6.176)

Torga MHoroyacTHyHbI raMHJABLTOHHAH B NpeHeOpeKeHHUH B3aHMO-
JEeHCTBHEM YaCTHIL MMEeT BHJ

H = Eq ota,. (6.177)
[/

JlioGoe cocrosinue MOXKeT GBITh MTOCTPOCHO H3 BAKYYMHOTO COCTOSIHIIS
€ TIOMOILIBIO ONEPATOPOB POXKIEHMSN:

[oyy ooy 2> =04 ... a5 |vac). (6.178)

Ofe CTOpPOHBl paBeHCTBA OTJHYHBEI OT HY.Jfl TOJBKO B TOM CJyuae,
KOrjla Bce «; PasJIHYHBL.

Hacto O6biBaeT HeynoGHO INIpH pPacCMOTPEHHH BCeX IPOLECCOB
HCXOOUTh H3 BAKYYMHOTO COCTOSHHSA, Kak B Gopmyae (6.178).
Ha nmpakTHke MBI MOXEM paccMaTpHBaTh COCTOSIHHS, KOTOPBIE OT-
JHYAIOTCS OT HEKOTOPOro ,,0CHOBHOTO* COCTOSIHHA TOJIbKO HaJHYHEM
WM OTCYTCTBHEM HECKOJbKHX dacTuil. IlpeamnosoxumM, 4To nmeercs
G yactuul. IlpumeM, uTOo 3HepreTHUecKHe YPOBHU YIIOPAACGUCHB
TakUM 00pasoM, 4To

E<E,<E, < ....

Torza cocTosiHue ¢ HauHu3uleH 3Heprued HMeeT BHUS
lgnd>=|1, ..., G>=af ... as|vac; (6.179)

3HEPrusl ITOr0 COCTOSHUS, KOTOpOe Mbl OYIeM Ha3biBaTb OCHOGHbLAL
cocrosinieMm (ground state), pamua

Epw=E 4+ ... +E; (6.180)
dna Beagoro jpyroro cocTosHust G yacTHI HEKOTODhble yDPOBHH
cpeau 1, ..., G 6yayr cBoGOnHEI, a HEKOTOpble §0Jiee BBLICOKHE

ypoBHH GYAYT 3aHATHL. ¥ I06HO HCIOJbL30BATH OCHOBHOE COCTOSHHE
|gnd> Kak Hava/Jo OTCueTa, ONHCHIBAsl yjajeHHe YacTHHbLI C OJHOro
u3 yposueit 1, ..., G Kak poxaeHHe ,nolpku. YacTuusl ke Ha
ypousx G-+1, G+42, ... no-npexkuemy OYAYT Ha3bIBaThCst ,ua-
criuamu®. Ecau npu Bo30yKIeHHH 4acTHUa NEPEXOAMT C ypPOBHA
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Tn. 6. Oneparopbl POMACHUA N YHUUTONKEHUS

a na yposetb P (o< G<{P), To MBI 6y1eM roOBOPHTb, YTO POJHJACDH
AbipKa ¢ sHepruedi — E, u yactula c sneprueit Ep. Matemarudecku
MOHSATHE ABIPOK MOXKHO cOPMYJIHPOBAThb CaeaylomumM obpasom. On-
penejauM onepaTopsl

bg=af a1 a<lG. (6.181)

VuuTpiBaA aHTHKOMMYTAIIMOHHBIE cooTHOoWeHua (6.139), aaa cocros-
Huit a, o' > G u B, P’ << G noayuaem

(a0, o)+ =laq, bp)s=[bp bp}.=0,
[aq, b ]+="00ar [bp, D& ). =0Opp, (6.182)
[aq, B3]+ =0.

CaenoBatenbHo, onepatophl af (&> G) u b} (o< G) BenyT cebs Kax

onepatopbl poxkieHus. Mbl MOXkeM 3amucaTh Tenepb COCTOSIHHS
B BHUJE
[y ooy Oy By vves By gndd> =0, ... a3 b%, ... b, |gnd>,
(6.183)

rae a; > G, p;<<G. Takoe cocTosinue Mbl OyjgeMm HasbBaTb COCTOfA-
HMEeM C M 4YacTHUAMH W 7 AbpKamu. [IpH 3TOM OCHOBHOE COCTOSHHE
urpaer poJb BAKYYMHOTO COCTOSIHHSA, T. €.

Qg |gnd> = bg| gnd>=0. (6.184)
FamuiabroHnan (6.177) moxeT 6vITh 3anHCaHd B BUIE
H= 2 Equia,+ 2 Exbgbi=
as< G

a>a
= X Eqada,+ 2 Eq(—bibe 1) =
a>a a<g G
=Eoen + 2 Eutiy— 2 Eobiby, (6.185)
a>G [

TAK 4TO 3HEPrdsl AbIPKH B COCTOSIHUH o paBHa — E,. pyrumu
caoBaMi, 175 POXKIEHHs IBIPKH Heo6xoguma 3Heprus — L. Ome-
paTop YHCJaa 4ACTHI MMeeT BHJ

N=Xata, =
o
= 2 a4 X (—bibe+1) =
a>G a G
=G 3 atag — 2 bib,, (6.186)
a>G a< G
TAK 4TO ABIPKa jJaeT BKJaj, paBubiii —1. Yucao gacTuu U Abipok
BHE OCHOBHOrO COCTOsiHMS [T. e. uucao m-+n B (6.183)] onpexe-
JIA€TCA ONEPaTOPOM
N' = 2 ala,+ 2 bibg, (6.187)
ag G

a>G
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§ 10. FamunbTOHMEH 3NEKTPOH-(POHOHHON CHCTEeMBI

B KOTODOM KaxZaas JAblpKa 1aeT BKJaal 1, a OCHOBHOE COCTOsIHHE
BKJaja He Jaer.

[TpeanosoxUM Ternepb, 4TO HA CHCTEMY JeHCTBYET BHellHee BO3-
MyllleHHe, onpelesseMoe NOTeHIHAaJoM

U= 2 Uatas, (6.188)

rTAe npexarojaraercs, 4YTo OAHOYACTHYHBIE MOTeHIMan U‘l’ MOXKeT
6LITh HejHaroHaJbHbIM. Torja

U= Z, Utigiat 2, Utheth - T, Utipatr— B, Usiib -

a
B> B<G

VA
=
AN

B>G G

+ 2 U (6.189)
a<G

IlepBLlfi 1 ueTBepTHI Y/EHH B 3TOM BHIPA:KEHHH M3MEHSIOT 3HEPTHIO
COOTBETCTBEHHO YaCTHH H IBIPOK, a IATHIH 4leH H3MeHseT SHepruio
OCHOBHOTO CcOCTOsHMs. Bropoll ujeH poxpaaer mnapbl dYacruiua —
AbIpKa, a TpeTud uJeH yHHyTOKaeT uX. OTMETHM, UTO YHCJIO Yac-
tun N, onpejenenHoe BeipaxkenueMm (6.186), coxpaHsercs, B To
BpeMsa Kak uxcJao N', onpenenesHoe BuipaxenueM (6.187), e coxpa-
HAeTCH.

[IpennoaoxumM jgaJnee, 4To MeXKAY YaCTHIIAMH CYLIECTBYET B3aHMO-
JeHCTBHE, OIHCLIBAEMOE IBYXYACTHUHBIM [TOTEHUHAJOM, paccMOT-
peHHbIM B § 8:

V= 24 VOLB véaaaﬁaéav (6190)

a, B,y 8

Tak xe kak B dopmyae (6.189), moxHO BbIpa3uTb V uepes onepa-
TOpbl Qg (0t > G) U by (< () u 3areM, NOJb3YSICh AHTHKOMMYTa-
UHOHHBIMH cooTHoweHusiMu (6.182), szamucare V B Takoli dopme,
yTOObI B KaXKAOM UyJeHe BCce ONepaTtopbl POXKIECHUS CTOAAH c.j1eBa
OT BCEX ONepaTOpPOB YHHUYTOXKeHus. UJeHbl, 3alnMCaHHLIE B TaKoM
BHIE, HasblBalOTCHA ,HOPMaJjbHLIMH NpOH3BeJeHHsIMH*. B pesyiprare
HOJYUYHTCS HEKOTOPOe YHCJAO UJIEHOB, COAEPIKAUIHX YeTHIpE onepa-
Topa; OCTa/JbHBIE uJeHBl MOTYT ObITb NPHIHCAHB K omepatopy
Wy 106aBJEHLl K 3HEPTHH OCHOBHOI'O COCTOAHHS E,.

§ 10
[ aMUNLTOHUAH
3NeKTPOH-CPOHOHHOM
CUCTEMBI

Tenepb B KauecTBe NpuMepa NpuMeHeHHs dopmainsMa omnepa-
TODOB DOXKJEHHA M YHHUTOXEHHS pacCMOTPHM B3aUMOLEHCTBHE
MexJy 3/JeKTpPOHAMH M KoJeGaHUsIMH PeIleTKH B KpHucTajiae., Mmenuo
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In. 6. Oneparopul POKAEGHHA M YHHUTOMEHUA

5T0 B3auMOJeHCTBHE (TAK ke KaK H Haluyue NpHMecell H AedeKToB
B KpHCTa/ne) oOyCJOB/JMBAeT KOHEUHYIO MPOBOAMMOCTb METajlia
B GoJblunHCTBE caydaeB. (Bea yuera 3Toro B3aHMOAEHCTBHSA 3JeK-
TpPOH, MONABUIHH B HE3aNOJHEHHYIO 30HY, COIVIACHO 30HHOH TeopuHu
METAa/JIOB, JOJKEH JBUrarbcs 6e3 TpeHHd, TaK YTO IPOBOJHMOCTb
Gyner GeckoHeuHO GOJBIUOI.) TTokakeM, KaK BBIBOAHUTCH TaMHJBLTO-
HHaH H KakK OH BbIpaxKaeTcsi uepe3 ONepaTophl POXKJIEHUA U YHH-
YTOKEHUS.

J;A Haua/ta pPacCMOTPHM 37€KTPOH B pellleTke Ge3 yueTa Koue-
Ganuit. IloloxkeHus szep onucbiBaioress BektopoM N=rn,a, +
+ 1,8, 1152, (TAE Ny, A,, N;—Ueable yucia). [loreHnuan V (x), Koro-
pblii AEfiCTBYeT Ha 3JEKTPOH B peIUeTKe, ABJAETCS MEPHOANYECKHM
M UMeeT BUJ

V,(x) =%}VO (x—N). (6.191)

aMuUJIbTOHHAH CHCTeMbl HEB3aMMOAEHCTBYIOUHX 3JEKTPOHOB B pe-
mwerke, corgacHo § 8 3Tod rJaBbl, 3amMCBIBAETCHA  CJASAYIOIHM
ofpasom:
h2
j— + 2

Hm—Sd3xa (x) [—WV +V, (x)] a (x). (6.192)
[1peanoJoKUM Telepb, YTO MBI DELIH/IH 3Ty YacTh 3alaydl H 3HAEM
OMHOUACTHUHEIE COBCTBEHHEIE COCTOSHHSA | H COOCTBEHHBIE 3Haue-
aus E,. OGo3Hauas <x|o) uepes Qg (x), nonydaeM

k2
[— 2 7+ V2 (9] 9 () = ot (x)- (6.193)
Torna 3JeKTPOHHBIH raMUJLTOHHAH MOXKHO 3alHCaTb B BHAE
H,, 22 Eqagaq. (6.199)
[e4
Tax Kak
[x> = 2| &> <o [ x> = 2| o> 95 (X),
[+4 [0
TO
at (x) = 2 2@}, (%) (6.195)
[+3
H aHAJOTrHYHO
af = S dsxa* (X) @ (X). (6.196)

Uro6Ll MOAYyYHTh COOTHOMIEHHS MeXAy ONepaTopaMH yHHUYTOKEHHS,
JOCTaTOYHO MPOCTO B3fTh YDaBHEHHSH, 3SPMHTOBO CONPFKEHHBIE
¢ (6.195) u (6.196).
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§ 10. F'amMunbTORMAH 2NeKTPOH-(HOHOHHOA CUCTEMbI

Ecau, xak u B § 9, oTCUHTHIBATL BCE COCTOSAHHS OT OCHOBHOIQ
COCTOSIHHA (HasblBaemoro ,chepoit Pepmu®), KoTopoe OOLIYHO 3aMOJ-
Heno, To B o0o3HayeHHAX § 9 MOXKHO HalHCaTh

Hyy=Eou+ 2 Eq@iag— X Egbiby. (6.197)
oa>G ag G

B nanpneiimiemM M GyjaeM npexeOperarh sHeprueif OCHOBHOrO Co-
CTOSIHHSI, TAaK YTO 3JEKTPOHHBIN TraMWJILTOHHAH cBOJUTCA K Hi,

= X Eaatag— 2 Eobibs. (6.198)
[

a>a

3ameTHM, 4TO B TepMHHAX ONEPATOPOB 3JEKTPOHOB H JABIPOK COOT-
HoweHue (6.195) u conpsxKeHHOE €My NPHHUMAIOT BHJ

ar(x)= 3 atgs(x)+ X bawi(x),

a>d

6.199
a(=_3 au9.(0+ 3 1o (). e

PaccMmoTpuM Teneps KosaebaHus pelleTKH. Beeaem s Kaxaoro N
cMmenleHde Zy COOTBETCTBYIOHIETO sipa H3 pPaBHOBECHOTO I10JI0XKe-
Hua N. Bexropsl Zy 006pasyioT COBOKYNHOCTh KOODAMHAT AJIA
CHCTEMBl TapMOHHYECKHX OCHHJIIATOpoB. Ilpouenypa oOTbICKaHUst
HOpMAaJbHBIX KoJeGaHHIl U KBAaHTOBAHHS 3TOH CHCTEMDbl aHAJIOrHYHA
KBaHTOBaHU0 nmons B §6 ¢ To#l JHibL pasHuLeld, 4TO HHTErpasjbHOe
npeo6pasoanne Pypne 3ameHsieTcs pasjoxeHueM B psabl Oypse,
npuueM ,uMnyJbc k (oHOHOB MeHsIeTCsl B OrPaHHYEHHOH 00JacTH.
HopManbuble KOOPAUHATHL ¢k, o CBAA3AHBI CO CMEUIEHHAMH Zy COOT-
HOIIEHUAMH CJIeJYIOUeTo BuAA (418 NPOCTOTH CUUTAEM, YTO HHJIEKC
L4 npoferaer zHaueHud or | go 3, KaK B CJAy4Yae OAHOTO aroMa
Ha 5/eMEHTapHYI0 fyedKy KpHcTallIa):

Qk a . o
= 2 e"‘k'Nek, -Zy
VV - a ’
Ik

3
Zy S(zn)f*l. ek, o8N 7 VV :

O6nacTb HHTErpHPOBAHHA BjeCh oOlpelessieTca BeanuuHodl K =
={k|—n<ka<n;, i=1,2, 3}, V=|a xa,a,|]—obveM sie-
MEHTApHOH sAYeHKH KpHCTasla (HAOMHHM, YTO BEKTOPH a; ompe-
JeJISIoT IIePHOJLUYHOCTb pelieTKH) U ey, o (a=1, 2, 3) obpasyior
OPTOHOPMHPOBaHHBIA Ga3uc B TPEXMEPHOM NPOCTPAHCTBE NI Kax-
doro k (r. e. e;,a-ek,bzéab), KOTOpbl€ BRIOMPAKTCA TaK, 4TOOHI
Mozxa (k, a) 6bl1a HOpMaJbHOH MOIOH.
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I'n. 6. Onepatopbl POXKAEHHA U YHHUUTOIKEHMS

B KkauecTBe ynpaxKHeHHs [penjiaraeM YHTATeNIO NPOBEPHTL CO-
raacoBaduocTh npeo6pasoBanui (6.200). Ilpu sToM yaoGHO MOJb-
30BAaTHCH COOTHOLIEHHEM

a*k (K (N~N")
VS(%) ¢ Ox. we

KOTOpOE Jerue BCEro JoKas3aTh, NPOHM3BOAA 3aMeHy [epeMeHHbIX
r;=K-a;. Bektop N—N’ npu 3ToMm MmoxeT ObITb 3alHCaH B BHIe

3
2
ma;,
i=1

rie m;—uenasie uncaa, tak yro K-(N—N’)=m.r u gkobuaH upe-
06pa3oBaHUA paBeH

ok or

l ar =' 0k

Coorpomenusi (6.200) mo cylecrsy sABJSIOTCS YaCTHBIM CJ/ydaeM
coorHomenni (1.28) u (1.29). ConocTaBuM 0603HAUEHH S, HCIOAB30-

Bauuble B ra. 1 u 6:

1
v

Taasa 1 Taasa 6
ax, r
k ==
Q (k) -
at, (k) 0.-KOMIMOHEHTa ey, r
Zy N o-KomnoneHnra Zy
%4
— 1%

n

VcaoBusi HOpMHPOBKH, NpuHstele B (6.200), ymoGHBI TeM, 4TO
B NpeJeJbHOM Ciyyae, KOrAa pelleTKy MOMKHO pacCMaTpHBaTh Kak
KOHTHHYYM (T. e. a,— 0), o6aactb K pacmupsercs 1O Bcero npo-
CTpaHCTBa UMIYJbLCOB; Toraa, noaaras Xx=N, Iojyuaem

V%:-»Sdf’x i S — 8 (x—X). (6.201)

C.1e0BaTe1bHO, MBI MPUXOAUM K YCJIOBHAM HOPMHPOBKH M0Js ¢ (X),
HCNOJb30BaHHLIM B § 6, rae

]/g Zy — @ (x).

Cnepys npoueaype, onucanHoil B § 6, nomydaem ciaepywouiee
BhIpaxkeHHe Ajsi Zy uepe3 ONEPATOPHl POXKIAEHHS H YHHYTOXKEHHS!

d3k 3%
Iy = (—237)52 Mok, @)
K a
x [A (k, a)etk-Ney o+ A+ (k, a)e=tcNey o, (6.202)
214



§ 10. FammneTOHMAH 3NEKTPOH-POHOHHON CHCTEeMBI

rie oneparopsl A u A* cBfA3aHEl KOMMYTAIIMOHHBIM COOTHOLIEHHEM
[A(k, a), A*(k’, a')] =(2n)3 &% (k—K') 6440; (6.203)

M—macca xoaeGmomuxcst atomMoB U o (K, @)—uacTotra COOTBET-
CTBYIOWEH NOAbl. [aMH/IBTOHHAH CHCTEMBI OCUMJIATOPOB (C TOYHO-
CTbIO 10 MOCTOSIHHOTO Y/IeHa) HMEeT BHI

Hom:K%Zﬁw (k, ) A* (k, ) A(k, @).  (6.204)

(Mer mosibzyeMca o6osHauenneM A s (GOHOHHLIX omepaTopos v,
uyTOOKl HE MyTaTh HX C ONEPATOPAMH DOXKAEHHS H YHHUTOMKEHHS
IJIs1 3JIEKTPOHOB.)

3anucaB raMHJAbTOHHAHbl JI/Is1 3/1€KTPOHOB H (POHOHOB (COCTOA-
HUH, ONHCBIBAIOWIHX KOJeGaHUA pelleTKH), 06paTUMCs Ternepb K H3y-
YEHHUI0 B3aUMOJEHCTBMA MeXAy HuMH. lloTeHnmanbHas sHeprus
3JEKTPOHA B HEBO3SMYIIEHHOH peleTKe OMNpefessieTcsi BBHIPaKeHHEM
(6.191). Ecau sgpo B ysiae N cmemaercss Ha BequudHy Zy, TO
noTeHIHaJbHAs 3HePrus HU3MEHseTCsl M CTAHOBHTCH paBHON

Vy (X) 4 AV, (x) =§V0 (x—N—2Zy), (6.205)

rjie Mbl TPEANOAOKUIN, YTO KaxkAbIH aToM B KpHCTadje SIBJAsETCA
HMECTKHUM, T.e. P CMEIIEHUH aToMa COo3JaBaeMbll UM moTeHuuan V,
NPOCTO CMELLAeTCd Ha BeJHYHHY Zn (Ha CaMOM Jlejle He BCe 3JIeK-
TPOHHBIE OOGOJIOUKH, OKpYXKaloIlue AAPO, CABUTATCA OJHHAKOBO,
TaK 4YTO MNOTEHUNHa/Jd HEe TOJbKO CMellaeTCs, HO H MeHsieT CBOI
¢opmy; Mbl OyIeM, OLHAKO, NpeHe6GperaTh 3THM O0CTOATE/LCTBOM). 2
[Torenunan V, (x) yxe 6bln yuren B H,,. 3anucwiBas

Vo(x —N—Zn) = Vy(x—N)—Zy-VV,(x—N),
nojsydaeMm AJs SHEPTUU B3aUMOAEHCTBUS (T. €. JJs1 JOINOJHUTENb-
HOH 9HEPTHM CHCTEMbI, BO3ZHMKAIOLLEH NPH CMELIEHHH pPEIIeTKH)

AV, (x)=—§ZN-W0 (x—N). (6.206)

J__[J'IH MHOI‘OSJ’IGKTpOHHOﬁ CHCTEMBl TAMHJbLTOHUAH B3aHMOAEHCTBUS
HMeeT BUH[J

Hy = § dox AV, (x) a* (x) a (%) = mZﬁ Vapaias, (6.207)

—_——

D' 3amerum, uto oneparop A+ (K, @) (a TakXe U COCTOSHHE, KOTOpoe OH

NOPOKAAET) HMEET Pa3MepHOCTh (NHHA)’/?, Kak H COOTBETCTBYIOIIHE oneparopul
Apyrux yacTuu B HMOYJBCHOM NpeACTaBJEHHH.

2 Yuer BAHAHHS »1MX 5PPEKTOB Ha SIEKTPOH-(POHOHHOE B3aHMOJeficTBHE CM.
8 (1}, ra. V.—Ipun. ped.
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Tn. 6. OnepaTopsl POXMAEHHUS M YHUUTOX eHHA

rjae
Vap = § doxs (x) AV, (x) 95 () =
=2 Zy- [ Pxea (0 VW, (x—N) gp(x).  (6.208)
O,KHaKO TENEPpb VaB ABJAETCA TaKxKe OHEpaTOpOM 10 OTHOLIEHHUK

K (POHOHHBIM COCTOSIHHSM, MOCKOJBKY Zy—omeparop. [lomb3ysch
passoxenneM (6.202), mosyuyaem

Ch S [Cap ks @) A% (K, @)+ Cla k, @) A (K, @)], (6.209)

Vap= ) Ty
K a

124 . .
Cap (k, @)= '—l/mek, a Ze‘k' N Sd“x P (x) X

N
X YV, (x—N) @g (X).  (6.210)
CaenoBaTelibHO,

d3k
ey = Gor 22 2 [Cap(k, 0) A% (K, o)+
K a a, B
+ Cgq (K, a) A (k. a)] adag. (6.211)
[Tonnpi raMUJbTOHHAH CHCTEeMBI MUMEeT BHJI
H=H,,+ Hq+ H,,. (6.212)
Sanmewanue. CocToaHUSA Hanled cHCTEMBbl 3alIHCLIBAIOTCST B BHAE
|Gy veey Oy Ky @y ey Ky 0

(n 3nexTpOHOB H M (HOHOHOB) WM, €C/IH BOCIO/Ib30BATHCA JBIPOY-
HBEIM TPeJCTaBJAeHHEM,

[y vy Gy Pro vves Bat ki @iy ooy Kpy 050

(n 3MeKTPOHOB, m ABIPOK H p (OHOHOB). Pesy.abrar feiicTBHA oTe-
patopa A* (k, a) Ha TaKoe COCTOsIHHE MOXKHO NPEICTaBUTb B BILE

A*(k, a)]a.neKTpOHbI, ABIPKH kn a;, ‘__>:|k, Q, S7€KTPOHBI, ABIPKH, kl, Ayyenee
ﬂocnenﬂee cocTOsAHHE B CBOKO OYepelb MoxkeT ObITh 3alHcaHO B BUJE

| 3IEKTPOHLI, ABIPKH, k, a, ki, a, ...

M3 sToro ompejesieHHsi CJelyeT, 4To Bce (OHOHHBIE OINepPaTophl
KOMMYTHPYIOT CO BCEMH ONEpaTopamMH 3JeKTPOHOB (H JIBIPOK).
{B ofmeM c/aydae OOLIYHO TOBOPHT, YTO ONEPATOPbI POKIACHUA H
VHHYTOXKEHHST PA3/IHYHbIX THIIOB YacTHI KOMMYTHDPYIOT MEXAY coboit,
eciy TOJMbKO 06Ge dYacTHUBl He NPEACTaBadioT co60#d (hepMHOHBL.
B nocaexnem ciyuae ymoGHO cUHTaTh, YTO ONMEPATOPhl HX AHTHKOM-
MYTHPYIOT; TOTAA 3TH NPaBHJa OKa3blBAIOTCS COTJACOBAHHBIMH, ec/IH
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§ 11. dnektpoH-poTOHHOE B3aumogencreme

OPHHATBL, 4YTO BCe (PepMU-YACTHIBl SBJAAIOTCH PAas/JHYHBIMH COCTO-
SHUAMH OJHOM YacTHLB, KaK 3TO XeJaloT JJIs IPOTOHA M HeHTpOHA.)

Ecan Mpl 3anuiiem (6.211) uepes omepaTopbl 3J€KTPOHOB H Abl-
POK, TO moJyuuM B 4 pasa 6oJiee JJMHHOE BBIDAXKEHHE, COAEp:Ka-
ie€e YiIeHbl CJeAyIOUlero Buia:

A*ta*a, A*a*tb*, Atba, ATbb*,
Aa*ta, Aatb™, Aba, Abb*.

OTH YJeHBl ONMHCLIBAIOT MepeXOoi 3JIeKTPOHA WJM ABIPKH H3 OJHOTO
COCTOSIHNS B JAPYrce HJAH pOXAEHHE (WM YHHUTOXKEHHE) Napht
3NMEKTPOH-AbIPKA. B kaxzgoM mpouecce NPOHCXOJHT H3JYUYCHHE HJIH
norJyouieHyue GoHOHaA.

B npenulecTByiouieM H3JI0KEHUH IMPEANOJATAN0Ch, YTO HA 3Je-
MEHTapHYyI0 sAYeHKy KpHCTaMWla INIPHXOAHUTCH TOJLKO MO OZHOMY
aToMy. OaHaxo (opmyJbsl COXPaHAIOT CBOH BUA H B CJyuae, KOrjia
Ha 3/JIeMEHTAPHYIO AYEHKY NPUXOAHTCH OoJblliee YHCJIO (cKameM, A)
4TOMOB; €JMHCTBEHHOC H3MEHEeHHe OKOHYATeJLHOTO pesy/bTara
COCTOHT B YBEJIHYEHHH uHcad (QOHOHHBIX MOJA /s KaKJIOro COCTOS-
nusi k (a npoGeraer sHaueruss or 1 go 3A). 3amaua moxer craTh
GoJsiee IPOCTOH, €CJAM OKaXKeTCf, YTO HEKOTOpPhle (OHOHHLIE MOZEI
He CBfI3aHbl C 3JEKTDOHAMH, T.€. YTO OHH He BJIUSIOT Ha IIOTEHIHAJ,
JEVCTBYIOWMA Ha 3/EKTPOHBI; 5TH MOJAbl He 3aBHCAT OT APYIHX, I
MX MOXHO He paccmarpuBaTb. Takol cayyall peanusyercs B mpo-
Oseme noaspoHa (ra. 8), rie Aasa Kaxiaoro k BKJaJ JaeT TOJbKO
ollHa (QOHOHHAas Moja.

§ 1l

IdnekTpoH-hboTOHHOE
B3aumopencTeme

IlpennosoxuM, 4TO Ha KpHUCTa/Ll, paccMOTpeHHbH B § 10, magaer
cser. Kako#l BHA OyJeT Tenepb MMETh TaMUJABTOHHAH 3TOH CHCTEMEI?
K ramuneronunany H, sanucaHnomy B § 10, Mbl JO/KHBl J0GaBHTD
uned H,, COOTBETCTBYIOUIMH CBOGOAHOMY 3JE€KTPOMArHUTHOMY IOJIO
(uHnexc y oTHocuTea K (oToHaM), U ugen H,,, onucwhBaomuil B3a-
UMOZleliCTBHEe MeXAY 3JEKTPOHAMU H (OTOHAMH.

s cBoGoRHOrO 3/MEKTPOMArHUTHOIO MOJS IIOTHOCTbL JarpaH-
KHaHa B KJaCCHYeCKOM cJydae paBHa

[A*—c (v A)] =

(
) 3
=T[A2_c22 (VANA—VAVA) |, (6.213)

{j=1

217



In, 6. Onepatopbl PoXKAEHUS U YHHUUTOIKEHHMSA

rae A (X) yIOBAeTBOpSAET AONOJHHUTEIbHbIM yCJAOBHAM Y

v-A=0. (6.214)
Y paBHeHHUs] JABHKEHHA, NMOJYyYalOUIHecs IIPH MOMOLIH 3TOTO JarpaH-
JKHaHa, UMET BHUJ

. 1 02

¢ [VA—V (V-A)] —A=c [vz—ﬁ—aﬂ A=0. (6.215)

BuinosnHsasa Npoleaypy KBaHTOBaHUSA, ONHCAHHYIO B § 6 3To#l ruasHl,
nosnyuaem o (k)=c|k|=ck u

2 —
d3k ) : ,
A(X) = (2m)3 2:1 V S0k [C (k, r) e‘k"‘-l—C*' (k, r) e Lk~x] ek, r
(6.216)
3nech ex, (r =1, 2)—Ba eAUHUYHBLIX BEKTOpa, MEPNEHANKY/IAPHBIX

apyr apyry u Bektopy k, u C* (k, r)—onepaTop poxaeHusA (GoTOHA
¢ umnyascoM Ak U mossipusalued ey,

[C(k, r), C* (K, r')] = (20 (k—k') &, . (6.217)

lamMuabTOHHAH 3JEKTPOMArHuTHOro mnoJis HMeeT BHJI

2
a3k
HV.—_SW; fick C* (k, r)C (k, ). (6.218)

Uro6el HalTH 9IeKTPOH-(POTOHHOE B3aHMOAEHCTBHE, 3aMeHHM
onepatop® P Ha P-+eA (Xx) (3apal 3/7€KTPOHA PaBeH ——¢) B OIHO-
YACTHYHOM FaMHJLTOHHAHE

pZ
;}'1)'—:%—}_‘/1’
Tax uTO NOJYYHUM
PeA)? .
H;‘J:+H‘;v’=(—i2§1—)-+vlzﬂgy o (P-A+A-P)+5- A% (6.219)
3aniiceiBas
AX)={ ax A (x)] x> <x), (6.219')
nosy4aeM
2
@ — —Sd3x A (x)-] (x) +-2%Sd3x A (X)]x> <x|,  (6.220)

U Tlpeanonaraercsi, 4TO CKadspHLIH NOTEHUHaA paBeH Hymo. Mpl nosnbayemca
paUKOHATH3UPOBAHHON CHCTEMOH efuwul, HO TojaraeM gy=1. CaenosaTennno,
B Hawedl cHcTeme enmHHU e%/dnfic & 1/137 u v-E=p, vXB=(1/c%)(j+0E/d¢)
B T. A

2 P u X —onepaTopbl KOOPAMHATH H HMIYJbCa /eKTPOHA, a oneparop A (x)
JeiicTyer Ha (OTOHHBIE cocToaHHS, Tak uto A (X) [eM. (6.219')] meficTByeT oaHo-
BPEMEHHO Ha (OTOHHBIE M 3/IEKTPOHHBIE COCTOAHHSA.
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§ 11. DnekTpoH-pOTOHHOE B3aMmoaeNcTeHE

rjie
0 (X) = — 5= (P x> <X |+ [ x> <X [ P) =

— vy —lo D). 6.221)

3ameruM, 4To omeparop % (X) paBeH 3apAly —e, YMHOMKEHHOMY
Ha OIlepaTop INJOTHOCTH MNoToKa BeposTHocTH. CpepHee 3HaueHue
ero B HEKOTOPOM OJHO3/JCKTPOHHOM COCTOSIHHH |Y> paBHO

G () 1> = — 2 [ ) 7% () —p* (%) T (x)].

PaccmatpuBaa Buipaxkenue (6.220), HaxoAuM, 4YTO TaMHJALTOHHAH
B3aHMOACHCTBHS (POTOHOB C CHUCTEMOH TMPOH3BOJILHOIO YHCJAA 3JEK-
TPOHOB HMeEeT BUI

Hgyy = —S A*x A (x)-j(x) + 56%1 S d*x A (x) a* (x) a(x), (6.222)
rae
j(x) = ——;%l [Va* (x) a(x)—a* (x) Va (x)] (6.223)

—oneparop INVIOTHOCTH 3JeKTPHYECKOrO TOKa.

B Buipaxkenun (6.222) sesvunna A (X) caMa sBJAseTCs onepaTo-
poM IJf KaXJAOro X, Onpeje/eHHbBIM BbipaskeHHeM (6.216). Ecawu
noacraBuTh (6.216) B (6.222) u BrIpasuTh Takxke at (X) uepes ome-
paTopel af, corjacHo (6.195), ToO MBI IONyYuM BHIpa:KEeHHE, conep-
XKallee 4JeHbl BHIA

C*(k, ryatag, C(k, ryatag, C(k, r)C(k’, r')adas,
Ck, r)C*(k', r')atag

U T.1., KOTOPble MOXHO HHTEPIIPETHPOBATb TaKHM ke 06pasoM,
KaK M COOTBeTCTBYWOLIHE YJeHbl B 3JeKTPOH-DOHOHHOM B3auMojel-
CTBHH.

OnepaTop 3/exkTpHuYeckoro Toka (6.223) MOKHO 3amucatr B
UMITYJI5CHOM NPeACTABJAEHHH

. d®p’ d? ' ' ,
100 = —¢ | 05 | Gt Tan 4 () a(pe {0 ok, (6.924)

Oto BHIpakeHHe MOHaLO0HTCA HaM B cjelylomeM naparpade.
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Fn. 6. Onepatopsl POMAEHWUS U YHUUTOIKEHUS

§ 12
DetHmaHOBCKUE
OMArPAMMbI

I'pacuyeckuil METOA, OCHOBAaHHBIH HA HCIOJIB30OBAaHHH, KaK Tenephb
NPHHATO HA3BIBATb, ,(eHHMAHOBCKHX JHATPAaMM®, OKasajCs OyeHb
TMIOJIe3HBIM TIPH OTHLICKAHHM pelleHHi [0 TEOPHH BOSMYINEHHH A1
CJ0KHBIX TaMHJbLTOHHAHOB. DTU JUaTrPaMMbl OCYILECTBJSIOT CBOETO
poia ,6yXCaJTepCcKHil yuer® BceX UJEHOB TEOpHH BO3MYLIEHHUH;
KpPOMe TOTO, OHH HO3BOJIAIOT BBIYHCJIHTD BEJNMYHHY BKJajza Kax1oro
yJeHa. (ﬂnarpaMMHbm MeToJ Haubosee 3(pdeKTHBEH B PEJSATHBHCT-
CKOM cJydae, KOTODHIH Mbi 3jiech He paccMaTpuBaeM.) HroObl noka-
3aTh, Kak paboTaeT 3TOT MeTOJ, PacCMOTPUM TaMHJbTOHHAH IS
OTJAEJNBHOTO 3/JeKTPOHA, B3aUMOJEHCTBYIOLIErO C 3JEKTPOMarHHTHBIM
TTOJIEM:

H =Hy~Hy,
rie

2
Ho = { Gt a® ) a @)+ § s 2 cbA* (k AL 1) (6.225)

"
Hyy=— [ (0 A0+ [ dx ot (a0 (A0 (6.226)

3nech Mbl 0003HAUHJH OomepaTop poxAeHus ¢porona uepes A* (k, 7)
BMecto Ct (k, r)'

AR) g(;i;k Z ]/QCk [Ak, r)e*x4 A% (k, r)e ] e .
(6.227)

Onepartop Toka j(X) onpelessieTcsi BhipaxkeHuaMH (6.223) u (6 224).
B srom maparpade npHHsATA CHCTeMa €IHHHL, B KOTOpoH i =1.
CocrosiHusi, KoTopbie GyLyT paccMaTpHBaTbCH, HMEIOT BHJ

Ip; kyy 745 oy Ky 1 (6.228)

(oauH 3JeKTpoH M 7t (OTOHOB).

CorsiacHo OGLIYHBIM METOJlaM KBAHTOBOH MEXaHHKH, aMIIHTYJa
nepexoga M, U3 Haya/JbHOTO COCTOSIHHS |i> B KOHEYHOE COCTOsIHHE
|f> Moxer ObiTh BEHIDaXKe€Ha uepes raMHJbTOHHAH B3aHMOAEHCTBYs
(C TOYUHOCTBIO 10 YJI€HOB BTOPOrO MOPSAKA) CJAeAYIOHM 00pasoM:

(20)°8° (p,—p3) My = <[ [ H| 1>+ 2, LB LLZD 4 19y,

(6.229)
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§ 12. MeiHMaHOBCKME AMArpamMbl

CeueHne paccesiHHSI H CKOPOCTb Iepexoja IpONopUHOHaNbHbl KBaj-
paty aGCOJIIOTHOTO 3HAYeHHS aMIVINTYILL:

__ 2 3

Cropocts nepexona = 3| My [* (2m)*0° (py—Pi) 8 (E,—E).

[Mpu mpakTHYECKHX pacuerax OOGBIYHO COCTOAHHS |i> u |f> BBIGH-
patorcsi B Buze (6.228), T.e. KaK COCTOAHHS 4YacTHI C ONpejeseH-
OUTl'. 6.2

pk-p) - (pep'+K)

Hnarpammer Qefinvana
a o a5 omepatopa Hjy.

HbIM HMIYJabcoM. [TosToMy yaoGHO BeIpasuTh [y, 4epes ONepaTophl
A (k, r), nogcrasaas (6.227) B Bbipaxenne (6.226), U HCIOJB30O-
BaThb npejcraBjieHne (6.224) ans oneparopa j(X):

Hy=H, 4 H,, (6.230)
rage
_ [ 4 d% kY _p'+p 1
= i | S oy —~ ¢ T R
X [(2n)*8* (p' —p—Kk) a* (") a(p) A (k, )+
+ (2ny*8* (p' + k—p)a* (p)a(p) A* (k, )] (6.231)
u

dp o Bk o dk 1
5(21 (2m)3 §(2n) (231)322’” V 2ck’ V2 Ve e Gl X
X [(2m)*8% ¢ p —p—k' —k)a* (p)a AKX, r') Ak, r)-
-+ (2n)38* (p' + k' —p—k)a* (pa(p) A* (kK', r') A(k, r)-+
+(2“)363 (0 +k—p—kHa*t (phap) AKk’, r'YA*(k, n—+
-+ (2m)?8° (p' + k' +k—p)a* (pYa(p) A* (k', r') A* (k, r)].
(6.232)

3ameTHM, 4TO MOJHBIH HUMOYJbC MPH PACCEAHHH COXPaHSETCS.
Kaxaplil wien B BbiDaKEHHAX (6.231) u (6.232) mnsobpaxaercs
JAuarpaMMoifi, B KOTOpOll mpsaMmasi JMHASA 00O3HauaeT 3JEKTPOH, a
BoJIHMCTasl JAHHHS —@oToH. JuarpamMmel Aas onepatopa H, moxa-
3aHbl Ha ¢ur. 6.2, u 6, amngadaTyaa npouecca, H306pa}KEHHOrO
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[n. 6. OnepaTopbl POXKAEHUS M YHUHTOMEHHA

Ha KaJoH H3 HHX, paBHa

p+p Cex 1
o F oz °
2m YV ack
Jlnarpammbl 218 onepatopa H, nokasausl Ha ¢ur. 6.3, a—e; amnJsu-
Tylda AJs KaxJoH H3 HUX COCTaB/ser

e? 1 1 e e
o —r— T F—— Ck'r .
M Vock Vock © T

(4

OTMeTHM, YTO AHarpaMmsl Ha ¢ur. 6.3,6 H 6 COOTBETCTBYIOT OJHOMY
H TOMY ke mnpotueccy. JeACTBUTENbHO, NOC/E HHTETPHPOBAHHSA IO
HMIyJabcaM BTopol M TpeTHH ujenbl B (6.232) oxasmiBaloTCs pas-
HBIMH Y, MO3TOMYy AJA JI060ro Iporecca, COAEPIKalUlero 3TH 4JeHb,

OHT. 6.3.
pY
P /f: r'
§If,r
(p+k +k'=p')
Q
kr
P Kk r'
p
(p +K'=p'+K) P =p'+k+kK')
HMuarpamumbr QefinMana
& e 115 oneparopa H.

HEOOGXOAMMO BBLIUHCJAUTh TOJLKO BKJajl AHarpaMMbl, H300paxkeHHOil,
cKaxem, Ha ¢ur. 6.3, 6, 1 NOJYUYCHHBIH Pe3yabTaT YMHOXKHTL Ha J1Ba.

b Mmt npene6peraeM Geckoneunofl coferBeHHOf sneprueil s1eKTpOHA, KOTopas
NosBASETCA NpH MepecTaHoBKe oneparopo A H A+ B TpeTbeM 4JeHe (6.232).
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§ 12. DedHmaHOBCKM2 Anarpammel

[TpeanonoxuM Tenepb, 4TO HaM HeOOXOAUMO BBIYHCJIHTL AMIIJIH-
TYAY AJs OTNpeleieHHOTO npouecca, HalpuMep A1 KOMITOHOBCKOLO
paccesiuusi. Bech mnpouecc noxkasan Ha ¢ur. 6.4. Urobwl Halith
aMONIUTYAy, HApHCYeM BCe JAMarpammbl, HMEIOIHE TaKHe JKe BXO-
AsiHe W BHIXOXfAMIHe JHHHH, Kak H Ha ¢ur. 6.4, noasaysice npu

QUI'. 6.4.

Huarpammer Gefinmana
A5 KOMITOHOBCKOIO
paccestHus.

sToM auarpammamu Ha ¢ur, 6.2 u 6.3. Takum o6pasoMm, Mul [IOJV-
4MM TPHM AuMarpaMmsl, usobpaxkeHHble Ha dur. 6.5, a—s. Bkaain
avarpaMM Ha ¢ur. 6,5, a 1 6 COOTBETCTBYIOT YJEHY BTOPOTO MOPAAKA
B (6.229), rze B npoMeKYTOUYHOM COCTOAHUM |n)> HaXOAUTCA OIUH
3JekTpos u H =H,; 4+ 0(¢*). (Ilepecedyenne (OTOHHBIX JHHHII Ha
¢pur. 6.5,6 He urpaer pouu.) HUcnosawsys (6.229) u (6.231) u ony-
cKasi MHoxuteab (27)%8* (p,--k,—p,—k,) Aasg 3THX BKJIagoB B
aMIJIUTY LY, TIoJyYaem

< e P2—4*P1+k1_e € P1+k1+P1.
VW 2m ko, T2
M@ — 2

eklv '1)
(6.233)

Vﬂ’l 2m
2
P (p+ky)?
om T =T o
u
< e Pz—}‘Px—kQ.e >< € Pl"kz‘f‘lh_e >
MO — V 2k, 2m ky, 1y V 2ck, 2m kg, 1y (6.234)
—’i+ck _ (P —ky)?
2m ! 2m

KaxaoMy H3 JBYX MHOXHTeJEH B YHCJHTEJNE MOKHO CONOCTaBHTh
BepUIHHY, a 3HaMeHarte 0 —QyHKUHIO ,DACIPOCTPAHEHHA® (UJH
SIPOMaraTop*) 3jekTpoHa B MPOMEKYTOUYHOM COCTOSIHHH.

dur. 6.5,8 cooTBeTCTBYeT 4YjeHaM NepBOTo nopsjaka B (6.229),
13 KOTOpPBIX BKJal AaeT TOJAbKO H,. Y4HTbIBas MHOXKHUTeJb 2, COOT-
BETCTBYIOUIHH JBYM BO3MOXHBIM cnocob6aM peajH3alid 3TOTO Npo-
uecca B (6.232), nonyyaem

Me = 92. e 1

a —F————==0C (R . 6.230
2m Y ack, V20k1 Ky, 1" YKy, 1y ( )
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n. 6. Onepatopbl POXKAEHUN M YHUUTONKEHHUA

TToiHas aMIJIMTY/a IpoLecca KOMITOHOBCKOrO paccesnHs paBHa
M= M@ 4- MO - M 40 (). (6.236)

B Buipaxenusax (6.233) u (6.234)
p,+k,=p,+k, u kj-ex, r,=k,-€g,r,=0.

[TosTomy ec/IM HCXOAHBI 3/1eKTPOH nokoutea (p, = 0), To ofe amn.u-
Tvae M@ u M® pasnpel my.ao.

2y T

a )

OUr. 6.5.
JuarpamMsr QefiHMana ¢ TEMH K caMbiIMH BXOISUIHMH H BbIXOJALIHMH
JVHHSIMH, KakK H Ha dur. 6.4.

[TonyuenHble pe3yJ/bTaThl CHPaBeAJHBBl /s (OTOHOB HH3KHX
sgepruii (ck, <€ mc?). a5l BHICOKHX 3HEprHil HEOGXOAMMO GBIIO Obl
110,1b30BaThCsl PEJASTHBHCTCKOH TeopHeH, a Take YYHTBIBATbL HaJlli-
yHe CNHHA Y 3JeKTPOHa.

JIUTEPATYPA

1.* Baaman ., dnextpous ¥ ororn, HJI, 1962, ra. 5.
2.% Illee6ep C., Beenenue B PeJATHBHCTCKYK KBaHTOBYIO Teopiio nogs, HJI, 1963,



7

CnuHoBble BOMHbI

§ 1
Cnuh-cnuHosoe
B3QMMOLENCTBHE

B srtom naparpade Mbl paccMOTpuUM B3aHMOJCHCTBHE, KOTOpOE
OPUBOAUT K CBA3H CIHHOB ABYX YacTHIL H HMeeT BHJA

H~S,-S,. (7.1)

B nocaexyouux mnaparpadgaX Mbl BBIACHHM, YTO MPOUCXOAHT HpH
yuyeTe 3TOTO B3aUMOZEHCTBUS B peuleTKe, coAep:Kalileil 0oJblIoe YHC-
JIO CITHHOB.

BaauMogeiictBue Buaa (7.1) Moxer ObITb 00YCJOBJEHO IIpexie
BCErO MarHUTHBIM B3aHMOJACHCTBHEM ABYX MarHMTHBIX Aumnosel. Baau-
MOJefICTBHe MeXKJAY JABYMA MarHUTHLIMH JHIOJSIMH W, U M,, paciio-
JIOEHHBIMH HAa DacCTOAHHHU T, UMeeT BHA

H— [”;3.“2_3 My 125(!‘«2 r)] _%”1'11263(”:[_1’ L H, (7.2)
rae H'—wugex B KBajapatHbix ckobOkax. [YUaen H”, coxepxaiuii
6%(r), oOyc/0oBJeH TeM 4JIeHOM B BHIDAXKEHuHW JJI1 MarHHTHOr'O MO.14
JHIO0A5, KOTOpblil BO3HHMKAeT MPHM BBIYHC/AEHUH V X {(wXr)/r?).]
[pexmo/i0KUM, UYTO HMeIOTCS [Be YacTHllbl, BpallaiolHecs BOK-
pyr Apyr apyra (Kak B aTtoMme), H PacCMOTPHM MAaTpPUYHBIH 3/1eMEeHT
H wmexpy ABYMst COCTOSHHAMH ¢ OPOHTAJbHBIMH MOMeHTaMH [ u [’.
Ecan pacematpuBate uien H’' kak ¢yHxumio HampasdeHusa (0, o)
BEeKTOpa I, TO OH sBJAETCA KOMOWHaLHeH chepHuecKUX TapMOHIK
BTOPOTO MNOpPsAKA, H T03TOMY €ro MATPUYHBLIH 3JeMeHT OTJIHYeH OT
Hy1s ToabKO Aas [[—2|<!'<{/~+-2. B vacTHocTH, pacliensexue mnep-
Boro mopsiaka aas S-cocrosuus (I ={"=0) paBHO Hy./I0. (ITO 3aMe-
yaHHe SKBHBAJEHTHO YTBEPKAEHHUIO, 4TO S-COCTOSIHUA cepHyecKU
CUMMETPHYHBI, U 3HayeHue H’, ycpeJHeHHOe 1O BCeM HaIpaBJAeHHSIM,
paBHo Hymo.) Oavako uwien H” paeT BKJag ToJabKO A1a S-cocTos-
HHH, [OCKOJbKY TOJbKO JJ1s HHX BOJHOBHE (PYHKUHH HE pPaBHEL
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n. 7. CnuHOBLIE BONHbLI

Hymo npu r=0 (BoJHOBasA (YHKUUS COCTOAHHUA ¢ OpOHTAdbLHLIM
MOMEHTOM [ BOJM3H Hadasja KOOPAUHAT NpONMOpLUHOHaJbHa r!). Ta-
KHM 06pasoM, Aad S-COCTOSHMH B3aHMOJEHCTBHE IPOMOPLUOHAILHO
NPOH3BEJECHHIO W,-M,, KOTOpPOe IPONOPUHOHAABHO S,-S,, Tak Kax
IJIsl YacTHUBI C MacCoOH my;, 3apsAioM ¢; H g-haKTopoM g;

coortHolleHue (7.3) dakTHUeCKH fABJIsETCS ONpeneeHHeM g;l.

Kpome npsMOro MarHMTHOFO B3auMmoleficTBus, uiaeH Buga (7.1)
MOJKeT MOABUTbCA M 34 CYeT B3aHMOJEICTBHSA, SIBHO HE 3aBHUCSIUIETO
OT cnuHa, npu ydyere npuHuuna ITayaum. B xadecrBe mpumepa pac-
CMOTPHM MOJIEKYJy BOAOPOHxa; OyJeM cuYuTaTh, 4YTO Sipa ee 3aK-
pervieHsl, ¥ npenebperaTb cnHHaMH aaep. CocTosiHHE ABYX 3JIEKTPO-
HOB MOXKeT ObIThb 3aJaHO UX KOOpAMHATAMHU X, H X, U SHAUEHHAMH
KOMIIOHEHT HMX CIHHOB S, u S,. Ecau ¢, u ¢, ABAATCT COGCTBEH-
BHIMH (QYHKOHMAMH OIlepaTopa SHepTHH KaXKJIOTO 3JeKTPOHAa, a COooT-
BeTCTBYIOIME 3HEPrHH paBHbBl E, M E,, TO COCTOsSIHHE ABYX 3J/EKT-
poHOB 0e3 yuera HX B3aHMOAEHCTBUSA

lpab (xh xz) = lpa (X1) lpb (xa) (7-4)

GyneT uMeThb 3sHeprHio E, 4 E,. Ilpn 3atom cocrosHue 1, (X,, X,) =
=P, (X,) P, (X,) UMEET Ty KE CaMYI0 SHeprHio.

Ecan mMbl 106aBHM B3aHUMOLEHCTBHE MEXKY /1eKTpoHaMu V (x,, X, )=
=V (X,, X,), He 3aBHUCsLIeE OT CIHHOB, TO COCTOSIHHE JBYX 3J/EKT-
poHOB OyJeT ONMCHIBATLCA COOCTBEHHBIMH (QYHKLUAMH BHJAA

1
P :__'—'(’lpa +p a)’
S VQ b b {75)

Pg== '171——‘5 (Poo—Voa)

KOTODBIM COOTBETCTBYIOT CJENYIOUHe 3HAYEHHS HEepTHH:
ES=Ea+Eb+1—J, (7.6)
Ej=E,+E,+1+J.
3nech
I = { i Vipay d%, d°%, = § W10 Vi &, d°x,,

J =— § i Vipoa d%%, @2, = — § 03 Vibay d%, d%,.

Kax oTpaxeHo B 0603HaueHHAX, QYHKUUA Pg CHMMETPHYHA, a DYHK-
nus P, AaHTHCHMMETPHYHa OTHOCHTEJ]bHO MNEPECTAHOBKY X; H X,.
Jlo cux mop Mbl He YUYHTHIBaJM CIHHB 3JEKTPOHOB H HE NpH-
HUMaJu BO BHHMaHue npuuHoun [layan. Mpl JOKHBL YMHOXKHTB
HAlUM NPOCTPAHCTBEHHLIE BOJIHOBBHIE (PYHKIHH Ha CIHHOPHI, KOTOpHIE
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§ 1. CnuH-cnHHOBO® B3aMmogelcTBUe

ONHCHIBAIOT BO3MOXKHBIE COCTOSITHUS CIIHHOB 3J€KTPOHOB, NpHUYEM 11ON-
Has BOJHOBAaA (PYHKUUSA AOMAKHA ObITh AHTUCHMMETPHUYHOH MO OTHO-
LIeHNI0 K ONHOBPEMEHHOH NMepecTaHOBKE KOOPAMHAT H CTIMHOB. Yd4Tem
Ternepb, 4TO AJf ABYX YacTHI CO CHHHAMH '/, NMOJHBLIA CHOHH CHM-
METPHYHOrO CIIMHOBOTO COCTOSIHHS paBeH eAuHHle, a aHTHCHMMET-
puyHoro cocrosHua—HyMO (cm. § 2). CreposaTeqbHO, NOJHBIE
BOJIHOBEIE (PYHKIUH HMET BHA

P = Psx”, Pa =%, (7.8)

rge ' —HeKOTOpOoe CIIHHOBOE COCTOSIHHE [BYX 3JIEKTPOHOB C MOJ-
HBIM COHHOM §. (3aMeTuM, 4TO MHIEKCH S H A mNo-TpexHeMy OTHO-
cATCs TOJAbKO K NMPOCTPAHCTBEHHOH CHMMeTpHH.) JpyruMu cioBami,
COGCTBEHHBIC COCTOSIHUSI OllepaTopa 3HEPTHH SBJSIOTCA Takxke colCT-
BEHHBIMH COCTOSIHMSIMH OTlepaTopa IOJIHOTO CIHHA 3JeKTPOHOB. [lo-
3TOMY MBI MOXKEM 3allHcaTh HEPrHIO C IOMOIIBIO OllepaTopa CHHHA
caepyiomum o6pasom. Ecain S—onepaTtop mnosinoro cmuua, 10 S-S
uMeet cobcTBeHHble 3HaueHHA S(S+1)=0 u 2. DHeprus cocToHUA
C NOJIHBIM CITHHOM S MOXKeT OblTh 3alHCcaHa B BUIE

E=Es+(EA—‘Es)%tl—)

, (7.9)
Tak Kaxk oHa paBHa Egnpu S=0 u E, npu S=1. Crexrosate/bHO,
FaMUJIbTOHHAH B3aUMOJEHCTBHS /I CHCTEMBI ABY X 3JTEKTPOHOB MOMKET
ObITh 3amHcaH B BHJe

H=Es+(E;—Eg) 3> (7.10)
Hanee,
3
$:8=(8;+8,)-(5, +Sz)=7+2(81'52)» (7.11)
TMOCKOJIEKY
1 /1 3
s,..s,.=7(_2-+1)=7.
Takum o6pasom,
3
H=Eg+(E;—Ej) (T-l-sx"sz):
1
=T(Es+3EA)+(EA_ES)Sl'Sz=
= BBy 1+4 7 +278;-S,. (7.12)

HOpyrumu ciaoBaMH, paciien/enue SHEpreTHUECKUX ypPOBHEH ONMHCHI-
BaeTCsl OnepaTopoM
AH=2JS;-S,, (7.13)

Kotopbld umeeT Bupn (7.1). Takum o6pasom, Mbl B3AJAU He 3aBUCA-
uiee OT CIIHHA B3auUMOJEHCTBHE (HampuMmep, KYJOHOBCKOE B3alMO-
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Fn. 7. CrimHoOBbIE BOAHBI

aeficTBHe) M npeo6pasoBanu €ro Tak, UYTO OHO TNPHHAJO BUJR
CIHH-COHHOBOro B3aumonelictBus. OTMETHM, YTO pacluenJeHHe Npo-
NpoLHOHAaAbHO BeJHyHHe ,06MeHHoro uHTerpaJsa“ J (7.7), koropas
3aBHCHT OT TOT'0, HACKOJIbKO CHJILHO NePEKPhIBAIOTCS BOJHOBLIE (DyHK-
auH P, (X) U Y, (x). 3amMeTHM TaKxe, uTO NpH BhIBOAE (GOPMY.bl
(7.12) cymecTBeHHOE 3HaUEHHE HMEET TOT (haKT, YTO CIIHHBL 3JIEKTPOHOB
paBHB /,; 115 CMHHOB OoJiblledl BeJHUHHBI Mbl NOJYYUJIH Gbl NOJH-
HoM 10 S,-S,, ecan OBl NpPOBeNH MOJOOHBIE PAaCUETHI.

Baaumoperncteue Buja (7.13), onpenensemoe oOMEHHbLIM IHHTe-
rpajaoM, OKa3blBaeTcsl 3HAYUTEJLHO 6oJiee CHJbHBIM 110 CPAaBHEHHIO
¢ OOBIYHBIM MarHMTHBIM JMIIOJILHBIM B3aHMOJCHCTBHEM.

§ 2
Anrebpa crnvHOBBIX
oneparopos [laynu

[Tpu M3yuyeHHH YacTHUBI CO CIHHOM '/, OGBIYHO HCIOJIBL3VIOTCA
(6naropapst ux yno6CTBY) CNHHOBLIE MaTpuuwbl [layaw

S M D I i R

Torza cnun

S=5o, (7.15)
rae

o=o0.e,+0,e,10., (7.16)
M rie NPHHATO, 4To fi== 1 (B OGLIYHBIX eqHHHLAX S = ho/2). B npea-
crasiaeHun (7.14) noppasyMeBaeTcsi, 4YTO Mbl MOJb3yeMcsa $azHcoM
COCTOIHHH, B KOTODOM 2-KOMIIOHEHTa CIHHA Auaronadbua. Co-

CTOAHUA
Ioc>=<:)) u H5>:(?> (7.17)

SIBJSIOTCS COOTBETCTBEHHO COCTOSIHHSMHU CO CIHHOM BBepX (S,=1'/,)
¥ cnuHOM BHU3 (S,=-—1/,). W3 (7.14) nonyyaem

oy la>=[p> o, fa>=i[p>, o la>=]o>,
o p>=[a>, oy p>=—ilad, o |p>=—|F.
AnreGpa o-MaTpull OmpeenseTcs CAEAYIOIHMMH COOTHOLIEHHSMH:
0,0, =—0,0,=1i0, (7.19)
(Zpyrue COOTHOIUEHHS II0JYYalOTCsl HPH HNHKJIHYECKOH mepecTa-
HOBKE X, Y, 2),

(7.18)

0,0, =0,0,=0,0,= 1. (7.20)
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§ 2. Anrebpa cnuHoBbIX oneparopos [laynu

Huaue coorHowenus (7.19) u (7.20) MOXKHO 3amHcaThb B caegylolei
u3sHON Qopme:
(a-0)(b-6)=a-b-}iaxb-o, (7.21)

rge a; u b; cyTh c-uuca (MM Ipyrue onepaTopsl MPH YCJIOBHH, UTO
OHH KOMMYTHDYVIOT C O).

PaccMOTpHM Tenepb CHCTEMY H3 ABYX YacTHIL cO CIIHHOM Y/, (mpe-
He6perass TNPOCTPAHCTBEHHLIMH H JAPYTHMH CTeneHsaMH CBOGOAL).
B xauecTBe 6a3Hca COCTOSIHHE MBI MOXKeM Bbl6paTb (yHKUHH

laay,  |ap>,  |Pa>,  |BBD, (7.22)

rjie, Hanpumep, |af> npeiacrabjder co0oH COCTOAHHE, B KOTOPOM
y [epBOH YaCTHUb! CIHH HaNpaBJeH BBEPX, a y BTOPOH—BHHU3.
Beejgem Tenepb onepatop ¢,, JEHCTBYIOIWHMA Ha NEPBLIA CIHH, H 0,
JeficTBYylowHi Ha Bropoil cnuH. Hanpuwmep,

clylaoc>=i|ﬁoc>,

0,y | o> =i oap>.
3ameTuM, 4TO 0,,0,;==0,,0;;, TaK 4YTO MOXHO CKa3aTh, 4YTO Olepa-
TOPH!, OTHOCSIIMECS K PA3NHUHBIM YaCTHLAM, KOMMYTHPYIOT MeXAy
coboi.

Panee mbl paccmorpeau onepatop S-S, = 6,-6,/4 (KoTophIil GyaeM
o6cykaaTh ¥ B cjaepywoomem naparpade). Ilyrem npsiMpix pacueTos
noJy4aem

6,-0,|aad =|aad,

Gl'“zl“ﬁ>:2lﬁa’>_laﬁ>’

01-0’2H30L>=2|OL[3>—“305>,

01'02Iﬁﬁ>=lﬁﬁ>-
BanucuBaa |aad =2}aad—|aad> u nonoGHbM ke 06pasoM | BB>,
cpazy NPHXOAHM K MOJE3HOMY COOTHOLUCHHIO

6,-0,=2pb?—1, (7.24)
rge pl’?—omneparop, KOTOPhIH OOMEHHBAeT CMHHBI YaCTHL, T. €.
ph2laay=|aay,  pb*af>=|pad>

(7.23)

HrT A
Bce CHMMETPHYHBIE COCTOSIHHS

1, =l e, (1, 00— EZEE L, — 1= (7.29)

yIOBJIETBOPAIOT paBeHCTBY p?*|1, md>=|1, m>, u, cjaenoBaTe/bHO,
6,-0,|1, m>=|1, my(m=1, 0, —1). AHTHCHMMETPHYHOE COCTOsAHHE

|0, 0y — [P —1B®> (7.26)
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n. 7. CnMHOBble BOMHbI

yaoBaeTBopsieT pasBeHcTBy p'r*]0, 0> =—|0, 0>, u, ciaenoBareabHo,
6,-6,|0, 0>=—3]0, 0>. Taxkum o6pasom, COOCTBEHHbIE 3HAYCHHS
omeparopa ©,-6, paBHbl 1 u —3. [lajee, NI IOJHOrO CIIHHA
nmMeeM
1 1

S=50,+ 50, (7.27)
¥ KBajgpaT €ro paBeH

$-S=2 4100, (7.28)

CaenoBaTeJbHO,
S-S|{1,my=2|1,m», S8:§|0,0>=0,

Tak uyro cocrosiHue |1, m)> umeer cnuH l, a cocrosiHue |0, 0> —
cnuH 0, KaKk 3T0 M OTpa)eHOo B IPHHATHIX HaMH OOO3HAYEHHAX.
ToT (akT, 4TO CHMMETPHYHBIE COCTOSHHS HMeIOT CnuH 1, a aHTH-
CHMMETPHUHbIE COCTOHUA — CIIHH 0, HENOCPENCTBEHHO CJIeAYeT TaKxKe

U3 COOTHOIUEeHUA
S.S=ph?Ll, (7.29)

KOTOpOe MOKHO BbiBecTH H3 (7.27) u (7.28).

$ 3
CnuHoBbie BOSHbI
B peLlieTke

PaccMoTpuM pemIeTKy, B Kax[oH i-it auefike KOTOPOH HaXOAHTCSH
CNUH 0;. B3aumoneficTBHe MeKIy CTHHAMH HOCHT OOMEHHBIH Xapak-
Tep, TaK YTO TFaMHJbTOHHMAH CHCTEMBI MMEET BHJ

H =3 41,010 (7.30)

ByaeM cuuTarTh pelleTKy KYOHUeCKOH M KaXAbIA y3eJ pelleTKH
onpeiesuM ¢ momomblo BekTopa N=a(n.e, +nye,t-n.e,), rie a—
NOCTOSIHHASA pelleTKH, a n;,— LeJble uucja. Torja

H= ZAN,N’GN'UN’- (731)
N, N’/

OueBHIHO, YTO B3aUMOJEMCTBHE B3aBHCHT JHUIb OT DPACCTOSHHMA
mexay cnuiaMd N—N'=M; ec/u JONOJHHTENBHO NMPEINONOKHTD,
4YTO CYIIECTBEHHYIO POJIb UTPAET TOJIBKO B3auMojelcTBHe GAHKARIIHX
cocenell, TO raMHJbLTOHEAH 3aIHIIETCH CJEAYIOUIUM 0OPasoM:

H zg A1 (on-ON +ae; T ON-ON +aey + On '0N+ae2)- (7.32)

Moxer oxasaTbCsi, 4TO CYUIECTBEHHO H B3aHMOACHCTBHE CJEMYIOUHX
cocefell. OHO MOXKET HrpaTh Aaxke 6oJjiee BaXHYH POJlb, YeM B3aHUMO-
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§ 3. CnuHoBLIe BONHbLI B pelieTke

JeficTBHe OnuxkaHlIHX cocefiefl, HO M B 9TOM CJyuae 3ajava peuiaercs
TeM »Ke CIoco00M, KaKOH Mbl HCHOJb3YeM JJ/is Halllefi MOJEJH.

PacemorpumM Tenepb ramMuabToHHAH (7.32) B OIHOMEpHOM cayuyae,
OGobienye Ha TpexMepHbIil cayvaill He IpeAcTaB/seT Tpyia. bynem
n3y4ath ¢eppoMarsuTHHI cayua$l, xoraa A; < 0. I'pannusbiMu
speKTaMHd MOXKHO NpeHebpeub, mMpeanoJiarass, 4TO CUCTEMAa CIIHHOB
uMeeT BHA 3aMKHyTOH meTsid, T. e. jias pewietku U3 N y3/i0B
ON4+1==0;. TakuM o6pa3oM, raMHJbTOHHAH IPHMET BHJ

H=— A0, 0nu:, (7.33)

rie A=— A,. 3uak Munyc nepex A ykasad AJs TOro, 4ToObl NOJ-
YepKHYTh, 4TO B cjyudae ¢eppoMaruerukoB — A < 0. B srom cay-
Yyae MHHHMYM 3HEPruH JOCTHTAaeTCs NPy napassejbHOH OpHeHTaUuH
Bcex cnuHoB. Te peakue cayuad, Koria — A >0, ofyc/oB/eHEBl
IBOMHBIM oOMmeHoM. HamnmoMHUM, YTO MBI M0Jb30BaJjich ofo3Haue-
HHeM o JJs CIIMHA, HalpaBJeHHOro BBepx, U f Aad chOHHa, Ha-
IPaBJEHHOrO BHH3, M BBEJIHM CIHHOBLIA OOMEHHHIH omepartop p*'? =
=1/,(140,-0,), KoTOpHIl yI0OBIETBOPAET ypaBHEHHAM

pr | aad> =|any,

prE|BR> = BB,
poE|af> =|pad, (7.34)
phE|Bay =|af>.

Torpa

N N
H=—A2 2pmr+t—1)=NA—2A4 X pvrtl,  (7.35)
n=1 n=1
Urobbl pemnts yparsHenue lpexnurepa ¢ 3THM raMM/AbTOHHAHOM,
HeoOXOgMMO Omnpefe/itTh co0CTBEHHEBIE COCTOSHHMST M COOCTBEHHBIE
3HayeHHs oneparopa H. [Ias 3TOro 3aMeTHM IIpexje BCero, 4To,
corsaacHo (7.34), oneparop H, gefcTBYsl Ha COCTOsIHHE C QUKCHPO-
BAHHBLIM UHC/JOM f-COCTOSHUH, NPUBOAUT K COCTOSHHIO CHCTEMBI C TEM
JK€ caMbIM YHCJAOM CNHHOB B [i-cocTosiHMsix. OueBHAHO, YTO BCe
COCTOSIHMA CHCTEMBI MOTYT ObITH MNpPeACTaBJEHBl B BuAe JHHEHHBIX
KOoMOHHaUu# cocToAHUH ¢ GPUKCHPOBAHHBIM UHCJOM -COCTOSTHHH. DTO
JlaeT HaM MeTOj] YacTHYHON JHaroHaJH3aUMH raMuJeToHuaHa. He
NBITaACh TIPOBECTH MNOJHYIO AMaroHanusauquio H, HaligeM TOJBKO

COOCTBEHHBIE COCTOSIHUS C HHU3KOI 3Heprued.

ITpeanoJiaraercsi, 4TO HaWHU3LIeH 3sHeprHedl (HanbojblleH IO
a0CcoJIIOTHOH BenHYMHE OTpHUATeJbHOH 3Hepruel) obaajaer Taxkoe
COCTOsIHHe, Korja Bce CNUHbl mapaJienabHsl. Hanpumep, |aa. ..ot
ABJAETCS TaKuM cocTosinueM. B Oosiee ofmem ciaydae, XKOrJa Mbl
TOBOPHUM, 4TO CHHHB NapajjielbHbl, TO Ha CAMOM JeJie HMeEM B BHU]Y,
Y4TO BeJMUHHA MOJHOrO CNHHA HMeeT MAaKCHMAaJbHO BO3MOXKHOe 3Ha-
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n. 7. CnuHoBble BONHBLI

yeHre. MoXHO I0KasaTh, YTO TaKHe COCTOAHHS SBASIOTCH MNOCJ-
HOCTbIO CHMMETPHYHBIMH COCTOSIHHAMH. ITOJHOCTBIO CHMMETDHUYHbIE
COCTOSIHHS HHBAPHAHTHHI MO OTHOLIEHHIO K JEHCTBHIO Oreparopa
pmntl; clefoBaTeNbHO, P™ Yl MOXHO 3AMEHHTb EJuHHUEl TpH
BHIUMCJEHHH 3HEpPruH I3THX cocroanuii. Taxum o6pasoM, MOKKHO
OKHJaTh, 4TO 3IHEPTHs OCHOBHOTO COCTOAHHS, BBIYHC/IEHHAA OTHO-
CHTEJbHO HOJHOCTHIO CHMMETPHYHBIX COCTOSHHH:

N
Epn=NA—24 2 1=—NA,

n=1

fIBASETCA HauHHSWe#d sHeprueil. [lefiCTBHTENbHO, NMOCKOJNbKY COOCT-
BEeHHBIE 3HAUEHHA onepatopa p®**! paBHb =1, TO MHHHMAJbHO
BO3MOXKHEOE 3HAYEHHE SHEPruf MOXKeT [OCTHTHYTb TOJIbKO TOr4,
KOTJa /8 BCcex n omepartop p™**' HMeeT MaKCHMAaJ/JbHO BO3MOMKHOE
cpefHee 3HaueHue, T. €. KOrga p™"*! MOXKHO 3aMeHHTb Ha 1.

3adaua. KaxoBbl HauHusllee COCTOSHHE H HAMHM3IUAF SHEPTHSA
B cayyae — A > 0?2

Uto6Bl cuHTaTh OCHOBHOE COCTOsIHHE Ha4aJIoM OTCYeTa YHEepreTu-
YeCKOro CIHeKTpa, BBeIeM olipele/eHHe

N
H =H+NA=—2A4 3 (pm"*1—1).
n=1

MOXHO TpPEeANONOKHTb, 4TO O/HKAULIHM K OCHOBHOMY fB/A€TCA
COCTOsIHHE, B KOTOPOM BCe CIMHHBI MapajesbHbl, KPOME OJHOrO.
Ho kaxko#i u3 HUX B030yxkaeH? OueBHAHO, 4TO BCe COCTOSHHS BHJA

[P =|Baa ... a>, [P =|cfo ... o>,

P> =|a ... afa ... o> (B Ha n-M MmecTe) (7.36)

SKBHBAJEHTHbl M HH OJHC H3 HUX He sABJseTcs coOcTBeHHON QyHK-
uuell. PaccMOTpUM CyNeprno3uLHI0 COCTOSHHH |,>:

(P> = a,| P> (7.37)

Yrobel pewiuts ypaBuenne H'|¢> = E|¢{>, paccMOTpUM pPaBeHCTBO

N N
§ (Ea) | P> =E|P>=H'|{p>=—24 2_]1 a, 21 (promti—1)|¢,>=
N

=—24 2 a, [(p " =1+ (pr 0= D)] [ h> =

”Zl
=—24 Zl a, Hwn+l>+l¢n—l>_21wn>]‘

n=1

L Cu. [2], crp. 211.— fpum. ped.
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§ 3. CinHoBbie BONHBLE B peweTke
IMockoabKky cOCTOSIHMA |{> OPTOroHaJbHBEI, Mbl MOXKeM NDHPaBHATDH
KO3(dUUMEHTE NpPH Pas3JIMYHBIX |P,>; B pe3yJ/bTaTe NOJydYaem
o
Ea,=—2A(a,,,+a,_,—2a,). (7.38)

Yro6hl pelMrs 3TY COBOKYIHOCTb ypaBHeHHH s KoshduiHeHTOB,
NONOKHM a, =€ u nojgcraBuM B (7.38). 210 Haer
E——24(e®—24e-®)—4A (1 —cos 8) = 84 sin* >

5. (7.39)

[IpuHATHE HAMH CpaHUYHbIE YCJOBHS 3KBHBAJEHTHBI NPEAOJOKe-
Hi0, 4To N y3/0B pelleTkH pacloJioKeHbl B BHAE KOJbLA, T. €.
(N 4 1)-i1 ysea aBasiercs nepeuM. I pyrumH CJOBaMH,

ans1=a,, WM e W+D=pld  pag  eNO=1],

Ato o3zHauaeT, uto 8 = (2n/N)/, rae [—ueJsoe 4ucao:

N N
"T<l<7. (7.40)
Hs (7.39) u (7.40) umeem
) . o 2n !
E == 8Asin 7‘-—'—‘814511]2—}-\/—?. (7 41)

drta ¢yHkuus Hzobpaxena Ha ¢wur. 7.1. Kak HeTpYAHO BHJETSH,
MBI MMEEcM SHepPreTHYecKYIo 30HY, NpUYeM MHHUMYM 3HEPrHH pacno-
jgoxed npu 6=0. [Ipn 6 =0 mnosydaeM MNOJHOCTbIO CHMMETDHUYHOE

E
A

= 7 P
OUr. 7.1.
3aBHCHMOCTL 3HEDTHU OT napamerpa §.

cocTOsiHMe, KOTOpOe, KaKk yxe OblIo MOoKasaHo, ob6JjalaeT HaHHH3-
ueil Bo3MoxxHOH 3Heprued E=0. Jlpyroii cnoco6 mnokasaTb, 4TO
cocrosiie ¢ 8§ =0 umeeT TaKkyw XKe SHEPruio, Kak H COCTOfHHE
oo ... @), cocrouT B chaepytomeM. [IpeAnosioxuM, 4TO KamKAbiH
CNHH OTKJIOHWJCH OT BePTHKAJbLHOTO MOJIOXKEHHA Ha O4eHb MaJblid
vroJa 6. DToMY COCTOSIHHIO COOTBETCTBYeT (PYHKIHS

|x>_—.](cos%a+ sin%ﬁ)(cos%—a+sin%ﬁ) e
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M., 7. CnuHOBLIE BOJHbI
IMockoabky yroa 6/2 man, cos(0/2)~ 1 u sin(02) ®x 1K1 (n=96/2).
Toraa
[ > =1 (a4np) (@-+np ...)>.

[penebperasi ujseHamu 1°> ¥ 6oJee BLICOKHMMH CTENEHAMH 1), NOJY-
uaeMm

[ =|oa...o>+n(|Pac ... ad>+|afo ... o> ...).

[Tocsie BBIUMTAHUS uJleHa, COOTBETCTBYIOLIEI'O OCHOBHOMY COCTOSi-
Hmo, umeeM |y'>=2n|VP,>, rae |P,> onpepensercs Bbipae-
n

nueM (7.36). ITockosbKY cocTosiHHe |¥> AOJIXKHO ObITh COOCTBEHHBIM
COCTOsIHMEM omepatopa f1 ¢ TeM ke COOCTBEHHLIM 3HAYEHHEM 3Hep-
rUH, KaK U COCTOfHHE |, &, ..., a> Y, TO 3TO XK€ CNpaBeJJHBO H
s cocrostuuit |y'> u (Im)|%'> =] ¥.>.

n

[pu 06540 oOoTKJOHEHHs CIHHOB HaxoasTcs He B (ase. 310
yKashlBaeT Ha CYIIECTBOBAaHHE BOJH; UTOOB MOKas3aTh BOJHOBYIO
NpHPOAY BO3GyxkIeHHH Gosee scHO, 3anuieMm QyHKIHIO %" B apy-
roM Buje.

B oaHOMepHOM cJayuae ,BEKTOPOM®, ONpele/IsIONHM y3€/1 peler-
KH, SIBJsIETCH BEJHYHHA na, TAe a—IIOCTOSIHHASA peLIeTKH H 1 —
uesoe uucjo. MOXHO NpejCcTaBuTh @, B BHIE @, ==ed" = ¢ (an); 310
BLIDAXKEHHME OIIHCHIBAET IJIOCKYIO BOJIHY C BOJHOBBIM UHCJIOM &.
Takue BOJIHBI Ha3bLIBAIOTCH ,CIIHHOBRIMH BoJHaMmu“?. Mrak,

6 2ml
E=4A(1—coska), k=—=%—. (7.42)
Jlasi Maaslx 3HaueHW# k@, 4TO COOTBETCTBYeT JJIMHHBIM BOJIHAM,
coska~1—Fk%%2 W JAJA 9HEPrud B IJHHHOBOJHOBOM MPHUOJHIKE-
HUH HMeeM
E ~ 2Aa%k*. (7.43)

O6o6ineHyue Ha TPeXMEpHLIH cJayuall He npeicrasJsieT Tpyjaa. B Ha-
HHH3IIEM COCTOSIHHH BCE CIHHBI TaKxKe apaJJesbHbl. Bblunras
SHEPIHI0 OCHOBHOTO COCTOAHHS, MOJyYaeM

H' =— 3 Au(ox-On.m— 1)
m
I aHaJOrHYHO OLHOMEPHOMY CJyualo

(o= DekNe |y, E=— 3 Au (@M 1),

1) Ecau B3auMOAEHCTBHe C BHEIIHHM IOJIEM OTCYTCTBYET, TO SHEPrHs CHCTEMEI
He MeHsieTCsl, KOTAa BCe CNHHEI IIOBODAUMBAIOTCH Ha ONMH H TOT XXe Yrou.

2) TeopHIO CNMHOBBLIX BOJIH B MapaMarHeTHKAX 4YMTaTeJlb MOXKET HaWTH B KHH-
re [2], ra1. 6, a KBAHTOBYIO TEOPHIO MarHeTH3Ma Ha OCHOBAHHM MeTOJa (yHKLHI
Fpuaa—s kuure [3].— [{pum. ped. .
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§ 4. Ksasuknaccmueckas uHTepnpertauns CrnMHOBBLIX BOMH
B cayuae B3auMoneficTBHA OJMKHHX cocefileH (A KyOHYECKOro
KpHcTaaaa)
E = —2A4 {(eiKa®—1) - (e~ Kat—1) + (Ko —1)F .. .} =

= SA{sm2 Ksa 4+ sin? =% Kya +sin® Kqe } . (7.44)

J 19 AMUHHBIX BOJIH
E ~ 240K =2i:, (7.43)
rue

—2?"——214(1

Urobnl HalTH CACAYIOUIYIO 3HEPreTHUECKYIO 30HY, HeoOXOAUMO
paccMoTpeTh ¢Jayd4aH, KoOrja Bce COHHBI, 38 HCKJIOUEHHEM JBYX,
napaJagaenssl. Ho cHauajga Mbl HECKOJLKO OTKJOHUMCH OT 3TOH
TeMbl W OGCYJAHM KBa3HKJaCCHYECKYI0 MHTEPNPETAlHI0 CIHHOBBIX
Bosan. QueHb YacTo 3ajauyd, TAe DPACCMATPHBAIOTCS TOJBKO CIHHH,
JIONYCKAKT KBA3HKJIACCHUECKYIO HHTepNpeTanuio. PaccMoTpuM CrH-
HOBble BOJIHBI C 3TOH TOYKH 3PEHHA.

$ 4
KBasuknaccuyeckas
WHTepnpeTaums
CMUHOBbLIX BOMH

BanuweM raMuJbTOHUAH
N N
H=-—24 21 (prrl—1)=— A 21 (6,-0,,,—1). (7.48)
Vpapuenue napuxkenus [efisenepra assi n-ro cnMHa HMeeT BHJ
7, :%(Hon—onH). (7.47)
(2

[Tpeo6pasyem 3TO ypaBHeHHE, ITONL3YACh KOMMYTALHOHHBIMH COOT-
HOIIEHHSAMU

0,0, —0,0, =2i0, U T. R. (7.48)
[Monyuaem
(0,-0,) 0y, — 0y (0, 0,) = (0,01 -+ Oy 01y +0,.01,) 01— Oy (.. )=
=2 (Olyozz_‘ 0'1z0'2y) =2i (01 X Gz)x' (7'49)
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fn. 7. CnuHoseble BONHLI

Vcnoab3ys (7.49) B8 ypaBHenuu (7.47), MoxeM HamHcaTb
fi6,=2A(0,X6,,,—0,_;X6,). (7.50)

ByjaeM paccMaTpHBaTh 3TO ypaBHeHHE KaxK KJ/aCCHYECKOe ypas-
HeHHe JIBHXKEHHS AJs BeKTopa 6,. DTO YpaBHEHHe HeJMHEeHHO, HO
ero MOXKHO JHHEapH30BaTb B TOM CJyuae, €CJau CYHTAThb, YTO BEJIH-
uyHa O,, 0JAH3Ka K €JIHHHIE. [Ipu 3TOM BO3MOXKH& CJEAYIOUIAR
alNpoKCHUMALHA:

fwn,x%2/1(20,1'},-—0,,“,},-—0"_1,’,), (7.51)
fion,yz—QA (20, x—On+1,x— On=1,x)-
MoO3KHO OKHAATb, YTO BEKTOP O, AOJIKEH BpallaThCcs BOKPYT OCH 2,
[IO3TOMY peLIeHHE JOJKHO HMETb CJAEAYIOWHH BHA!
0,, 5 7 Csin ot elrak

(7.52)

Op,y & CCOS wt etnak

rie a—rmnocrosHHasa pemerku. Hemonpsys (7.52), moaydaem 174

4acTOThI Bpameﬂuﬁ
fiw =44 (1 —cos ak). (7.53)

§ 5

IBe cnuHOBble BOSHBI

Korna CIHHBI B NOJNOXEHHAX 1, H 1, HANPABJCHB BHH3, BOJHO-
Basi QyHKUUA @p,, n, HMEET BHUI

| @ny, ny> =0t apa...afe...ad, (7.54)
rae QYHKIUH P OTHOCATCH K Y3JaM f, U f,. [aMH/IbTOHHAH CHCTEMBL

no-npexkneMy umeer BHA (7.46), u ypaBHenue [llpeniHrepa 3anu-
CHIBaeTCH CAeNYIOLLUM 00pasoM:

H I¢(2)>:4A8(2) llp(2)>’ (755)
rae 4Ae® —osHeprua H
9@y = X Gn,, n,| Py, > (7.56)
ny <ny

IMoncraBuM (7.56) B (7.55) i cpaBHUM KOI(QOUIHEHTH TPU QY HKILHHU
Qn,, n,- [IpH 3TOM BO3MOXKHbBI JBa CJydas. Koraa n,==n,+1 nau,
APYTUMH CJIOBaMH, KOrja ABa MePEeBEPHYTHIX CIHHA B y3/aX 1, H 11,
He ABAAIOTCH O/MXKANILIHMH COCEJSIMH, Mbl HMEEM

2e an;, ny = (an,, ny— Qn,-1, n,) -+ (an,, n,—Qny+1, n,) +
+ (an,. ny~An,. nz-l) +(Qny, 1y Ay, ng+ ). (7.57)
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§ 5. llse cnuHoBhIE BONHLI

Ecan we n,=n; 41, T.e. 1Ba nmepeBepHYTHIX clHHa pacno/oxeHsl
paaoMm, To ypaBHeHue (7.57) He BuinoJuserca. Toraa umeem

28y, net =(n, n+1—0n-1, n+1) +(Qn, ne1—Qn, nt2)- (7.58)

ITpexkne yeMm nckaThb TOuHOe pelueHue ypaBHenuil (7.57) u (7.58),
[OJYUHM HEKOTOpble NMPUOAUMKEHHBIe pe3yJbTarsl. [10cKoJbKY yeio-
BHe n,=n,+ | peannsyercs aAullb OuH pa3 M3 N BO3MOKHOCTEH
(N —uncno y3/108 peimerkn), To B GOJbUIHHCTBE C/1y4aeB BbIIOAHACTCA
ypaBuenue (7.57). CneposatennHo, nepBoe rpyfoe npubiHKenne
AOJIZKHO COOTBETCTBOBATb PELICHHIO B BHIE ABYX HEB3aHMOJIEHCTBYIO-
LWIUX BOJIH:

an,, y = et’k,n,aeikznza. (759)

IToacraBasisn (7.59) B (7.57), Haxoaum
e = (1 —cos k,a) 4 (1 —cos k,a) =& (k) + ¢ (k,), (7.60)

A€ 5HEePrus OAHO{ CMHHOBOA BOAHLI C BOJHOBBIM YHCJOM k2, paBHa
4 ¢ (k).

[Ipi HU3KHX TemnepaTy pax Bo30YKAAIOTCS TOALKO HU3KOSHEPreTH-
YeCKHE MO[bl; C/e70BATE/bHO, A OAHOM CIHHOBOM BOJIHBI 3HEPrHs
JOIKHA UMeThb Blig

E=2 !
am U‘=W>
H 44 JABYX CIHHOBBIX BOJIH
kY k2
E_WJrﬁ'

MorHO cocTaBiTL BOJHOBBIC NAKEThl ¢ PPYINOBOI CKOPOCTHIO Jw/dk,
npuuen E=lo u pasosas CKOpOCTb paBHa w/k. IlpoBenenusie pac-
CYXK/ICHHA BBIABJAAIOT HEOObIYHOE CXOJCTBO CIIHHOBBIX BOJH ¢ KOJe-
GaHUusAMH KDHCTANAHUECKOH pemleTku, HaK douonamu. Ilo auagoruu
C NOHATHSIMH «(POHOH», «DOTOH» U T. A. Mbl HA30BEM CIIHH-BOJHOBOE
BO3OY KIeHIe «MarHoHoM». [TOCKOMLKY paccMOTpeHHas Bbille mpue-
JHXXKEHHAR MOne/b CIHHOBOH CHCTEMBl COCTOHT H3 HE3aBUCHMBIX
003e-4acTHLl, MOXKHO BOCNIONb30BATLCS 115t €€ OMHCaHHA BopMyJiamil,
noaysenupiMg panee. CoGoanas sHeprust F ONHCLIBAGTCA BEIpa-
KEHHeM

d3k
(2733

F:kBTSIn(l—e-ﬂE () (7.61)

[TockoibKy mpH HH3KHX TemmepaTypax CYLIECTBEHHBI! BKJAAA AAIOT
TofbKO 3Hepruu E (k) BOAM3M NHA 30HB, MOXHO HCNOAb30BATb
npudaunkenue -



n. 7. CnMHOBLIE BOJIHbI

4nk? dk

ek (7.62)

F= kT S In (1 —e™*/28%5T)
0

ns BuyTpenHell HEPTHH HMeeM

U= 5 R Ankdk (7.63)
e
0

Fef2ikgT |~ (20

Dra sHeprus NpoNOplLHOHAbHA TEMIEDaType B CTENEHH P/,
U ~T,

CaefoBaTeNbHO, TEILIOEMKOCTL NPONOPUMOHAJNBHA  TeMIepaTtype
B CTENeHH */,:
C ~T"h.

DTOT pesyabTaT AJ8 CIHHOBBIX BOJH Obl1 HoJyueH Bioxom.

XoTs cHCcTeMa COCTOHT H3 HeB3auMoAeHcTBylowuX 603e-yacTul,
KoHjJeHcauust Dose—DfiHIuTeliHa B Hell He NPOMCXOAHT, TaK Kak
UHCJI0 YacTHI He COXpaHAercs.

3adara. TloayunTb BeIpaxeHHe NS JHEPTHH CIIHHOBBIX BOJIH NpPH
HaJuyMH BHELIHEr0 MarHuTHoro nous. OnpenesuTb MarHHTHYIO
BOCITPHHMYHBOCTD.

IlBe cnuHoBbIe BOMHLI
(touHoe peluenue)

Bere [1] moay4na cTporoe peietue s ABYX CIHHOBBIX BOJIH
B Jguuefigod cucreme?. Korma B cucTeMe HMeIOTcsl JBe CIHHOBbIE
BOJIHBI, TO KX B3aHMOJEHCTBHE MOMKHO ONHCATh KaK pacCessHHe JBYX
KBa3HuacTHL, KakK 3TO IokasaHo Ha ¢ur. 7.2. B npouecce pacces-
HUSL 9HEPTHsA M HMIIYJIbC COXPaHSIOTCA X COOCTBEHHOE COCTOSHHE
SIBJSIETCS Cyneprosuiiuedl majawmomed U pacxojdileiics BOJH:

Qn,, ny = ot (Rynaa+ kanya) + ﬁei (kynga+kynqa) (764)
C sroro momenTa Gygem cuutath @=1. MHbiMu cioBamu, paau
ynoGerBa GyleM IpeanoJiaraTh, Yro JMGO MOCTOSAHHAS PEeIIeTKH

paBHa eguHuue, JU60 MHOXKHTENb @ BKJIOUEH B ONpelesncHue k.
Kak 6nii0 npuusito panee, n, <n,. OrHolleHne Ko3(p(dHIHEHTOB

1 Tounoe pewenne Dere u Gosee noipo6HOE H3NOKEHHE TEOPHH CIIHHOBBIX
DBOJIH uMTaTe]b MOXKeT HaliTh B paGoTe [2]. —I[Ipum. ped.
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§ 6. Ose cnuHoRble BONHLI (TOuHOE pewetne)

a/p cBA3aHO cO cABHIOM (a3bl, BO3HHKAMOUIHM NpH pacCcesiHuH, H
€ro cjieflyer ONpeje/saTh M3 ypaBHEHHUS PacCesiHUS.

Crosmuil B JeBoH wacTH cooTHouweHus (7.64) xosdduuuent
Qn,, n, ROJIKEH YAOBJIETBOPATL ypasHenusm (7.57) u (7.58). Cuauana,
NOACTABAAN Qp,, n, B (7.57), oOHapyKHBaeM, uTO

g™ =(1—cosk,)+ (1 —cosk,). (7.65)
910 ypaBHeHne coBmamaer no ¢opme c ypasHenmeM (7.60), xors

Tenepb MPEANIoaaraeTcs, 4ro k, omnpejessiercss APYTUM YpaBHEHHEM,
OT/IHYAIOUIHMCH OT IOJYYeHHOro B § 5.

Paccearue

SUT, 7.2.

B,Be CIIHHOBbLIE BOJIHBL, WJH paccesiiMe ABYX
KBa3WyacTHIL.

[MogcraBum tenepn (7.64) B ypaBrenne (7.58). Ho npexne uem
3TO JeJ/1aTh, 3aMeTHM, 4TO (7.58) ABJAeTCA YaCTHHIM CJaydaeM ypaB-
HeHust (7.57), ecau onpeienTb KOSPHIHUEHT @, , (KOTOPBII 10
5TOro GBI MPOHM3BOJIEH) CJAEAVIONIHM 0OpasoM:

2an,n+l:an,n+an+l,n+1- (766)

[Ipu srom moxcrauoBka (7.64) B (7.66) okasniBaeTcst 3KBHBAJNEHTHOI
moacranoBke (7.64) B (7.58). M3 dopmya (7.64) u (7.66) noayuaem

2 (cwethe - Pelke) = o B+ et Frthe) - fol kit

Orciona cieayer, 4Tto

a _ dpef®arE) gt o [(ky k) 2] —ef F1=RD/2 767)
B dpe BRI gt T o0 (kg - ky)/2] —e~ ! BamRo]2 (7.
Ecau k; u k,—pelicTBuTe bHbIE uHCAA, TO
o 2 . Ry k; . b
i rie 2=1cos % — (gt (k= ka)/2
CnegopareasHo, |a/f|=1, u MoxHO BBecTH
%:e‘@, (7.68)
rae ¢/2—pasza KOMIJIEKCHOTO YHCJa 2:
Rez sin [{(k1 — k5)/2] 17

9 _ Rez 1 B o R
8y = Tm: = os (T Ey) 2] —cos [(F—F2] — 2 \clgg—rclgy )’
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In. 7. CnuHOBMI® BONHbI

HJH \
?_otg 1 __ctgta
2 ctg 5= ctg 5 ctg 2’ . (7.69)

PaccMOTPUM TakiKe cJayuaH, Koria k, H R,—KOMIJeKCHEE 9HCaa.
Torna BennunHa |o/B| yxe He paBHa exunuue, HO a3y ¢ no-npex-
HeMY MOXKHO OIpeLeJINTh BBIpaxkeHieM (7.68) (Tenepp ¢—KoMn-
JeKCHOe 4HcJ0), ¥YpaBHeHHe (7.69) Tak:ke BBHIIOJNHSETCA, HO HMeeT
Tenepb CMBICH anre6paHyecKkoro TOXKAECTBA H €0 TakXKe MOXKHO
NOJYYHTb AHAJHTUYECKHM MPONOJIKEHHEM YpaBHEHHUs Aas NeHCTBU-
TeJABHBIX .

[Ipu pemieHHH 3ajaul pacCceAHUs MNPENNOJOKHM, 4TO R, W k,
nefiersurenvuel. Torpa |a/f|=1 u dasa ¢, neficTBHTeNbHAS B 3TOM
cJayyae, onpejedser caBUr ¢asel npH paccesHHH. OHO U3 YACTHBIX
pelleHHH HMeeT BHI

o == elw/2,
B — e-ie/2, (7.70)
TMoacrasaaa (7.70) B (7.64), noayyaem
ant'nzzei(k,nl+k2nz+¢/2)+ei (Rynty + Rty —~ /2 (7‘71)

Tp€6y7l BBINIOJIHEHHUS  YCJIOBHA NEPHOAHYHOCTH C MNEpHOIAOM IV,
HaxoJum
An,, ny+N = Qn,, n,- (772)

(Tak xak n,+ N > n,, Mbl He BbIHCbIBaeM VCJOBHA An 4N, n, =
= Uy, n,.) YCJI0BHE (7.72) yjpoB/CTBOpSETCSH, KOrja, COraacko (7.71),

Nk, =2mm, + ¢,

Nk, — 2nm,— ¢, (7.73)

rae m, 1 m,—ueasle uncaa. Caepyer OTMETUTh, YTO 31eCk BEJHUNIHA
NEk, e paBua 2mm,, Kak 53T0 OblIO B Cjlydae CJAHOH CIIMHOBOW
BOJIHBI, 8 OTJHYA€TCA OT 3TOr0 3HA4YeHHs Ha He0OJbIIYI0 BEJHUHHY ¢.
[Tonesysace Qopmyaamu (7.69) u 7.73), MOXKHO HUCKJIOUHTL R, u k
¥ onpefesuTb ¢ Kak GOYHKUUIO m, H m,.

MoKHO nokasarb, YyTO 00J1acTh AEHCTBHTEJbHEIX 3HAa4eHHH k He
1icueprbiBaeT Bcex Bo3MoxkHocTeld. MceaenyeM cuyuail KOMOIJEKCHBIX
BOJIHOBbIX 4HCeJs, NoJaras

2

k,=u-+tiv,

R, =u—Iiv. (7.74)

Coornowenus (7.70)—(7.73) B sTOoM cJayyae no-NpexHeMy BHIOJ-
Hs10TCA (XOTH asa ¢ KOMILIeKcHA). Y uHTHBas (7.74), COOTHOWeHUS
(7.73) MOXXHO mepenHcaTb 4Yepe3 u H U

U=y (my+m,), (7.75)
¢ =n(m,—m,;)+iNuv. (7.76)
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§ 6. lse cnnHoBuie BOMHLY (TOYHOE pelseHue)

W3 (7.75) cneayer, uto u—nelicTBUTeAbHAs BeauyHHa. [loacrasadas
(7.74) B (7.67) u (7.76) B (7.68), nmosyuyaeMm CBfi3b MEXIY U U U:

cos uy—e="?

gl tmy~mq)p— No —
cos u--e?

Ecan 3abuxcupoBath temepb v U NoJgoxkUTh N — oo, TO JeBasg
4acTb ypaBHeHHsS oOpaTHTCA B HYJb; CJAeI0BaTeNbHO, 134 OOJbLIHX
N noayuaem

e~? &~ cosu, (7.77)

T. €. U NpHOJHIKEHHO fABAsieTcs JeliCTBUTEJbHOH BediuuHoH. (Mpl
npejanoaoxuau, uro Rev > 0, Ho nocaenyroumnil pesyabTat coxpa-
HHTCS U Aas Rewv < 0.) DHeprus onpepensiercs dopMmyaamu (7.65)
u (7.74); noar3ysce cooTHoleHueM (7.77), Haxouum

g =2—cos(u-+tiv)—cos (u—iv)=2 (1 —cosuchv) =
~sinu = % (1 —cosk), (7.78)

TrJje Mbl BBEJH
b=2u=Fk, +k, (7.79)

YroOwl noayuuts a,, ,,, noactaBuM (7.74) u (7.76) B (7.71).
B pesy.abTaTe HaXoiHM (MeHAS HOPMHPOBKY)

) . N
ani, n,:€””1+"?)k/’)0h U('Q—‘i‘ n]——ﬂ/2>y (780)
WK
R /' N
(n,. g, = € (M4 k12 shv(7+n,—n2>

B 3aBHUCHUMOCTH OT TOro, ABASETCA M, -+m, YeTHOH u.1n HeueThoH
Beauuuroli. Kosbbuuwent a,, , HMEET OCTPHI MaKCHMYM 0pH
ny,=n, (WIM 0OpH A;=Hn,—N) H yMeHbIIaeTca C poOCTOM 7n,—1,
(HanoOMHUM, 49TO NMPHHATO YCJAOBHE 11, < 1,).

[ToayduenHOe pelleHHe ONMHCLIBAeT CBA3aHHOE cocTosiHue. Kakosa
sHeprusa cBsi3H 9TOH KBasH4acTHub? Ecau HMeloTcs Be He3aBHCH-
Mble CIIHHOBBLIE BOJIHBI, KaxKilas C BOJHOBBIM UHCAOM K, TO sHeprus
WX paBHA

e=2(1—cosK)=K'— ... (7.81)

ﬂc’lﬂ 3HEePruH KBa3H4yacTHUbl ¢ BOJHOBBIM UYHCJOM 21(’, corJacHo
(7.78), umeem
4
e=1 (1—cos2K) = K*—" ... (7.82)

Bripaxenue (7.82) naer Gosee HH3KYIO 3Hepruio, uem (7.81), o
pasHocTb HeprHil paBHa ouyeHb MaJ/joH Beauunne K*4, Ipyrumu
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Ia. 7. CnuHoBble BONHLI

CJ0BaMH, CBs3b OdYeHb cJjabasi, H 3aBHCUMOCTb ee OT K TakoBa,
4TO AJIMHHOBOJHOBHE CIIMHOBLIC BOJIHBL HE JAIOT 3aMETRHOTO BK.Jiaja.
ITo 5To# npuunMHe anmpoKcHMauus Bo36yxKAeHUH HEB3aUMOAeHCTBYIO-
IIUMH CNHHOBHIMU BOJIHAMH SIBJISIETCA XOPOWIHM NPHOJIHKEHHEM
B 06J/1aCTH HH3KUX TEMIepPartyp.

S 7
PaccesHune gByx
CMUHOBbLIX BOIH

B stoMm u craenyiouem naparpagax Mpl pacCMOTPHM CHCTEMY H3
NBYX CIHHOBBIX BOJIH B HECKOJIBKO HHOM mNJaaHe. B § 6 Obwiu Hak-
JIeHB! COOCTBEHHBIE COCTOSIHHS JJif TaMHJbTORMAaHA, COZEPKaIIeTo
JBe CIIHHOBHIE BOJHEL. 3Jlech MBI OyJleM paccMaTpéBaTh HaHAeHHble
B § 5 mpocTele CIUHOBBEIE BOJIHBI, KOTODHle HE SBJAIOTCS COOCTBEH-
HBIMH COCTOSIHHSIMH I'aMHJbTOHHaHa [, a ONHCHLIBAIOT Naphl HEB3aHU-
MOAEUCTBYIOMI KX CIHHOBLIX BOIH. Jlasee MBI BOCOAB3VeEMCH Teopuel
BO3MYIUEHHA, 4TOObl BEIYHCJIUTL aMIJHTYAYy PaCCesHHS 3THX BOJH.

Oblee BrlpaxKeHHE JI8 TaMHJBTOHHAHa CIIMHOBBLIX BOJH B TPEX-
MEpHOM CJaydae HMEeeT BHJ

H=— 2 2Am(p"N-"—1), (7.83)

rae Am-—TmocTosiHHasi. B ogHOMEpHOM cJaydae IpH yyeTe OOMEHHOro
B3auMoZeHCTBHA OaMKaHIIMNX cocelled MOXKHO HalHCcaTh

H=—24(pnn+'—1). (7.84)

B stoMm naparpage Mbl paCCMOTPHM paccesiHde ABYX CIHHOBBIX BOJIH
B OJHOMEDHOM cJjyd4ae, XOTs TOJOCHLIE e PACCYXKACHHS MOXKHO
IPOBECTH M B TPEXMEPHOM cJydae.

Kak Ham H3BeCTHO, OCHOBHOE COCTOsSIHHE TaMHJbTOHHaHa (7.84)
ONHChIBaeTCH (PyHKLHEH

L =an. . .a), (7.85)

rle BCe CIHMHB HampaB/eHbl BBepx. Korza ofuH m3 CIHHOB Hanpas-
JIeH BHH3, TO cOOCTBeHHOU QyHKIHEH TaMUIbTOHKHAHa (7.84) sAB/sercs
PYHKLIHA

o> =2 X e @, (7.86)
a coOCTBeHHasi SHEePTHs paBHa
E,=4A(1—cosk). (7.87)
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§ 7. PaccesHMe aByx CNMHOBbIX BOMH
Koraa pea cnuHa HampaBJeHBl BHH3, TO (DyHKIHA

1 .
e 1> = 3 et | @, 0 (7.88)

ONHUCHLIBAET COCTOSIHHE, B KOTOPOM BO30Y3K/IEHEI JAB€ CIIHHOBLIE BOJIHHI,
Oxnako ¢yuxruua (7.88) He saABasgercsa cobcTBeHHOH (yHKUHeHA ra-
MuabTOHHAHA (7.84), KaK MBI 3TO BHjEJM paHbilie, H jBe CIUHOBHIE
BOJIHBI pacceMBaloTcsl APYyr Ha apyre. Hccaenyem, Kkak B3anMopeficr-
BYIOT J[Be CITHHOBLIE BOJIHBI. 10 OnpeneseHHIO |Qn,n,>=]|®u,q,> B-
JISIETCS1 COCTOSIHHEM, B KOTOPOM CIHHBI B y3JaX 1, U 1, HATIPABJEHEl
BHH3; NPH 3TOM |@,,,>=0. Ham HyKHO BBIYHC.IHTb BBIpaXKEHHE

VN*H [ Pr,e,> = D etkptans F | Pryngd-

nyry

Boiuncaum ¢yHRUHIO H @, ,,> B CAEAVIOMHUX YeTHIpeX ciayyasx:

l) n, ¥ n, pacrno/joxedsl He pPAAOM, T.e. n,s=n,, n,5%=n,+1,
n,s=n,—1,

2) ny=n;+1,

3) ny=n,—1,

4) n,=n,. B aroM cayuae |@nq,>=0.
B cayuae 1 umeem
H|@nyn,>=—2A119n 41, n.>— | 9n,n,>) (| @ry=1, 0,5 — Pryn,>) +

-+ ( | Pn,, n5+1>_l (Pn1r12>) -+ (l Pryoony— 1>—I (P/z,nz>)]' (789)

B cayuae 2

H| @ n41>=—2A{({ @n=1, n+1>—| P, n+1>) +
F ([ Pn, na2>—| Pn, na1D)]-

Urobsl 2TO ypaBHEHHe IO opMe COOTBETCTBOBAJIO ypaBHeHHO (7.89),
nepenuieM €ro ciaegywoluM obpasom:

Hl(Pn, ni1p=—24 [""2|(Pn, n+1>+(| Pr-1, rz+1>""| Pn, n+1D) +
+ (l Pn, n+2>—l(Pn, n+1>)]"‘414 | P, n+12, (7.90)

rje uJeH B KBAAPAaTHLIX CKOOKaX COOTBETCTBYET TAKOMY Ke 4JeHy
B (7.89) npu n,=n,+ 1. IlonoObupiM xe oOpasoM B cayuae 3
noJiyyaem

H](Pn,n—1>=—2A[—‘2|(Pn, n—l>+(] Pn, n—2>_](Pn, n-1>)+
(| Prt1,n-1>—] @r, n=1>)]—4A4| Qn, n-1>. (7.91)
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n. 7. CnuHosble BOmnHBI
B cayuae 4
Hign, w=—24 U(Pn+1,n>+l(Pn—l.n>+|¢n,n+1>+‘¢n, ,,_1>]—{—-
+4A(] P, ne 1D+ | Qn, n1>] = 0. (7.92)

3jecb Nepsnlfl WiIeH COOTBETCTBYET BHIpaxkeHHIo (7.89) mpu n, —n,.
Henoaesya  BelpaxeHus  (7.89)—(7.92) nns BoluHC/IeHHSA

V N2H |\pp,,>, TONyd4aeM, 4To nepsbie uiensl B (7.90)—(7.92) Buecte
¢ (7.89) nawor cymMmy ujenoB (7.89) no n, n n, Ges orpaHuvyeHus
Ha 3HauyeHsi 1, H f,. B pe3ysabrare umeeM

VN H g, = — 24 Dot (s krd [ > [(efh — 1) - (e — 1) -
nyn,
- (ethe —1) - (e~ tk: —1)] —4A z [ef tan+ke (1t DI, S
_+_ et’ [Ryn+ky (fz—l)]’ ©n, n- 1>_ei (kyn+kyn) ((Pn, el + O, n- l)] —
=4A (1 —cosk) + (1 —cos k)] V Niyppp, +V N | x>.  (7.93)

,Ocratok® [ x> 3anucad B BHIe

R

O =—4A Zei (ky+ ko) 1 (piky L piky | —pl (ky+Ra) ) ] Gnnatd.
(7.94)

[Nepsrifi unen B Boipaxkenuu (7.93), kak BuaHO 13 (7.88), aBasercs
ABotHOH cymmoli no n, B 1o Bpema Kak (7.94) npexcras.aser co-
6ot oamnHapuyio cymmy no n. CrenoBarenabHo, BTopoit uien B (7.93)
MOXKHO pPaccMaTpuBaTh KakK BbIPayK€HHE, OINHUCBHIBAMOIIEE DPaCCesHlIdA
JBYX CIIHHOBBLIX BOJH, KOTODPLIE OIPEAENsOTCS TMEePBBIM YJCHOM
B (7.93).

3ameTuM, 410, KOTAa [{ JeHCTByeT Ha |, >, BO3HHKAET HOBOE
COCTOSIHME, HO 3TO HOBOE COCTOSIHHE MO-TIpeXKHeMYy SIBASETCH KOM-
OuHalHed COCTOSIHHA ¢ AByMs TNEpPeBePHYTHIMH CIHHAaMH. JIpyrumu
CJ0BaMH, KOrja CTaJKHBalwTCsl JBe CHOHHOBBIE BOJHBI, TO MoCcAe
CTOJKHOBEHHA Mbl ONATL HMEEM JIBe CIHHOBBLIE BOJIHBI,

C nowmourbto (7.87) moxHO 3anucatrs (7.93) B Buge

H | Qryp,> = (Er, + Ep,) | Vre, >+ 1 %>, (7.95)
rae
Ix>'— _ 4A ei (k‘+k2)n§l > h 7 96
= Vzvé Z Pn, n+1 (7.96)
H
g = gtks +eik, —1—e (k,‘+k,)‘ (797)
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§ 8. HeopToroHansHOCTs CNUH-BOJTHOBLIX COCTOAHWH

$ 8
HeopTtoroHaneHocTb
CMUH-BONHOBbIX
COCTOSIHWUMA

CorsacHo ofme#l TeopHH paccesiHus, ceueHue paccessHus onpe-
JeJaseTCs Bpra}KeHI/IeM
Yuc/10 KOHEYHBIX COCTOSIHHH .
, (7.98)
AE
rle v—CKOPOCThb CrajJkuBawmuxcs yacTHl. Iloab3ysack Teopuei
BO3MYIIlEHUH, HaxoAuM

2n
UU:T!Mf[lz X

My=Hip+ ¥ gy (7.99)
n=£§
rae Hj,—MaTpHuHBI{ 5J1€MEHT raMuJbTOHHAHA BO3MYUIEHHs MEMHIY
Haya/JbHBIM M KOHEYHBIM COCTOsIHHSIMH. B Hacrosmewm naparpade
Mbl OTPAaHHYHMCA PacCMOTPEHHEM TOJBKO MepBoro yjiexa B (7.99).
Hac uHTepecyeT paccessHHE H3 HAUaJbHOTO COCTOSIHHSA |k, >
B KOHeyHoe COoCTosiHHE |VYr,, r,>, NPH KOTOPOM

En, + Ex,= Er, + Ev,. (7.100)

YpasHenne (7.99) Hesab3s MCIOAL30BaTh B TOM BHJAE, KaK OHO
HAITMCAHO, I[OCKOJAbKY COCTOSIHUS |g, 4,> HE OPTOrOHAJRHBI APYD
ApPYTy. DTO MOXKHO N0OKa3aTh caeiyrounm o6pasoM. Beiyucanm cxa-
JIPHOE MNpPOH3BeJeHHE HAYaJIbHOTO M KOHEYHOro COCTOSIHHH, NO.1b-
3ysicb BhipaxeHHeMm (7.88):

1 i - ‘- ’
<'¢L1, Lzlwkl, k2>:m2 2 el (k1ﬂ1+kzﬂz Lyny LGz) <cpn;n;)q)nln,>'

mn
12 ;) n,

(7.101)
Cor/1acHO ONpeIeJEHHIO |, ,.>, HMEEM
I, xoraa nj=mn,=n,=~n,
UJH Ny =N, =", =1, |
(€102 | P o) = . (7.102)
Vg | Mt 0 Bo Bcex OCTaJbHBIX CJayuasx,

BKJIOUAS CAy4Yal ny="n, =n,="n,.
CrenoBaTte/IbHO, MBI MOXEM HalHCaTb

1 T -
<’IPL1- L:(‘Pk;. kz>: mz {ei (ks =Lo) ny+ (ke = L) sl _{_et Lk Laynyt ks =La) n,]}__

nyfg
2 3 lthrttamLimLon, (7.103)

e
n
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Fn. 7. CnmHosste BoOnHbI

B nepsoit cymme B (7 103) Ha 3HaueHuss n; ¥ n, He Ha/OKEHO
HHKAKHX OTpaHHyeHUH, noaTomy

1, xoraa k=L, u ky=

i 0 * (7.104)
B OCTaJ/IbHLIX cnyqaﬂx

N%Z ol [y =Ly) ny+(ky=Ly) ny] —
nyn,
Ecan 6bl B cootHomeHuu (7.103) we OGwlIo BTOPOTO WIeHa, TO
OHO YyKasbBajgo Obl Ha OpTOI‘OHaJIbHOCTb cocTosiHuil P, , . Ecan
Xe k,, k, Be paBHH L, L,,
(k1+k2)_‘_(Ll+L2)=”O“, (7105)

rae ,0¢ o3Hauaer J/oGoe LeJoe YHCA0, YMHOXEHHOe Ha 2m. XoTs
nepBasg cymma B (7.103) ofpawmaercsi B HYJb, NOCAEAHUH 4jeH
naet BKaAaj), paBHbH —2/N. CienoBaresbHO, cOCTOSHUS |V, , > He
SIBJISIIOTCS CTPOrO OPTOTOHAJBHBIMH JAPYT APVYTY.

HTo0b BRIYHCIHTB aMIIHTYAY pacCesHHA, PACCMOTPHM MepBhlil
yren B (7.99), noab3ysach raMHJIbTOHHAHOM BO3MYILEHHS

H"=H—(E,, + Ey). (7.106)
Taxum o6pasom,
My=<Vr,, 1, [H—'(Ek1+ E )] | %r,, 2,0 = <Py, 1 x>, (7.107)

rje GblJI0 HCno/b30BaHo ypasuenue (7.95). YuursiBas (7.96) u (7.88),
HaXOAUM

44 . .
Mﬁ = —z Z Z gf ratke) ng—i (Lyni+Lang) & S [ Pr, prr> =
nongn,
— _%Zel (kl+kz-L|_L2)n(e—iLz—i—e—iLl)E’ (7‘108)
n
IIOCKOJBKY

1, Koraa ny=n, n,=n-1

((pm’{(pm 1> = Unu nm=n-+1, n,=n,
B OCTaJbHBIX Caydasx.

o

Ianee, B (7.108)

2 gf (Ry+h,~Ly~L

n

" N, xorma k,+k,=L,+L,+,04
0 B ocranbHBIX Cayyasx.

CiiepnoBatennto, noassysich (7.97), meaydaem
M= — 32 (e=iha - g=is) (eits - gihs— ] — ¢ k), (7,109)

rae k,-+k,=L,+L,+,0“ Beaeacrsue CYIECTBOBAH M 9TOH CBfA3H
Mex1y kB H L a TaKkxe cBAs3H (7.100), matpuunbll snement My,
CUMMETpHueH no k& u L.
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§ 9. OnepartopHbit meToq

Pasnaras M, no maJjnim k;, MOXKHO BHIETh, 4TO
fi {
2
[ M [* ~ (k- k)™

CrejoBaTesibHO, MPH MajibiXx k; ceyeHnHe DaCCesHUs MAJo.

$ 9
OnepaTopHblii MeTop,
FamMuJabTOHHAH CIHHHOBLIX BOJIH MOXKHO BBIpA3HTBL HEPE3 oIepa-
TOpPbl POXKIACHHS H YHHUHUTOXKEHHA.
[Tonk3ysicb CNUHOBHIMH ONEPATOPAMH O, H O, ONPEJEJHM OIe-
paTopel 0, M O_:
Ty 10y e

0'+—"—2-—, 0. —=——F. (7110)

Bcnomunas, uto

01 0 —i )
%=\1 g H 9%=\; g/ (7.111)

0 1> {/0 0
o=\, 0, " 0_:\1 0>' (7.112)

Jlerko mokasaTb, 4TO

noJgyyaeM

0+0,:§l»+%oz. (7.113)

Ecan |@,> ABAfeTca ,BaKyyMHBIM® COCTOSTHHEM, B KOTOPOM BCe
CIHHHBl HalpaB/eHb BBePX, TO COCTOSIHHE |[@n>, B KOTOPOM CHHH
B ysae N HampasJ/eH BHHM3, MOXHO 3alHcaTh B BHJe

[oN> =0n-]@p>. (7.114)

CocTosiHHE |¢@x>, ONHChIBaeMoe BhipaxkeHHeM (7.86) (o6oGuieHHoe
Ha TpexMepHBLIA cayuaft), Momer OLITh NMPEACTABACHO B BUAE

1 .
l¢k>=<WZe‘k'NGN—>{(P,,)zaﬂ(po>, (7.115)
N

TAe Mbl ONPEAEIUJIM ONEPATOP POXKIACHUA MArHOHa paBeHCTBOM

1 k-N
a = Vﬁge‘ ON-. (7.116)
[Ipu 3TOM ONEpaTOp YHHYTOKEHHS HMEET BHJ
— 1 —ik-N
ay= Vﬁ;e KNgyy. (7.117)
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fn. 7. CiuHosble BOAHLI

Jdanee, ana ¢yHruMu [Py, «,>, onperensemoffl BblpameHHeM (7.88),
B 3TOM [IpeACTaBJEHHI HMeeM

[P, k> = @i, a5, [ @p>. (7.118)

Urofel yberutbc B CIpaBelJIMBOCTH 3TOTO  paBeHCTBA, BCIOM-
HHIM, 4TO
o_o_=0.

Cootnouenne (7.117) MOXHO paspelluTh OTHOCHTEJIBHO Oy 4 # HaliTH
1 .

On+ =—== ) ek Ng 7.119

V‘N ; k ( )

Famuabtonnan (7.83) conepxkut ugaed pN- N+M_ yxorophiil Beipa-
KAETCS Yepe3 Oy-Onim HJIH U/EHLl BHJIA

1~2 l~2 2
0103 4 0,0% -+ glos.

ITepsuie 1Ba uleHa MOryT ObITb 3arHCaHbBl Yepe3 npousBeleHie
ABYyX omnepatopos a. [locnennuil 4jJeH COOTBETCTBVET MPOU3BEICHHIC
yeTblpeX ONepaTopoB a COTJIACHO cooTHoleHH (7.113).

BolsicHuM Tenepb, YIOBJAETBOPAIOT JH ONEPaTOPhH @ KOMMYyTa-
IIMOHHBIM COOTHOLUEHHSIM BHJA

[a,, af] =OuL. (7.120)

rBeT OyIeT OTDHIATEJNBHBIM; H 3TO CBfI3aHO C TeM, 4TO (yHKIHH
%k, HE ODTOTOHAJBHBI APYr ApYyry. HeBhimosaHeHue COOTHOIEHHH
(7.120) MoxHOo aoKa3aTh, Hcmoab3ya (7.116) u (7.117) coBmecTHO
¢ cooTHoweHueM [0, 0.]=o0,:

. 1 . 1 .

i. +] - ~{k-N,plL:N _ —{{k—L)-N —_—

[ at] =5 3, e e 2[0~1" ONi]_NZe tbNoy, =
NN, N

5 ()

= 0, L-‘r-jlgz@_“k*[‘"N(UNz—l). (7.121)
N

TaK Kak

1 —I(k=L)-N _
¥ 2° =, ¢.
N

k3-3a nosasrenis Broporo uyneHa B (7.121) cocrtHomenue (7.120)
TOYHO He BLIMOAHAETCH, XOTA BTOPOH WIEH HMeeT BeJHWYHHY NOo-
paaka 1/N, ecan B clcTeMe 4HCJI0 YAcTHIL CO CIIHHOM, [€peBepHY-
THIM BHH3, HEBEJUKO,
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§ 10. PaccesHue cnuHosbix BONH

$ 10
Paccesinme cnuHoBbIX BOMH—
COMOCTABNEHUE C OCLMANATOPOM

Ha ¢ur. 7.3 nokasano B3auMOAeHCTBHE JABYX CIIMHOBEIX BO.TH
¢ umnyascamun K, u K,, KoTopble mnoc/e paccesHUS HMEIOT iM-
nyaecel L, n L,. Marpuua paccesiHHs ollpejesiseTcsl BHIparKeHHeM

Myj=—24 R el@M (1 —e=™Ke) (1 —eMKe). (7,122,
M

Has manwix K, K, marpuua M, ~ KK, ~K? [daa ceuenus pac-
CestHIsl HMEeM NPHOJHIKEHHO

0~ | M~ K. (7.123)

Ilpu Temneparype 7 umeeM hK220 ~ kyT w K2 T. Us BLIpaXkeHH !
(7.122) u (7.123) nonyuaem ¢ ~ T?*. a2 CObISHBIX YaCTHIL MMECM

L L, QUL 7.3

Y L=K+Q

Lz ZKz‘Q

Paccesanne nBYX COHHOBLIX
K, Ky BOJIH.

M ~1, cienosarentuo, o ~ 1 Bnpwa.rxbﬂbm KOz(pOUUHEHT b, ~ T/,
OHAKO B CJayuae COUHOBLIX BoJAH O ~ T2, Tak 4TO

b, ~ T*:. (7.124)

[lpeacTaBasieTcst pasyMHBIM INIPEANONOMHTb, YTO B BUPHUAALHOM
pas/JoxeHHH HeoOXOAHMO CHayaja PaccMOTPeThb HeB3aUMOLeHCTBYiO-
1[HE COHHOBBIE BOJHBI, BO BTOPOM Y/JE€HE Y4eCTb CTOIKHOBEHHS JHBYX
YacTHIL, 3aT€M TpeX YacTHl W T. A. DTO BecbMa MPaBAOIOA0GHOE
paccy:kJeHHe MO)KHO INPOBECTH CTPOro, eCJH BOCIOJb30BaThCA AHA-
Joryef MexAy CHHHOBBIMU BOJHAMH M BO30YXIAEHHSMH TapMOHHYE-
CKOTI'0 OCILUJISATOpA.

Anajorus 3ak/wdaetcss B TOM, 4TO CIHHHOBOMY COCTOSIHHIO
C HamnpaBJeHHbIM BHH3 {-M CHHHOM MBI CTaBHM B COOTBETCTBHE CO-
CTOSIHHE OCHUAAMOPOS, B KOTOPOM i-H OCHMJIATOP HaXOAuTCs Ha
HEePBOM YPOBHE, a OCTaJjbHble OCUH.IJIATOPLl COBCEM He BO30YXKAEHLL.
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n, 7. CNMHOBbIE BOMHLI

CrnenoBaresnbHo, cocrosiide ocuuanatopos 00100 coorBercrByeT
CNHHOBOMY coCTOsiHuio aofac u T. 4. Bysem cuurate o} oneparo-
POM DOXKICHUS AJAf OCLUJLIATOPOB. MHBIMH ¢J0BaMH, Mbl CHHTAEM,
yTO omeparop o} poxjaaer (GoHOH, cKaxeM, B N-M OCHH/LIATOpE:

a}:ﬁZoﬁge""K'N. (7.125)
N

Hanee, peajbHBil raMu/bTOHUAH [ (L8 CRUHOBbLX BOJH) 1elCTBYyeT
caeRylomHM 06pasoM:
( (afoceet)
H (aapao) — 1
\ (aaafa).
CkoHCTpyupyeM Temepb ramMu/bTOHHAH H 118 OCLUHJIAATOPOB, Aeil-
CTBYIOIIKH aHaJOTHUHBIM O0pPAa30M:

(7.126)

H (00100) — {( (01000
\ (00010).
['aMuabTOHHAK
H= 2 [—2A (ot —ata,) —24 (af o, —ata;)] =
= _%: Ap(oien —of) om = ; EKAKIK, (7.127)
rae

ex = — D Am (EKM—1)
M

OyaeT HAeHCTBOBAaTb TAaKHM 06pa3oM, €CJAH HMEETCsl TOAbKO OJHO
cocrosinue f§. PaceMoTpuM, OfHAaKo, CJIeRyIOMHUI npolecc:

( (2papac)
U (aefapa).

Ilpu srom ramuiabroHHan H, onpejeneHHwii BelpaxkeHHeM (7.127),
JEeHCTBYeT HHAue:

H (aaffoa) — (7.128)

(010100)

(001010)

/2 (002000) «— .

OTMeTHM, UTO COCTOSIHHSA, OTMEUEHHbIE CTPEJKOH CHpaBa, He HMEIOT
anajoroB B (7.128). CaengoBaresnbHO, HEOOXOAUMO 106aBUTb K H
YIEHH, KOTOpLIE YHHUYTOXKajau Obl WIEHBl CO CTpPeJKaMH, T. €. He-
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Jurepartypa

06X0LHMO OmpelesuTh HOBLIH ramuasToHnan H' =H - A, takoi,

4yToOHI
H' (001100 {( (010100)
( )1 (001010).

CrepoBareneHO, JOMOAHUTEbHBIE K H unen A Bejer cebsi ciaenyro-
muM obpasom:
( — /2 (000200
A (001100) — } V_ ( )

L — /2 (002000).

Taxum o6pa3oM, Hy»KHLIH HaM HOBBIH UJeH HMEeT BHI
— -+
A =24 [a}, i 00—t ofo o). (7.130)

Hanpumep, omepartop o,,,0; yHHUYTOKaeT JABa COCEAHHUX (POHOHA
B y3adax i u i-+1, a af,«f,, poxaaer aBa ¢oHoHaA B y3ae i-+1.

OnpeneneHublfl Boille ramuabTOHuan H' = H 4+ A He sBasieTcs
SPMHMTOBLIM, NO3TOMY K HeMy Heo6XoauMO [N06aBUTH UJeHbl BHJIA
oo ooy OCHIIATOPHBIA FaMIIbTOHHAH H ABJAsieTCs TOYHBIM aHa-
JIOTOM peaJbHOr0 CIHHOBOTO TaMHJbTOHHaHa H TOJbLKO B TOM CJay-
yae, €CcJW PaACCMATPHBAIOTCS COCTOSIHMST € OAHUM IIE€pPEBEPHYTHIM
CIIMHOM (¢ ofHuM f); raMuiabToOHHaH [’ TOYHO COOTBETCTBYeT pe-
aNbHOMY I'aMU/JbTOHHAHY JJsi COCTOSTHUHA C OXHUM W JAByMS f§ H T. .

3amerumM, uro coctosinne (00200) moxkeT naBaTh Takoi BKJaA E,

B 9Hepruio, uro BeauuuHa e~PE/ He GyjperT npeHeGPeRHMO MaJoi;
B 3TOM cayuae useH e~PEl cieayeT BblYECTh NPH ONpPEAesICHHH CTa-
THCTHUECKOH cymmbl e~ PEn,

3adaya. Tloab3ysich onepaTopaMu oy H OF, KOTOPHE YJIOBJeT-
BOPAIOT aHTHKOMMYTAIHOHHBLIM COOTHOLUEHUAM, MOMKHO PEIIHTh
npobaeMy coctofHuil ¢ OoJiee 4eM OJHOH ,uacTHued®. Kakue
TPYLHOCTH TNPH 3TOM BO3HHKAIOT?

JIUTEPATYPA

1. Sommerfeld A., Bethe H., Handbuch der Physik, Bd. 24, Berlin, 1933,
S. 604. (Mmeercs nepesox: I'. beme, A. Sommepgersd, DnekTpoHHAs TeOpHA
meraanos, M. —JL., 1938, crp. 238.)

8*. Mammuc JZ., Teopus marmerusma, n3i-so ,Mup«, [967.

2%, Tabauxos C. B., Metonpl kBanToBOIl TEOpHH MarueTuama, M., 1965.



[Mpobnema nonapoHa

§ 1

Beepenue

DNeKTPOH B MOHHOM KpHCTaJde NOJSIPU3YET PelleTKY B HEKOTO-
poil okpecTHOCTH BOKDyr ce6s. BsauMmoneficTBue MEHSIET 3HEPrHI0
3JEKTPOHA; KPOME TOrO, KOTJa JeKTPOH ABHKETCS, NOJISPU3ALUOH-
HOe COCTOSTHHE JOJ/DKHO JBHUMAaThCsl BMeCTe ¢ HHUM. DJIeKTPOH, JIBH-
AKYIHUACA ¢ COMYTCTBYIOIMIMM €MY HCKa)KeHHeM pelleTKH, HHOrjaa
Has3bIBAOT noasporom. Ero addekTusHaa Macca 60bllie MACChl /€K~
TpoHa. Haila 3azaua COCTOMT B BHIYMCJEHHU 3HEPIrMH H 3(HEKTHB-
HOH Macchl TAKOFO 3/JeKTpOHA.

@ QUT. 8.1.

Onmuvuecxas
~~  eemgy

S JucrnepcuoHHble KPHUBbIE
K B KpHCTajae.

Haxe Ges yuyera KoseO0aBHH aTOMOB HAa 31CKTPOH B pellieTke
feficTByeT noJe (ompejesisieMoe NepHoJHYeCKMM notenunajiom). Ipu-
6.1MKeHHO JeHCTBHE NEPHOJMYECKOro NOTEHUHAJd YUUTHIBACTCH TeM,
4TO 3/1€KTPOH B MOJI€ paccMaTPHBAaeTCA KakK CBoOOAHAsT 4acTHLA
¢ sddextuBHON Maccolt M. CienoBaTe/bHO, 3HEPrHf 3JEKTPOHA Ge3
yuera KoJseGaHuil pelieTkyu pasHa P?/2M, rae P— uMIyJbC 3/1€KTPOHA.

HanoMHuM, 4TO AMCIIEPCHOHHBIE KPHUBBIE IJ5 4aCTOT KosebaHHH
B KPHCTA/JJIe HMEIOT BUJ, IOKasaHHbIH Ha ¢ur. 8.1.

Hac unTepecyeT Ta 00JacTb 4acTOT, KOTOPAs ONHUCHIBAETCS MOYTH
He 3aBHCcALEH 0oT BOJHOBOTO YHCJa 4acTbio ONTHYECKOH BETBH, T. €.
06J1acTh, B KOTOPO# MOJOMKHTE/IbHBIE HOHBI ABHKYTCS B [IPOTHBORA3e
C ABHIKEHHEM OKPYKAIOWHX HX OTPHIATEJNbHBIX HOHOB.
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§ 1. Beepeuue

Ecnu paceMaTpuBaTh aH31eKTPHUECKYIO IPOHULAEMOCT KaK Py HK-
nuio vactorsl (¢ur. 8.2), To nac 6yneT HHTepecoBaTh TOT HHTepBal,
rae koaeGaHKs pelweTKH HrpaloT CYIECTBEHHYIO DOJb.

¢ QUL 8.2,

\/\/\’\M

3aBUCHMOCTD

) UA peuienyu 5

; \e— Konebarun p AM3JCKTPHYECKOH
. NPOIHUAEMOCTH

w OT YacTOTHI.

Byaem paccMaTpuBaTh KPHCTaJIHUECKYIO DelUeTKY C 3JeMeHTap-
Hod suellKoff BOMH3M KamxaoH Touku X. KosaeGanus pelleTkd KBaH-
Tytotca (cM. ra. 6, § 10); nepexox ot AHCKPETHON peileTKH K Herpe-
PHIBHOH omnucbiBaeTcs cooTHowenHamu (6.201). Ilpexjae uem ppinu-
CpIBaTh TaMUJBTOHHAH, pacCMOTPUM, Kakasi H3 Moj KoJdeGauuil
peleTKH JeACTBHTENLHO B3aUMOIEHCTBYET C 3JeKTPOHOM; APYTLHMH
MOZaM¥ NPH PeLIeHHH 3TOH NpobyeMbl MOXKHO TNpeHeGpeus.

[oaw3ysick o6o3HauenuaMu ra. 6, § 10, npeanonoxuM, 4To nNoTeH-
[HaJ HeBO3MYUIEHHOIl peilleTKH, B KOTOPOM HaXOAHTCS 3JEKTPOH,
Aub0 paBen HyMO, JM00 yuTeH IyTeM H3MEHEeHHs MacChl 3JeKTpoHa,
Kak 3To OLLi0 CKasaHo Bbllle. EcCaM pelieTka cmeliena, To NOTeH-
nnaa AV, (x), neficTByIOIHH HA 3J€KTPOH, ONpeae/sieTcsl BO3HHKIIe
Ipu CMeUIeHHH ILIOTHOCTEIO 3apsAna o (X), KoTopasi B CBOIO OYepejp
cBA3ada ¢ noJsapusanuein P (x):

VAV, (X) =ep (X) = — eV - P () (8.1)

(rne 3apan snekTpoHa paBeH —¢). [IpeanogoxuM, 4To B Kaxioi
37]eMeHTapHO# fAveliKe KpPHCTAJJHUECKOH pelleTKH HMEIOTCS M0J10-
KUTeJAbHBIH W OoTpHLATeabHBIH HOHEI. TOrza KaxAOMYy BOJHOBOMY
BeKTOpy K cOOTBETCTBYIOT lecTh KoJebaTeIbHBIX Moa. B Tpex mMozax
ofa HOHA CABHTalOTCA HA OAUHAKOBBIE PACCTOAHHUS B OJHOM H TOM
Ke HanpasjeHHH; npH K — 0 3TH MOABl COOTBETCTBYVIOT ABHMKEHIIO
Kpucranaia kKak uejoro, nosromy aas HuX o (K)—0. D14 monw
He [aloT 3HAYHTe/JbHOTO BKJaaa B noJasapusaunio P(x). B apyrix
TPeX MOJax NOJOXKHTE/bHbIE M OTDHLATE/bHBIE HOHBl JBUIKVTCA
B [POTHBONOJIOXHBIX HANpaBJeHHAX B KaXKIOH 3/eMeHTapHol Auelike,
co3aaBasl NOJISIPH3ALHI0, NPONOPIUOHANBHYIO aMILJIUTY e STOH MOBI.
Hasa Takux Moa uacToTa KoJaebaHuil CTPEMHTCS K HEHYJIEBOMY 3Ha-
yYeHHio o npu K — 0, u Mbl 6yjeM IOJb30BaTbCH aNpOKcHMaIHe
o (K)=o0 a1sa scex K. Ipyrumu cjaoBamu, Mbl OyneM npeanoaaratb,
YTO yYacToTa Ko.Je0aHHH He 3aBHCHT OT BOJHOBOTO 4HCJja.
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T'n. 8. MNpobnema nonspoxa

O6osnaunm uepes a* (K, a) oneparop poxjeHus tononos, Ilo
aHaJoruu ¢ BuipaxenusiMu (6.200) u (6.202) [B xoTopeix A™* (k, ) —
onepaTop poxKAEHHs (DOHOHOB] HaXOAUM, YTO NOJsAPH3aUHuA (KOTO-
pas jpoJxKHa OblTh nponopuHOHaJIbHa CMENIEHHUI0) HMEET BHJ

P(x)= WZ [a (K, @)exex atat (K, a)em%xex,d,

TAe o’ —eficTBUTeNbHAS NOCTOSHHaA. L5 NJOTHOCTH 3apdja Toraa
uMeeM

p(X)=—VP(x)=

3
3 *
=ia' é—;;,z [a(K, a) ek K e, ,—a* (K, a)e~'K'* K -ex_ |-
a=1

C oueHb xopoluMM HPUOJMKEHHEM MOXKHO CUHTATh, YTO OJHH
M3 BEKTOPOB €k, o HampaBgeH Broab K (mpogoJbHas onTuyeckas
MO/a) H, CllefloBaTejbHO, ABa APYTUX NMEPNeHAHKYJAAPHBL eMy (Iore-
peuyHple OITHYECKHE MOJBl). B jelficTBHTEJbHOCTH 3TH KoJebaHuA
OTJINYAOTCS MO YacToTe, NPHYEM OTHOLIEHHE YaCTOT PaBHO (£,/84 )"/
rie &, H E,——COOTBETCTBEHHO CTATHYeCKas H BBICOKOYAaCTOTHASA
IU3MeKTPUUECKHe IIPOHMIIAeMOCTH KpucTalaa. ToJjbKO Npoao/bHas
mMoja KoJeGaHui, AJaA KOTOopoH ek .|| K, maer Bkiaaxg B p(x); 0603-

HAYNM OIepaTop POXNKAEHHA AJAS 3TOH MOABI MPOCTO GX H NpeHeOpe-
KeM apyrumu Mogamu. Taxum obpasom,

3 . .
p (X)=ia' X%K [ake®*—age=Kx], (8.2)

Tak uTo, corjacHo (8.1), H3MeHeHUe NMOTEHUNANAbHON SHEPTHHU JIEKT-
poHa, o0yc/I0BneHHOe KOJeGaHUAMH DeleTKH, DaBHO
3

. 1 . .
AVl (x) = — jeq,’ S.ﬂ(___ [aKezK'x__a;e-tK-x] —

(2n)® K P
: 3 3K 1 3 )
=i(J 2na)" (-——ai) T K (ake-®x—qagerxx],  (8.3)
rie o—~0e3pasMepHas TocrosHHas, MoXHO nokasaTb, 4TOYV
_ 1/ 1 2Mo \1/,
a—2 <8w )ﬁw( I3 ) ’ (8.4)

rie &, H €,—ONATh CTaTHYeCKas H BLICOKOYACTOTHAS AUIEKTpH-
yecKHe IPOHHLAEMOCTH KpHCTa/Jl1a. B TakoM TuIMYHOM cJayuae,
KaK KpHCTals IOBapeHHOH cOJiM, NOCTOSHHAA o NPUOJHIKEHHO
paBua 5, a B ofueM c/iydyae oHa NMpHHHMaeT 3HaudeHHs or 1 jxo 20.

FaMunbToHHaH 119 CBOOOZHOrO 3JEKTpPOHA M peLIeTKH HMeeT

P2 a3k
H9n+Hocu=W+ﬁwS(2_J.‘:);;a;ak, (8’5)
L Cwm. [6], crp. 168, u (7], § 5.—MTpum. ped.
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§ 2. Pewenune nonapoHHoi npobnemsl no TEOPHM BO3MyLLEHUN

rie paccMaTpuBaeTCs TOJNBKO OAHH 3JEKTPOH € HMIyabcoM P u
HEe yYUTHIBAIOTCA OCTalbHble MOJBl KOJeGaHHH peleTkH, KOTophie,
COIJIaCHO HAlIHM MNPEAIOJIOKEHHSIM, He B3aHMOAEHCTBYIOT ¢ 3J€KT-
pOHOM.

Uto0bl HECKOJIBKO yNPOCTHTL BBIMHC/IEHUS B MOCJACAYIOUIUX Napa-
rpagax, Mbl IPHMEM TAKYIO CHCTEMY €AUHULL, B KOTOPOl A= M = = {.
Muorpa Mbl Gyaem Taxike NOJL30BAThHCH OGO3HAYEHI MU

Y=l e =08 (K—K).
K

C yueToMm creJaHHBIX BBIIUE IPEANOJIONKeHHH (BBeeHHBIX Opé-
JauxoMm |1]) 3azaya CBOAHTCS K OIpEIEJEHHIO CBOHCTB CHCTeMbI
€ raMHJbTOHUAHOM:

H:%Pz—i—ZaEaK +i(V 2 an)' Z—}<~ [ak*e‘“('x——ake"'('x]. (8.6)
K K

Snece BexTop X onpejeaser KOOPAHHATY 3JeKTpoHa, P—conps-

JKEHHBIHl HMIYJBC H GK, ak —ONEPATOPHl POMAEHHS H YHHUTOKE-

Hust goHoHa ¢ umnysascom K.

[Ipo6rema moasipoHa caMa 1o ceGe He OCOGEHHO BaKHa, HO
MHTEpeCHa TeM, UTO OHa NPHBOJAHT K HEKOTOPOH MaTeMaTHuecKol
3ajaue. MeTol, KOTOpHIM Mbl OyJeM IOJb30BATLCS NPH pelleHHH
5TOH MaTeMaTHYeCKOH 3ajaud, NPUMEHHM H AJf APYTHX NpoGJeM
noao6Horo xe Buia. Ham MeTox mnpHrofeH npu NPOU3BOJLHOI
BeJIMYMHE CBsA3H, HO CHAaya/Ja DACcCMOTPUM cayuall Majdblx & u
BOCNOJIL3yeMcsl OObIYHON Teopue# BO3MYyILEHHUHA. DTO NO3BOAUT HaM,
BO-NEPBHIX, IIOJNYUYUTh OTBET, KOTOPHIH MOXHO OyjAer cpaBHUTL C
pe3yJabTaTaMH [/1s NPOU3BOJIbHON CBASH, M, BO-BTOPBIX, IOCMOTPETh,
YTO NPOHCXOAHT, KOTAA 3JEKTPOH ABHMKETCA CJAHIWKOM OHICTPO.

§ 2
Pewenne
NONSPOHHOK npPobnemsi
no TEOpUU BO3MYLLEHUH

Hac Gyaer untepecoBaTh onpejeJieHHe SHEPrUH BO3MYIIEHHSA
AE,, BO3HUKalOlleHd Npu yueTe B3auMOZeHCTBHA ¢ KojeGaHHsIMH pe-
wetkd. I'amuabronuan umeer Bug H=H,+ H', rae

2
HO = %+2 ak“-aKr
K .
H =i (l/—2_noc)1/2 Z % (a;;e—il(-x — age’K-X),
K 8.7)
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n. 8. Mpobnema nonapoHa

Fiveem
Honlno

AE0:H00+ ES_E} R

n

anecs Hj,=<m|H'|n> |m> u |nd>-—cobcTBenune cocroanua H,
u F%—cobcTeeHHoe 3HaueHHe M, COOTBETCTBYIOWEe COCTOSHNUIO | 11).
Tockoabky H', AeHCTBYA Ha COCTOSIHHE, MEHAET YNC/0 (GOHOHOB,

To auaroHaJbupifl wiaen H), paBen Hymo. Hac nHrepecyer sneprus
5JeKTPOHa, ABHXKYyLLerocs ¢ ummyabcom P. Pacemorpum mosrtomy
anarpammy Ha ¢ur. 8.3. B HauanbHOM COCTOSIHHH 3JeCh HMEETCS

Qur. 8.3.

P-K
K
DaeKTPOH € UMNYVALCOM
(P—K) u douony
p ¢ umnyascom K.

3J1¢KTPOH ¢ HMIy/bcoM P u Her dononoB. B mpoMexyTounoM cocrod-
HHH HMeloTCs 9eKTpPOoH ¢ umnysascom (P—K) u ¢oHor ¢ umMnyib-
com K. CnenoBarenbHo, sHeprun £ H £} OUHCBIBAIOTCA Bblpake-
HUAMH

P K)? (8.8)
E?,z(—g—)+l.

3zech caaraemoe «l» B Beipaxenun zas E ecTb smeprus (oHona
(B NPUHATHIX HAMH €AHHHLAX).
PaccmorpuM MaTpudHBI 97€MERT

Hyy =i (V 2na)" (o3 & (aie=1K* —ae'X)
K

rie 0 B coctosiunu |P, 0> o6o3nauaeT OTCYTCTBHe (OHOHOB. ITOT
MaTPHUHBI]l 3J]€MEHT He paBeH HYJI0 TOJLKO TOrla, KOrAa B COCTOs-

P, 0),

HiI | 7> MMeeTCA ONMH 3JeKTPOH ¢ nmnyJabcoMm P’ u ¢onon. Ecau
uMIyJibe (poHoHa pased K, To

H, =i (V 3ac) (P, 0| =e-<X|P, 0) 8.9

nu'l(l/ )12 , 7(—8 , . (8.9)
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§ 2. Pewenue nonsponnoii npobnemsr no Teopuw BO3MYLEHUMN

[Tockoabky e= KX |P>=|P—K>, ro umnyasc P’ pomxen 6piTh
paBed P—K, kak u npeanoJaraJgoch, Tak 4To

, 3 1y, 1
Hrz(): l (1/2'71:05) /27 6P’» P~-K

3 1 1
AEOZ—VQJTQ Zﬁ (P—-K)2/2—{—1——P2/2'2' (810)
K

HonotHuTeIbHBIA MHOXKUTEb 2 BOSHHKAET NPH yYeTe CHHHA 3/EK-
TPOHA: HMEIOTCS ABA MPOMEKYTOUHBIX COCTOAHHS C UMITYIbcOM P — K,
OGo6wmas dopmyy (8.10) Ha TpexmepHLil cayuaii ¥ samuceBas
CyMMY B BHJA€ MHTerpasa, HaXOJHM

= 2 d3K
AE,=—2V ng(gn)wzm?_?p_“g). (8.11)

[TpH BBIYHCJCHHHN 3TOTO HHTErpaJia BOCIOJb3YEMCSl TOXKAECTBOM

{
1 dx
@—gm' .12

[Tonaras b=K*na=K*—2P K -+ 2, moxkHo 3anncars (8.11) B Buje
1

w 5 a*K dx _
AE,=—4) 2an | oo, g CKT—2P KT+ (-0 K

i
_ d3K !
=—4n) 20 S dx (273 (KT—2xP-K F 202
v}

i
- 4*K !
=—4n}/ 2a g dx S (@) (K—xPPF @x—= P *
(i}

Hcnoas3ysa unTterpan

#K 1
j(?nﬁ(]@—l—a)‘-‘— snVa’

HaxoauM
1 —
5 dx 4n V?oc 2 . P
AE = —A47 QCC —_———— = — ——————— — AI'CSI1 ——.
0 l/ 81 V 2x—2P° 8n P V2
n

Taxkum 06pa3om, OKOHUATENLHO MOJYyuYaeM
2 . P
AE, =— o= arcsin 7= (8.13)

V
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Tn. 8. [Mpo6nema nonspoHa

Ecau umnyasc P =0, To ¢opmyna (8.13) naer
AE,=—a. (8.14)

Ecau npoBecTH BBIYHCIEHYA 110 TEOPUH BO3MYILEHHH C YUETOM U/le-
HOB 6oJiee BbICOKOTO nopsajaka [2], To cooTnowenye (8.14) mpumMeT BHA

AE0=—oo+l,26(1°°—0>2.

STa 3Heprus BO3MYLIEHHS COOTBETCTBYET MOKOSLIEMYCS 3JEKTPOHY.
Ecan umnyjasc P Mana, To BhipaxeHue (8.13) MOXHO pas.I0kKilTh
W 3anucaTb B BHJAE

AEoz——oc‘C? [VPQ +—€li-(;_2>3+,,,]=——oa—%oc+...

(8.15)
O6veunssi 3HePrul0 BO3MYILIEHHS] ¢ KHHETHUECKOH 3Heprued, 1.4
MOJHOH 3HEPTHH ToJydaeM
P2 P2 P2

—_— O — — 1
E T a— g &

i ...=m—a+... . (816)

Bupamxenue (8.16) mnokasbiBaeT, 4TO 3a CUeT B3AaUMOJEHCTBHA
c (oHOHaMH Macca 3JeKTpoHa BospacTaer B (1 a/6) pas. Taxum
00pasoM,

Tovy _ o 2% (8.17)

Ecaun B ¢opmyne (8.13) umnyasc P > V2, 1o Beauunua AFE,
CTAHOBHTCS MHHMOH. DTo O3HaAyaer, 4TO IHEPTHA 3JEKTPOHA pacTpa-
yyBaeTcA Ha poXJeHUE (POHOHOB-—IpoLecC, aHaJOTHUHLI Yepen-

p

 —

QUr. 8.4.

IMpouece poxkpienns (oHOHa, COMPOBOKIAOLIUICA
IMCCHTIauueld 3Heprud 3JIeKTPOHA.

KOBCKOMY H3jyudeHuio. OueHHM HanMeHbllee sHaueHHe P, focraTou-
HOe 1,14 BO3HHKHOBeHHs 310r0 3ddekta pacnaia. OueBUAHO, HMIYIbC
P uMeeT HaluMmeHbllee 3HaueHHe B TAaKOM IPONECCE, NPH KOTOPOM
HMIYJIbC COBNajaeT Mo HanpaBaenuio ¢ K. Paccmorpum cayuai,
1300pakeHHbll Ha ¢ur. 8.4. CornacHo 3aKOHY COXDAaHEHHS 3HEp-
THH, UMeeM

P—KF 12, (8.18)



§ 2. Pewenue nonspoHHoN npoBnemsi NO Teopuu BO3MyieHMit

¥Ypasuenue (8.18) MoxHo mepenucars B BHJE
K 1
7+7<':P' (8.19)

Hauwmenbutee suauenue P, ynojerBopsiomee ypaBHeHuto (8.19),
COOTBETCTBYEeT MHHHUMAJBHOMY 3HAYeHHIO JIEBOH YacTH ypaBHEHNH,
kotopoe paBuo ) 2. CiejoBaTe/1bHO, AJs BO3HHKHOBEHHS «yepeH-
KOBCKOTo 3()peKTas RO/IKHO BHIMOJHATLCA HEPaBEHCTBO

P=V2, (8.20)

K4K H MOXKHO OBLJIO OXHAATh corgacHo (8.13).
BeryneauM Tenepb CcKopocTh npouecca l/t AnA «yepeHKOBCKOTD
adpextar. OHa oupenenserca dopmynoi

=" 23| H,,[*8 (E,— ), (8.21)

re CYMMHpOBaHHe MPOH3BOAMUTCA [0 KOHEUHBIM COCTOSHHAM f.
B HauaJbHOM COCTOSHHM [ HMeercss 3/JeKTPOH ¢ HMOyJbcoMm P, a
B KOHEYHOM COCTOSIHHH —3/JeKTPoH C umiyascoMm (P—K) u douon
¢ umnyascoM K. YuurniBas (8.6), Haxoaum

Hy= <P, Tx| Hy | P> =t (V 310)"* 80 o,

rge cocrosinbe lg o6o3znagaer ¢oHoH ¢ umnysascom K. CnejgoBa-
TeJqbHO, JJd CKOPOCTH Ipouecca MoJydaeM

v’zm (P-—K)“ P2 4K )
1o j LIS P ](W .2; (8.22)

BxojdAulas coaa S-QyHKRUHA o6ecnetuaeT COXpaHeHHe SHEPIHHU.
Mp1 MokeM Hamucathb

#K = 4nK? dK 2

Tax 4T1o

—9 VEaS%S’dKa (—PKcose+f§+1), (8.23)

rae 0—yroa mexay P u K.
Ecnn Ky ABagercs peweHHeM ypaBHeHMH

——PKecose—{— S 1 l= (8.24)
TO MOKHO IIPOBECTH CJIeAyiollee NpeoGpasoBaHue:
SdK(S (_PKcose+5;-+ 1):
= (axs {-‘2— [(K — P cos )2 — (Ko — P cos 9)21}3179‘:%‘59—] .
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In. 8. Mpobnema nonsipoHa

CnenoBaTte/bHO, BhipaxkeHHe (8.23) MpHHHMAeT BHJ

1 5 dQ
— =4 _ .
T l/-2065‘4n[1<e—-P cos 6| (8.232)

Ecau uMIy/be NMAjaloliero sJeKTpoHa P sanaH, TO HMIYJbC POXK-
natomerocs ponona Kg siBasierca GyHxkuued yraa 0 u ompenensiercs
ypaBHenuem (8.24). Pemaa ypasuenne (8.24), mosnyuaem

PcosO=V72

1 sin 0 d6 V2 P
—— = —_— e — 2 ————— — . ( .
==2V 2a § T a—p— Arch 3 (8.25)

CuienyeT 3aMeTHTb, 4TO, NOCKOJbKY PV 2> 1, moxHO Hamucath

arcsin—vp—_2 = %—]—iArch—];% .
CaenoBatenasno, ¢yHkuus Arch PlV2 s (8.25) siBasieTcsT MHUMORM

yacTeio QyHKUHM arcsin P/V'2, T.e. MHOXHUTE/IA, KOTODPBIH BXOAHT
B (8.13). CBssb Mexay ypasHenusmu (8.13) u (8.25) moxno mpo-

OHI, 8.5,
— |Hn01z

El-E]

<Y

Buipaxenue, crosee
HOJ 3HAKOM CYMMBI
B dopmyste (8.7).

CJAE€JUTh CJIEAYIOIIHM oépazoM. Ecau CKOpOCTh npoliecca paclhiazna
paBHa ¥y, TO a)\m/zumyaa HayYaJIbHOI'O COCTOSIHUSA COACP2KHUT MHOXKH-
TeJb e’V’/z, a 3aBucsHlaA OT BPEMEHH BOJHOBasf Q)YHKU,I/IH HMEET
MHOXKUTEJIb

e—yt/Ze—tEt ___e—i(E-w/2)l’

M, CJeJOBaTeJbHO, (— y/2) COOTBETCTBYeT MHHMOH YaCTH 3HEPTHH.
dopmyna (8.25) corsiacyercs c (8.13), mockosabky ofe OHH MO-
JyueHbl B Tpejese MagablX o U ofe OCHOBaHbl Ha TEOPHH BO3MY-
leHuH,
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§ 2. PeweHne nonspoHHOH# npobnembr MO TEOPHH BO3MYLLEHHMN

Xora ™Mbl W Haug, yro dopmyaa (8.25) coraacyercs-c (8.13),
3/eCb MOXKHO BO3pasuThb, 4TO BhipaxeHue (8.13) nonxHO ObITh
CIpaBeIMBEIM TOJBKO NpH P < }/2. 3Ty cuTyauuio MoxKHO mosic-
HUTL cJaefnylomuM ofpaszoM. Crporo rosopsi, BblpaxeHue (8.7) me
cnpaBemauBO, Korga ES = E} uan Korga cywmma mo LE% pacxoaurcs
B6au3H EY. [TpuMepublll X0k QyHKUHH, CTOAUEH MOJ 3HAKOM CYMMEI

/) DUT. 8.6.

Ipaduk dynruun
f)=—x/(x*+&%).

B Bepaxkenun (8.7), uzobpawmen Ha ¢ur. 8.5. Urobh npaBu/ibHO
yuecTh oGjactb BO6IM3n EY, 3anuiuleM 3HEPrHiO BO3MYLIEHUS B BHIE
[em. (8.7)]

HonH ’
AE. =\ —leatlno 8.7
0 ;58—52+ie ®.7)
u mepefineM K npeneay e —0.
Hmeem
1 X ie

x+is: et xi4ed

Ipaduk ¢yHKIUE, COOTBETCTBYIOUIEH MepBOMY UJeHY, NOKa3aH Ha
¢ur. 8.6. Yyer sTOro uJeHa 3KBHBAJEHTEH BBIYHCJEHHIO IJ1aBHOIO
sHaueHHs1 HHTerpaJsa. MuuMas 4acth 1pHu € — 0 cTpemMuTCs K O-Qy HK-
YK, YMHOXEHHOH Ha T, Tak Kax

(cooTBeTcTBYIOMAnA (GyHKIHA u30o0paxkena Ha ¢ur. 8.7). Takum 06-
pasoMm, Mbl MOXKEM HamucaTb

lim — = & (%)—ma (%), (8.26)

8——>0x+i8
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Fn. 8. Mpo6nema nonspoHa

rae P —raasHoe sHauenue. CrnefoBatensHo, ¢opMyay (8.7’) MoxHO
[PeACTaBUTb B BHJE

HonHuy - x
AEO:E@ﬁ—m;|H,0|2a(E,—EO). (8.27)

Bripaxenue (8.27) goxasbiBaeT corsaacoBaHHocTh (opmya (8.7) u
(8.21). Xora dopmyna (8.13) nmepsoHauaibHO Gblla MOJYueHA MpI

PHF. 8.7,

Briuucnenue UHTerpana
®

€
- md)t:ﬂ.
Z -

P < V%, nortom 6bii1o NIPOBEJEHO HESIBHOE aHAJHTHUECKOE MPOoa0JI-
xeHue ee HeGOIbIINM CMELIEHHEM I0JI0Ca B BEPX HIOO OV ILIOCKOCTb.

Sadava. Hna HU3KOYACTOTHBIX 3BYKOBBIX BOJIH
o= KC;,

rie C;—CKOpOCTb 3BYKa. BBIUHCINTE KpHTHYECKOE 3HaueHHe P
ANIA H3/yueHusl 3ByKa. BoluncauTh HanpaBJieHHE H3JyyaeMbixX
3BYKOBBIX BOJIH Kak QyHKUHIO sHepruu. OUeHHTb CKOPOCTL HC-
NycKaHHd,

$ 3
Dopmynuposka
BAPUALIMOHHOTO METOAA PeLleHUs

CTaTI/IC'HlLIQCKy}O CYMMY MOXKHO 3allHcaTb B BHJE
e=BF = Sp [e~BH] = D e-BE, (8.28)
[3
Ecan f— oo, rnanmit unen pasen e~BF., CresoBaresbHO, MOKHO
YTBEpIKAaTh, 4TO

im | — L -8Hy | —
Blem[ 5ln(Spe H)]__Emm. (8.29)
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§ 3. DopmynupoBKa BAPMAUMOHHOIO METOHA PelleHHs

Hrax, utobul oOueHHTh £, BBIYHCJHUM CHauyajga CTATHCTHYECKYIO
cymmy. OcofeHHo Hac GyzeT HHTepecoBaTh caydall GoJbIIHX f3.

[Tosnb3ysick MeTojoM HHTErpaaa NO TPAEeKTOPHAM, 3aMHIIeM CTa-
THCTHYECKYIO (DYHKLHIO B BHIE

Sp ety = { e=SDx (u). (8.30)

ITpenctaBienne B BHe MHTErpaja MO TPaeKTOPHSAM HCIOAb3yeTcCA
B TOM cJydae, KOrZa TaMHJAbTOHHaH 3anycaH Yepes KOOD,IHHATH H
HMITYJIbCHI.

[TockoabKky onepatop [ 3anucad B onepaTopax POKAEHHS H VHHU-
TOXKEHHS, Mbl JO/DKHBI CHadada cienath o6paTHoe IpeofpasoBanie H
BBIPA3UTh €ro 4epe3 KOOPAUHATHl H UMITY. 1bCEL. [IpH KBaHTOBaHNH KOJe-
0aHull B KpUCTaJje HeoOXOAMMC BHIOHpATb ONMepaTopbi POAKACHHA H
VHHYTOXKEHUS TakuM o6pasoM, 4ToOb!

‘IK:-—ITQ(G:?—!-IJ—K),
(8.31)
PK = V2 (a K——aK)

B stom cJjgyuae B3aIIMOAEHCTBHE MEXAY B3JEKTPOHOM H Q)OHOHaMI/I
HMeeT BHA

H, =i (]/Zw)l/z Z L [afre~TK X — ool X] =

Onnaxko npuBefieHHas Bblllle ¢gopMa /H,, HeyloOHA, TaK Kak HaM
HY¥HO, UYTOOBl B HHTErpaJsie 10 TPaeKTOPUAM ITOTEHIH ALl OLlIH QyHK-
UMAMH KOOpJAMHAT, a He HMIYJ/bCcOB. Mbl MOXKEM NOMEHSITH MeCTaMH
gk H pk JAu60 [0 KBaHTOBaHHsA KoJeOGaHHH B KpHcTaaae (¢ Mo-
MOLIbIO KaHOHHMYeCKoro mnpeobpas3oBaHus), JH60 Hocjae 5TOro, Kak
MOKAa3aHO HHXKE,

[TosoxKuM ag = —ia_k. Toraa, ecin onpeseanTb gy H Py Tax XKe,
Kak 4 B (8.31), noayuyum
dx = Px; Pk =—gk.

B pesyabraTe raMuAbTOHHAH TNPUHUMAeT BUA (WUTPHXH OIYCKAaeMm)
1 1 ! 5 (/5 g *
Heg P (grictgak) HVE 1V a)n 3 2%—. (8.82)
K K
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Fn. 8. Npobnema nonspoHa

Tarum ofpasoM, raMHJbLTOHHAH BhIpaXKeH uyepe3 KOOpJAHHATY 3JeK-
tpona X, uMnyaec P, KoopanHaThl (POHOHOB g W HMIYJbCH - pg.
3anuieM
Spetiy=§ eSSy Do, ) Dg,w) ..., (8.33)
X (0)=X ()
a; (0)=q, (B)

rjge unterpan mefictsusi S HMeeT BUJ

S= j["‘?“)+§kj§(¢% () + ¢k (1) +

VI Tra)n Y g () e wﬂ du.  (8.39)
K

[IpenuMyllecTBa 5TOr0 METOAA COCTOAT B TOM, YTO HHTErpas Mo
TPaeKTOpHAM MO (POHOHHBIM KOOPAHHATAM MOKET OBITb BHIYKCJAEH, [10-
CKOJBKY KakK ¢k, TaK WM ¢g BXOAAT KBaApPATHUYHO (B JHHEHHO)
B (8.34). Ilonbayscy pesysabraTtom, HalijeHHBIM paHee [cMm. (3.39)],
HAXO0AUM

B

gexp {—-S[ (g* - 0*g*) + (u)y(u)]du}@q(u):

-
—ern 3

[MockoJbKY Y M ¢ 31eCh KOMILJEKCHB, TpeobpasyeM (8.35) Takum
o6pa3om, uToOLI BMECTO y (f) Y (S) NOABUJIOCH NPOU3BENEHHE V* (1) ¥ (S).
310 mpeoOpasoBanHe HaM NoOTpebyeTcss HeMHOro mosxke. OTMETUM
TaK2Ke, 4TO cooTHoleHnue (8.35) ABasercs NpUGAUKEHHBIM, TaK KaK
B HEM OMNymieH ujeH e~Bob),

[Monesysce coorHoweHuem (8.35), nepenuileM ypashenue (8.33)
B BHJE

Sp (e~87) = S e~SDx (1) =

B [
= Sexp <-—--;—SX2 (u)du>exp <2 |/§omZSS 211<2>>,<
0 K 0

. 0
xexp [iK (X (£) —X (s)) e~ =51 dt ds] DX (u),

}

v ()Y v(s) e-eti=sldt ds}} . (8.35)

ol oy

L [Tonnas ¢opma cooTHomenna (8.35) noayuaetcs npn samene e~ @ (=5l
BLIpAXKEHHEM

e-—m]t—s[ emll—s}e-wﬁ

1 — 0B 1—¢™"B

HaﬂOMHHM, OJHaKO, 4YTO 3HauyeHHe B OYEHb BEJIKKO,
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§ 3. PopMyIMpPoBKa BAPHAUMOHHOTO METOAa pellieHus

HJaH, €CJH 3aMeHHTh CYMMHpOBaHHE IO K HHTErPHUPOBAHHEM,

B BB
. —_ KX (=X (9]
S:%—jX2du—V2aﬂjj‘y @K e - e-lt=sldt ds.
0 00

(@n) K?
Hrak,
10 g o [F emlt=s
s=3§ X du——% OSOS x4 ds (8.36)

B neficTBHTENBHOCTH Mbl JIOMYCTHJ/IH OLIMOKY, KOTAd CUHTAJH BCE K
HE3aBHCHMBIMHM JeHCTBUTEIbHBIME [I€peMeHHBIMH, KaK HPH BbIBOAE
(8.35). Ilepemenuble ¢ sABJAAIOTCA KOMIJIEKCHBIMH, IPHYEM gg ==
=¢g_.g. Ho ecau 6bn Mb He MOJEHUJNCh NPOBECTH BBHIYHCJIEHHS
LNOJKHBIM 06pasoM, TO BCe paBHO NpuIIH On K ¢dopmyse (8.36)
B TOM BHJe, Kak OHa 3alHcaHa BHIIe.

Mbl BOCHOJIL30BAJHCh METOOM HHTErpaJa Mo TPAaeKTOpHSAM AJs
Toro, uro0bl CKOMGHHHPOBaTb €ro ¢ BapHAUMOHHOH TeOPeMoH,
chopMyIMPOBAHHON BhIlle. 3alHIIEM PaBEHCTBO

S e-—(S-So) e—So@x

S e=SoGDx

Se's@x = S =SBy = e~ S5 Se'so@x, (8.37)

rie S,—10/KHEIM 06pa3oM BhrIGpaHHas annpokcuMaunus S. Mcnoss-
3y HePaBEHCTBO
e~ > e—<P,

sanuueM (8.37) B BHAe
(e-sr>e-s-50 [ - apy, (8.38)
rje
S(S—So)e—SO@x
fso

(8—S8,> = (8.39)

B ucnoab3yeMoM HaMmH MPHOGIHXKEHHH A/ TaMHJIbTOHHAHA CBOOOA-
Hasi sHeprusi F, ompeje/sieTcss PaBEHCTBOM

e=BFo = S e=50 Dy,
U MBI MOXKEM 3anucarth cooTHoilenue (8.38) B Buje

F<Fo+%<s—so>. (8.40)

Ipexye yem BeIGHpaTh S,, 06CYAMM (H3HUECKHH CMBICJ BbIpa-
xkenus (8.36) aas S. IlepBuifi ujieH aHajorvyeH KHHETHYECKOH
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Fn. 8. Npo6nema nonspoua

5HEePrHH, a BTOPOH ujien IpejcraBgader cofod NMOTeHUHAJNBHYIO SHED-
ruro. Oco6eHHOCTL 3TOTO IOTEHIlHaJla COCTOHT B TOM, YTO €ro 3Ha-
yeHHe B TOuKe f, rie [ paccMaTpuBaercs Kakx ,BpeMs“, 3aBHCUT OT
MpejbICTOPHH ¢ BecoBoH ¢yHKUuHeld e~1*-sl. 3to sanasduvsarouutl
nomenytas, W NPHYHHA BJMSIHHSA IPEALICTOPHH COCTOHT B TOM, 4TO
BO3MYIIEHIIO, BLI3BAHHOMY JIBHKEHHEM 3/IeKTPOH4, HeoOGX0AHMO
BpeMa [J]5 PaclPOCTPaHEHUS B KpHUCTaJlne.

Ilpn manbIx 3HAUCHHSIX O MBI MOXEM B3SITb B KayecTBe S, TOJbLKO
nepsniit usen B (8.36):

1 .
SO=§§X2 (u) du.
Torana us (8.40) u (8.29) Haxoaum

E<E,+ lim +

lim 5 ¢S—5,>.

B sToM cayuae mosyuyaeM mpexHHH pe3yJ/bTaT TEOPHH BO3MYILEHHI:
E—E,<—aq.

$ 4
Bapuauymonnoe
pelueHune

Kax 6blio noxasaHoBBbxme, ecau BeIOpaTh B KauecTBe S, KHHe-

THUECKYIO SHEpPruio */, SXZdt, TO MBI NDUXOAHM K pe3yJbTary
0

Teopuu BO3MylleHHH (BToporo mopsiika) AE<—a. Kpome Toro,

OLlJIO [IOKA3aHO, YTO 3TOT pe3yJbTar sBJAETCS BepXHeH OleHKOH

5Hepru¥ (OOBIYHBLIMM METOJaMM JOKa3aThb MocJefHee SHAYUTENLHO

TpyAHEe).

OnHAaKO MOMKHO 3HAUMTEIbHO JIyullle aNlNPOKCHMHPOBATH (U3H-
YeCKYI0 CHTYyalMio, HCHOJb3ys OoJiee peatMCTHUeCKHH BHOGOp S,
n TakuM o6pa3oM MOJYUMThH 3HAYMTEJLHO Jyumyro oleHky E. Cre-
ayouni, Haubosee oueBUIHLIA BHIGOD COCTOHT B TOM, YToObl NpH-
HAThH BeJAHYHHY S, paBHOH HHTerpajy JHAeACTBHA AJA 3JeKTPoHa,
HaXOALIErocs B MoJe Kjaaccuueckoro noredunana V(X). Kak moxHo
noKasaTb, TaKOH BbIGOP »KBHUBAJEHTEH HCIOJB30BaHHIO HeKOTOpoH
npoGHOH BOMHOBOH (YHKUKM B OOLMHOM BapHAalHOHHOM MeToje
(verone Purna). B uwactHoctu, ecam BeIGpaTe B KauecTBe V(X)
KYJIOHOBCKUH TOTeHLuan, To ana E nojyvaercss TakoH ke pe3y/b-
taT (npu GoJblMX 3HAYEHHSAX d), KaK W IpH Buiope NPoGHOH
BOJHOBOH ¢yHkuvn B Buge e-Kr. Ecam B kauectse V (X) BhIGpath
rapMOHHUYeCKHH notrenuualt, To Aaa E nojyudaercsa yJydileHHas
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§ 4. BapnaunoHHoe peuieHHe

OlleHKa, KOTOPYIO TaKKe MOXKHO Obl10 Obl MOJAYUUTH C MOMOLILIO
npobnoil BosiHOBOA GyHKuMH BHAa e~KX* (10 kpafineli Mepe 714
6oabLINX ).

MoxHO nokasath, OAHAKO, YTO NPH o, MehlbllieM NpHmMepHO 6,
HH npu kaxom BeiGope V (X) Heab3st yaAyulluTh pe3yabTaT, NOJIY-
yeHHR 1A V=0 1o noxaspiBaer, 4TO KJjaccHuyeckKuil moTeHuuasn
HEJOCTATOUHO XOPOIIO AaNINPOKCHMUPYET peasbHylw (QH3HYECKYIo
CUTYalHIO, 3@ MCKJAOYeHHeM, GbIThb MOXKET, oYeHb GOJIbWHX SHepPru
cBA3u. D10 00YCJIOBJAEHO ABYMS TIVIaBHBIMH IPHYHHAMH.

SAekimpos ; Yacmaya
Macea =1 Cunpa =Kl M
OUT. 8.8.

DNeKTpoH, CBsi3aHHBIL C TMOMOMBI ,NPYHHHBI
¢ apyrofi dacTHuel maccoft M.

Bo-nnepBbIX, 3J€KTPOH MOMKeT CBOOOJHO IepeMmellaTbCsi, a He
J0JKeH HaXOAHThCS B KakoH-TO oIpeleseHHOH 4acTH KpucraJua.
Jliobolt ke nortenumnas V(X) Oyaer yaep:kuUBaThb 3AeKTPOH BGJIU3U
MUHUMYyMa IOTeHluaJgaa.

Bo-BTOpLIX, KaK BHJHO H3 TOYHOTO BhLIpAKeHHA 175 HHTerpasa
AelCTBHS, NOTEHIHABHOE NToJe, JefcTRYIolee Ha 3JeKTPOH B J11060H
MOMEHT ,,BpEMeHU", 3aBUCHT OT HOJIOXKEHHS 3JeKTPOHA B IpeAbIAyLIHe
MOMEHTBL! BpeMeHH ¢ BeCOBBLIM MHOXKUTesgeM e~l!=s\, Jipyrumu cJio-
BaMH, TO BO3MyllleHHE, KOTOpOe CO3JaeT 3JeKTPOH B KPHCTaJle,
pacnpocTpaHsieTcsi ¢ KOHEUHOH CKOPOCTHIO M MOXKET BO3AeHCTBOBATHL
Ha TOT e 3JeKTPOH B GoJiee MO3HHE MOMEHTBLI BpeMeHH. JTOT adpekT
nposB/seTcs cjaabee NP CUABHOH CBSI3H, T. €. IPH GbICTPOH peakuuu
kpucrajna. CiegoBaTelbHO, MOXKHO OMKHAAThb, YTO KJIaCCHUECKHI
noTeHUHaa OyaeT XopouieH alnpoKcHMalnHed TOJbKO B Ciydae CHJb-
HOH CBfi3H.

B kauectBe Mojenu, He NPUBOAsAIEH K Ha3BaHHBIM BBIlle TPYI-
HOCTAM, MOXKHO BplfpaTh TaKkylo CHCTeMY, TIle 35JeKTPOH CBsi3aH He
C pelleTkoil, a ¢ HeKOTOpoH Apyrofi yacruuell [NOCPeICTBOM ,npy-
JKUHBLY, NpHYeM 3Ta Mapa YacTHI MOMKET CBOOOAHO NepeMellaThbls
(dur. 8.8). IIpobHBIA HHTerpan JeHdcTBUS NSl TAKOH CHUCTEMBI 110CJ]E
HCKJIIOUEHHS KOODAMHAT uacThlbl ¢ Maccol M uMeeT BHI

B B B
i ’ C - —
So=5 | Xrat+5 [ [ [Xo—X)PeWi=stdtas, (8.41)
0 ¢ 0

rae W=VKM u C=MWs3/4.
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'n. 8. NpoBnema nonsposxa

Koneuno, y6einuTbcsi B TOM, YTO Takoll BbiGop S, He NPHBOAUT
K YOOMSIHYTHIM BhILie TPYAHOCTSIM, MOXHO OblIO Obl H C NOMOULbLIO
MaTeMaTHUECKHX BHIUYCJEHUHA, He paccMaTpHBasd HUKAKOH dusude-
CKOW MoOzes#, IOCKOJABKY MBI BOJIBHB BhIOMpaTh 00y ¢opmy
npoGHOTO WHTerpana JeHCTBHS, Kakas HaM HPaBHTCH (€CJH OHa He
oueHb cjoxHa). OIHAKO HCNOJB30BaHHE (QU3UYECKOH MOJeaH IPU
nocTpoeHun S, MO3BoOJsieT B 3HAYHTeJbHOH Mepe H30exkaThb MaTeMa-
THYECKHX TDYIHOCTeH IIPH PAcCMOTPEHHH BOIPOCOB O T'PAaHHYHBIX
yCAOBHSIX, aCUMITOTHYECKOM MOBEJEHUH H T. J., a TaKxkKe MOKeT
06/1€TUUTh BBIYUCJACHHA (CM. HHIKE).

B cooTBercTBUM ¢ HaAMMM BapUALMOHHBIM NPHHIIMIIOM 3allHlIeM

E<E,+5<S—Sp, (8.42)

rae E,—sHeprus cBA3W B Hame# monesu u CKOOKH <...»> O3HA4aioT
yCpelHCHHE C BECOBBIM MHOXKHTeNeM e~ So,
Pacemorpum

[‘eiK~[X (H=X ()] ,=So oHX

I(K, ¢, 5) = <K X D=X ()] = TS ax
e 0

Ecan mpi cmoxeM Buaucante [ (K, £, s), To Toraa saerko Hafijem
<S—8>:

(S—S3— _a 6B e~ 11=sl g7 ds
o= <§§ TXO=X@ )~
pB
)|

(, ,
— = {(X()—X(s)j2e-Wli-sidtds).
c(f )

Hanpumep,
BB
(§ 51X =X pew1=s1dtds)=
00 -
= { fatdse-wi-s1q|x () —X(9)P> =
00

B
Sdtdse"‘vl"'”[— vkl (K, £, 8)]k=0.

0

O(/:a

B obuiem cnyyae ans moGolt ¢yunknunu f ot |X (£)—X (s)| Mb MoxeMm
BeruucauTh <f (| X (£)—X (s)|)> ¢ nomoiykio npeobpasoBanua Pypee:

4°K 4n 4K 4n
<IX(t)—X(s)[>=< @n)3 K2 @) Kal(K t, s).

elK (X (=X ()] )___
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§ 4. BapuaunoHHoe pelueHHe

Urobul Beraucauts / (K, ¢, s), pacecmorpum Gosee obiyio ¢yHK-
HIO

B
I(g, ¢, s)=(exp [fOSg(u)-xw)du]),

a 3aTeM repeijiem K yacTHomy ciaydato g(u) =K [8(u—1)—08(u—s)].
HMmeetcs HeckonbKO c110COG0B BHIYHCJIEHHS 3TOTO OOLIETO MHTErpaJa
[0 TPAeKTOPUAM.

a) Ecau pasgenuts ,BpemMa“ Ha MaJble HHTEPBAJH, TO 3ajaya CBO-
JIUTCA K BBEIYUCJIEHHIO HHTErpaJsa:

(05 .. ax,ax,ax, ... exp (—Z A XX +iY B,-X,») . (8.43)
i i

DT1OT nHTErpaJ Obls BLIUHC/IEH A4 ITOJOKHTENBHO ONpeje e HHOMA
M caMocomnpsikennofi Matpuust A;; [3]. B pesysbrate BEpakeHue
(8.43) npuHHMaeT BHJ

()72 (Det A)-*s exp [_% P BiBj(A'l)U} . (8.44)

31ecb n—uuCA0 WHTEPBAJOB BPEMEHH B IIPOMeXYTKe f§, KOTopoe
MOYKHO YCTPEMHTb K OECKOHEYHOCTH IIOCje COOTBETCTBYIOmEll HOp-
MHPOBKH, obeclieynBawIleli o6pallleHHe BCero BEIPaXKEHU B eHHULY
npu B;—0. B stoM meTOAe HEOOXOAMMO BBECTH T'DAaHHYHBLIE YCJO-
Buss X, = X,=0 ¢ momombi0 KakKoro-jin0o HCKYyCCTBEHHOr0 NpHeMa
(Hanpumep, nyTeM BBEJEHHA JOIMOJHUTE]BHOIO UJIEHA B JABUKVIULYIO
cuny B).

6) dpyro#t cnocol, oCHOBAHHEIA Ha (PH3HYECKOH HHTEpHpPETAlHH
MOJeJIH, COCTOUT B NpeACTaBJeHUH S, B BHIE ,HOPMAaJbHBIX MOZ®,
T. €. B BHJe HHTerpaJa JJs CBOOOJHOH YacCTHIB! ¢ IOJHOH Maccoil
M + 1 na10c rapMOHHYECK HH OCHUJIIATOP € HacToTolt v = |/ W21 4C/W
1 npusejeHHod Maccoit M/(1 4 M). Muterpas no tpaextopusim 1.5
ABHzKYUEeHca cBOGOAHON YacTHLUBI W TapMOHHUECKOro OCHUJIATOpA
Obl1 y2Ke BLIUHCJEH, H, CJAeJ0BaTe/IbHO, HCKOMBIH DE3V/bTAT MOKHO
HamHcaTh cpasy.

B) Hakowmel, Mbl MOXKEM BBIYHCJHTbL HHTETpaj C IMOMOUILIO Me-
Tona [4], HCHOJNBL30BAHHOTO BHIIE NPH PACCMOTPEHHH IPOCTOTO
FapMOHHYECKOTO OCLHJLIATOPA. IJTOT METOJL COCTOHT B OTBICKAHHH
nytd X' (f), ofecrmeyuBaloero 3KCTPEMyM HHTerpasja geficTBusd.
[Ipu 3TOM HCKOMHIH pe3ysabTaT (C TOYHOCTBLIO [0 HOPMHPYIOIIETO
MHOXKHTENSI) HMEeT BHJ

B
I=exp|+§g(t)-X ()t

2
0
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Fn. 8. Mpobnema nonspoHa

Mel BocroJib3yeMcsl 4eTBepThiM MeToAoM. [TonoxkuMm

X{#H=X —I—L a, smnnt
n=1
3ameruM, uTto X (f) yaogersopser ycaosuio X (0)==X (B). Hure-
rpHpOBaHHE MO BCeM IYTSM SKBHBAJICHTHO HHTETDHPOBAHIIO M0 BCEM
X (0) u BceM a, PaccmannBan JLJIs1 IPOCTOTH OLHOMEpHBI cayual,
BHIpA3HM S, qepes X(0) n qa,

pa==l

0|

. B o
X dt= SZ az,”zf 2””’dz_ Z ™ (8.45)
0 n=1

n

B Br = 2
=L in " sin TS | e- Wit-sl gt ds ~
_2§§[2 an<sm g —sin B)}e ldt ds ~

S () 16

n=1

1
g0

CootsouieHue (8.46) BHIIOJHAETCH TOJbKO IPUOIHKEHHO, [TIOCKOIbKY
MBI CjJeJaJi PAA annpoKCHMalK#H, CIpaBeANHBLIX TOJbKO NpH §0Jb-
wux p. HUrak, noayuaem

@®K

Sg X(u)du—X(Ob+Lab =N ab, (847

n=1 n=1
Tie
3]
b —t§g ) sin 22 [5 du~lK\sm ﬁt sin%).
[Ipu 3TOM
SSSEXP[ Z "aﬂ_anb }ddlda2,,_
LK 1, 8) == . (8.48)
SSS exp[—-E A,,af,]dal day. ..
-® n=1
rie

__nn? 4C/W
A, =" (1 get )
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§ 4. BapnauMoHHOe pelweHHe

N3 (8.48) caeayer, uto

—exp Z — K2 [sin ([nm‘ /B :??ymsﬁ)]ﬁ . (8.49)‘

e

ITpu fp— oo cymma B (8.49) npespalraerca B HHTerpaJs, nNpuyeM
nwp—x u 1/f = (/f)dn — dx. DroT HHTerpanl MOMKHO BBIYHCJ/HTH
H IOJVUYHTh

HK, i, s):exp{——fgi [%—:[i-sl —I-%%(l——e'l?—sw_'r_

etV %3-2"’_%6— 2V5>] } , (8.50)
rie
4C
VE= W2+W—'

Oyurnua [ (K, ¢, s) ucnoapsyercs TOJAbKO NPH BBIYHCJICHUU HHTEr-
pasoB no s u f npu Goabiiux . B Takue uHTerpaas amT BK.Jaj
TOJLKO Te ofsacTd, rie Bequyuna (K*W?/2V?)|f{—s| HenamHoro
6osblle €IUHHIBl, T. €. o0JacTH pasMmepom nopsaka 2pVEHAK*W?
(B naockocTu nepeMeHHBIX S H f). IJocKOJbKY MBI paccMaTpuBaem
cayuail GosablMX [, IpakTHYECKU NO Bcel 06JacTH HHTErPHPOBAHHS
ciaraemple =)V pe=2Vt y p=2Vs gueHp MaJbl, TAK YTO MBI MOXKEM
HamucaThb

IK, 1 o) —exp { =5 [Trlt—s| 41 —e-1=1V) |} 85D)

W3 dopmyast (8.51) noayuaeM s OLHOMEPHOrO cayuas

BB
($Sx @ty —X(@)pe-vii-s1dtds)=

00

(
BB " 8
—§§dtdse-W\’—Slm[(K, ¢, s) |K=0~W‘ IpH B —= oo.

Jlasi TpexMepHOro cjydas 3TOT pe3yJ/bTaT HaJ0 YMHOXKHTb Ha TpH
(tak kKak B TpexmepHoM cjyyae V-K =3). Torna umeem

BB
S ixo—x@pevi-y=7. (8.52)
00
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Fn. 8. Mpobnema nonspoHa

Tenepb Mbl MOXKeM HalTH BeauuyuHy E,, KoTopas BXOJHT B COOT-
Howenune (8.42), creaytownm obpasom. [lpn Goabwux B, noab3ydch
COOTHOLIEHHEM

e“‘BFo(C) = S e—so () @X,
Haxoaum

Ey(C)= F} (C) = ——, J

Zpe-pro@r ac ¢

-—3 ———SSdidsIX () —X (s)]2e=W1t=<)=
3 3

WS v ywiaow

Fo(O) =

IIpounterpupyem ¢ yuetoM Ttoro, uyrto E,(0)=0; 310 naer
3
E,(C)=5(V—=W). (8.53)

Urobul nafity <S—S,>, HE0GXOAHMO BBIYHCIHTL HHTErpa.

g8 s BB
SS lX(lU xl(s)l )dtdS:SélK K_HSSI(K’ t, s)ye-lt=s'dtds.
0 00

Nonoxum [ (K, ¢, sye~l!=si=g(|f{—s]|). Ilpu stom mbl nmpexpnona-
raeM, 4to coorsoiuenue (8.51) BrIMOJIHAETCA, TAK KaK Mbl paccMmar-
pHBaeM cJyuali 6oabmux 3navenud B. Torja Jerko moxasare, 4TO

BB

B
{{e(t—shatds=2§ @—uwgwdu
00 0

[Nockoabky g (4)~0 s 6oJbIWINX U, TO AJA BceX obJacTell, Latomiux
3aMeTHHIIl BKJaj B HHTErpas, HuMeeM Pg(u)>>ug(u) 1 Be1HUYHHOH
ug (1) MoxHo mpeHeGpeub. Mbl MOKeT Takxke nepeHTii K GeckoHey-
HOMY BepXHeMy Tpejesy HHTerpHpOBaHHUA. B 3ToMm cJayuae

SS e=lt-5) >dtds=
lx(f)—X(S)l

- §a 2 b { [ 1o 1]

_4py ¢ e~ du
- Viﬁy VW (7P — WV (1—e=*V)
0

(8.54)
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§ 4. BapuaumoHHOe pelueHue

Hcnonesysa (8.52)—(8.54), HaxoanM OKOHYaTeJbHBIA pe3y./bTaT:

1 3
ESEytg<S=58p = i (V—W)—
aV 7 due—# .
V= f v a—emanpr (899
0

Tenepbr MBI MoxeMm BapbupoBaTh BesaHudHBl V' u W, 4rofbl mo.ay-
YHTb HAWHHU3UIYIO BEPXHIOI OLUEHKY. (JTH pe3y. bTaThl JaloT Hau-
HHU3IIYIO BEPXHIOIO OLEHKY AJs JAaHHOH 3anauu.)

Jag masex o HauAyumMMH 3HaYyeHUAMH fBasoTcd W =3 u
V=3[1+2a(l—P)3W], rae

P=Z((1—W):—1].

Jlna 3TuXx 3HaueHHii UMeeM

ol o \2 =

EL—a—FZ=—a—1,23{=1}. (8.56)
81 10

IpaBunpHLIA pe3yabrar, HalljeHHBIH MO TEOPHH BO3MVIIEHHH, B 3TOM

nopsiike HMeeT BHJ

E——o0—1,2 (%)2.‘

ra Goavriux o HaAWAYUYIIHMH 4BJjsioTcs 3HayeHus W =1 n

V=(4a*9n) —[4(In24 C/2)—1], rae C=0,5772... —nocTosinHas
Sitnepa — Mackeponu. [lpu stom

3
Eg—%‘%-%(?anJrC)—TJrO(é).... (8.57)

DTa oLeHKa BIJIOTb A0 o = 10 oKasblBaeTcs HHXe BCAKOH Apyroi
OLEHKH, MOJyYeHHOH M3 BepxHeH OLEHKH HJHM JAPYLHM CIOCOGOM.

Il pomesicymounoie 3rasenus o. BosbllMM NpenMymiecTBOM H3,/10-
JKEHHOT'O 3/lechb METOa fABJISETCA BO3MOXKHOCTb IOJYYaTh TJajJKHe
OLeHKH AJs E, HenpepbiBHO Nepexolsi OT c/J1a0oH CBA3U K IPOMENKY-
TOYHOH U CHJBLHOHN CBA3H; NPH 5TOM B 06GJIACTH NPOMEXKYTOUHOH CBSI3H
3TOT METOJ JaeT eMHCTBEHHO H3BeCTHhe HaleXKHble pe3y bTaThl. K
COXKaJIeHHIO, 3jiech He0o0XOQHUMO INPOBOJAHTbL HeGOJIbIINe YHCJIEHHBIE
pacueThl NPH HHTeTpUpoBauuu <S>/P. UT0OOBI unTaTEe b MOT CPABHHUTE
Halll METOJ| C KaKHMH-JHO0 APYrHMH BBIUHCJAEHHSMH, Mbl MPHBOJHM
B Ta6sa. 8.1 HeckoJbkO pe3yqabTaToB, noayuyennnix lymaeuem [5]
¢ nomolbio GopMyJasl (8.55) Ha BLIYUC/JIHTENbLHOH MaliHHE.
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Tn. 8. Npobnema nonspoxa

ITockOJbKY MBI HCIIOAb3YeM INPHOJMMKEHHBIH MeTOJ, MHTEDECHO
6b1J10 OB UMeTh HEKOTOpOoe MNpeJCTaB/JCHUE O BeJHUHHE NONYCKaeMbhIX
omnGok. Haule mpubaH:xKeHHe OCHOBAHO Ha JONYIIEHHH, YTO Hepa-
BEHCTBO

<e—f>>g—<f>

MOYKHO 3aMeHUTb paBeHCTBOM. UToGHI OUeHHTh OWMOKH, BO3HUKAIO-
iME [PH 3TOM JONYILEHHH, NMPOBeJeM pas/okeHHe

1 I
e y=(l—f4g5 P+ )=1—<D g ... =
== L (<) — ...
Jlasi Madblx 3HaueHufl f Xopoumnm NpHOJIHKEHHEM SIBJSIETCS Tpe-

neSpexeHie BCceMH ueHaMu crpaa, kpome e~<P. OnHaKo HeCKOMbKO
JAydWwdM NPUOMHIKeHHeM HPH MaJblX [ siBasercs dopmy.ia

_ L
<> =exp | — <Pt 5 (P>—<PY) | +
—- Unenel Gosee BEICOKOTO NMOpAIKA-
[Monaras e=BF-Fo) =e=(S=Suy  HaxoauM
1 1 :
F~ F0+F<S—'So>o—§l§ [< iS“So |2>0_<S—‘So>(2)] +

- Unenn Gosee sricoxoro mopagka nmo (S—38,).

Ecau passocts (S—S,) He Maja, TO NONPaBOYHBIE YJ/EHI
1
— 35 [<IS =Sy > —<S—5,7]

MOTYT He yJaydllaTb Pe3yJ/bTaT, HO [103BOJSIOT OLEHHTH 10 NOPSAKY
BeJIHYMHBI OWIMOKY B NE€pBOHAYaJLHOM pesyabrare F = F,--(1/B)X
%x<S§S—S§,>. Takaa oueHka 10xKasana, YT0 omHOKA B HOJSPOHHOH
SHEPTHH HMMEEeT MaJiyl0 BEJHYHHY.

Tabnuua 8.1

o 3 5 7 9 11

Bepxuss ouenka E|—3,1333)1—5,4401| —8,1127|—11,986/—15,710
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fnreparypa

$ 5
SdpdekTrBHAS

mMmacca

BapuauuoHHE DPHHUHI B H3JOXKEHHOM BBIIE BHAE He OBLI
copMyaHpoBaH AJda BHUHCJAeHRs >(heKTHBHOH MacChl 10JApOHA,
Tak Kak B 3TOM cjydae NPHXOAMTCS paccMaTpuBaTh MHTErpaJ Mo
TPaeKTOPHAM OT (QYHKUHH e~S', rae S’ —KOMIJIEKCHasA BeJdHdilHa.
AeficTBUTeNBHO, ANl HAHHU3LIETO 3HAYEHHS 9SHEPrHU JEKTPOHA CO
ckopocTsio U Heo0X04HMO BBINOJHATE HHTEFPHPOBAHHE IO TPaeKTo-
DHAM, II0JIL3YACh COOTHOLIEHHEM

S (X)= %f;’mz— o “"1xt—xs+2iu-(t—s)|-1e-lt-ﬂdzds:

2V 2

KakK ¥ CJeLyeT 0:KHAaTh B MPOCTPAHCTBE ,,MHHMOTO BpeMeHHn". Oxanako,
ecan Ovl ckopocTh U Obl1a MHMMOM, MBI CHOBA Obl MOJYYHJH JeHCT-
BHTE/bHOE 3HaueHue S’ H Morau Gkl BOCIO/1b30BAThCS BAPHAIHOHHBIM
npuHunnoM. MoxHo noxasate Tenepb, uTo E(|U]) xak ¢yuxius
KOMIIJIEKCHOH TMepeMeHHOH aABJASETCA aHa/MTHUECKOH (YyHKUHeH
B6ausn | U|=0. CegoBaresnbHo, 3Hauesye E B6ausn |U|=0 moxiio
noJy4uTh, 38ag £ aaa MHHMBIX U. TakuM o6pa3oM, MOXKHO cjie1aTh
BBIBOA, UTO JJIs1 MaJblX ckopocTefl sddexTHBHAA Macca onpejeIsercs
BbIpAKCHHEM

K

1 dt1%e~7
me= 14— ab* | 8.58
3Vx JAwer L (V2= w2y v (1—e~ Vo) e’ ( )

0

rie V u W —Haugyuwime 3HaueHUS NapameTpoB, NOJYUYEHHblE 1.5
E (U =0). NurtepecHo oTMETHThb, YTO 3HauYeHHH m, HaHJeHHDIE C [0-
MOUIbIO BLIpaskeHHs (8.58), Bceraa JHlIIb Ha HECKOJbKO MPOIEHTOB
OTJIHYATCAa OT noaHoifl Maccel 1+ M =V#W? npoGuoii Mogenu ¥,
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9

OneKTPOHHbIN ras
B MeTanne

§ 1
Beepnenue.
BonHoBasi cpyHKuua

OCHOBHOIO COCTOAHUA

Peasbupll Merasad sIBasieTcsl BecbMa CJOXKHOH CHCTEMOH: 3J/eK-
TPOHBI B MeTa/je B3aHMOJEHCTBYIOT C peLIeTKOH, ¢ KoJeOaHHAMH
pemleTKH H ApPYr ¢ ApyroM. B KkauecTBe nepBoro npub/IHKeHHS
npuMeM, UTO pelleTKa SfBJSETCH KECTKOH, u GyjaeM IpeHeOperathb
3/JeKTPOCTATHUECKUMH KW MAarHUTHBIMH B3aHMOAeHCTBHSMH, Iosarasd,
0JHaKO, YTO KaxABblil 3JeKTPOH HaXOLHUTCS B HEKOTOPOM CpeJHeM
noje, OOYCAOBJAEHHOM JPYIHMH 3JIEKTPOHAMHM H NepHOAHYECKHUM
MOTEHLHAJIOM pellieTKH.

CnefoBaTeJbHO, TaMHJABTOHUAH  3aMUCHIBAETCA  CJCAYIOLLHM
obpasom:

hev?
H=h+h+..., h=—2"TL4V(Ry), 9.1
¥ 3HAYEHHs SHEPTHH ONpeleJsiOTCcs] YpaBHEHHAMH
hau; = e, E=2Xng u Xn=N. (9.2)
{ ;

Coraacuo npunnuny llayau, n;=0 wan 1, u BoaHOBaA QyHKIHA
BCEro 3JEKTPOHHOTO rasa AOMKHA ObITh aHTHCHMMETpHYHOH. Ilpu
yMepeHHbIX TeMIlepaTypax no4miu BCE 3JeKTDOHH B rase HaXoAATcA
B OCHOBHOM COCTOSIHHH, T. €. noumu Bce N 3/eKTPOHOB 3aHHUMAIOT
nusmre N coctosiuufl. /s 3MeKTPOHHOrO rasa, CIIMHBI BCEX YaCTHLL
KOTOPOro HanpaBJeHbl B OJJHY CTOPOHY (HampuMep, BBEPX HJH BHU3),
BOJIHOBas (YHKUUS OCHOBHOIG COCTOSIHHA HMeeT BHJ,

1
¢=—— 2 (—1)Pu, (PR 4, (PR,)..., (9.3)
VNI 4
rie ) 03HayaeT CyMMY IO BCeM IepecTaHOBKaM, IPHYEM YETHOE YHC/I0
P
NEepecTaHOBOK BXOJWUT C BecoM 1, a HeyeTHoe ¢ BecoM — 1. CumBoa
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§ 1. Beepenme. BonHoBas ¢yHKLMA OCHOBHOIO COCTOSIHMA

PR, xortopwifi Jgyumie Gewio Obl 3anucatb B BuAe Rp,, o3nauaer

epecTaHoBKy 3/aeKTponos. HopMupyiomuii Maoxurens 1/} N1 6y et
NMoJyueH MO3XKe.

C yuetom 3THX onpeenenuil 11 X, u PR, dynxumo (9.3) MoxkHO
P

3anucaTtb B BUIE
u; (Ry) uy (R

Ve
ul(Rz) (R) N X

cp=—V—lN;!—Det [4; (R} = VN'

IMpeanonoxum, urto V (R)=0. Toraga (ucnoab3ys pesy. braThl 1. 1)
noJjyyaem

A2y Lok
=———-27n— H u(R):—ﬁeKR. (95)
DHeprusa cucTeMbl paBHa Y
thz ﬁsz 43K
E= Ze —2 =\ S Gy VF (K. (9.6)

3necy V—obsem u ¢pyukuua F(K)=1, ecu |K | K, u F(K)=0,
ecin |K|> K, rae ﬁKO—MaKCHMaanuﬁ UMIyJsbe, T. €. £, =
=ﬁ21('§/2m—9ﬂepmﬂ (IDepMH. Takum o6pasoMm, umeem

h2

ﬁsz 4nK?
5 2m 2n2 s,

om (2J'c dK V

E=V
° (9.7)

K,
4nK2 4 vV
N=V bS‘WdK:?ﬂKgW

CienoBatesibHo, ecan p,=N/V u 8=E/V TO
3 fﬂKo 1

B Po gy =5 4mn2

g£= (6n2) lsps=ap)s. (9.8)

Vnrorna yaoCHO oONpeAeauTb r, H ry TaKUM 00pazoM, 4Tofbl o6beMm
Ha OJHH 3/JeKTPOH l/p, YIOBJETBOPHAJ COOTHOILEHHIO

1_ 4,
po"" 3 rOv
7o
Ts= g+
rje
h2
ao=m (99)

L [lpexnonaraioTcss nepHOAHUYECKHE PPAHHUYHEIE YC/IOBMS,
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Fn. 9. DnekTpoHHLIN ras s meranne

— paauyc Bopa. Tlapamerp r, siBAsieTcs, KOHEYHO, Ge3pasMepHbLIM;
4151 GOJILLIHHCTBA METaJJIOB OH JIEXWT B HHTepBaJe oT 2 1o 6.
JHeprusi 4acTo Bmipaxaercd B pujabeprax; |l punbepr = me*/2f>.

Qopmyant (9.7) u (9.8), a Takxke, KOHeYHO, MHOTHE [ApyrHe
Pe3yJabTaThl MOXKHO TOJNYYHTb HCXOAA M3 GYHKUHH ¢, 3alHCaHHON
B Buje (9.3). [Toryuum cHavana HopMUpPYIOWHE MEOXKHUTEAB B (9.3) Y.
[TorpeGyeM, uTOOBI BBIMOJHSAJIOCL YCJOBHE

{ podrR, @R, . R, =

PaccMoTpuM KaxoH-HO0 XapakTepHBI uneH B cymme B (9.3), ony-
cKasi HOPMHDYWIIUH MHOXHTEJb. TaKuUM 4/JeHOM ABJASETCA, HANpH-
mep, 4, (R,)u, (Ry)... . ITockoabKy QyHKUHH #; OPTOHODMHPOBAHHI,
HMeeM

(ur Ry uz (Ry). ..ty (Ry) 4y (R)). . . FRGR, ... =0,
HMmeem Takxke
[ur(Ryuz(Ry). ..ty (R U, (R,). . R@ER,... = 1.
JlpyruMu CJOBaMH,
{ o*u, (R, 4, (R,). . "R, &R, ..

u . 1. Vimeerca N! ujnenoB tuna u, (R,)u,(R,)..., caegoBare/1bHo,
AJ5 HEeHOPMHDOBAHHOH (yHKLHH Scp*cpdSNR:N! Ilostomy, ecau
q)vHKumi u;(R) HOpMHpPOBaHbI, HOPMHPYIONIHH MHOXKHTEJb paBeH

1V N1
KuHeTHuecKy1o 3Hepruto 7' MOXKHO BBEIYHCJAHTBL Te€M K€ CIOCo-
OOM, UTO M HHTErpajJ HOPMHPOBKH:

"<(P: Z—ﬁzm >= —j(p*}i:ﬁ;—:ziz‘q?d3NR. (9.10)

PaccMoTpuM OTHeNbHBIH 4ieH YHKUHH ¢, KOTOPYyIo OyJeMm npei-
nojaraTb Tenepb HopmHpoBaHHOH. TakuM uJeHOM ABIAETCA

(V' N1)u, (R,)u, (R)), A1 KOTOPOFO (onyckas 1/} NT) umeem

e R Ry = R Ry (=B s Ry,

XOTH sapaHee He O4YeBHAHO, 4TO
fi v
— Uy (R) =Azu, (Ry),

L Muoxureab 1/N! ne nossaserca B (6.125), mockonbky TaMm Oblla Bhifpana
HopMupoBka (I/N1) S ¢*pd®R; .. .d*R,=1.
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§ 2. 3ByKkosbie BOMHbI

rie A,— HeKOTOpoe COGCTBEHHOE 3HAYEHHE, 5TO YPABHECHHE JOJKHO
HMeTb MECTO, IOCKOJBKY 3JEKTPOH C HOMepoM | He MOxeT mosB-
JAThCA HuCAe, KpoMe ¢yHKumu u, (R;). MubIME cioBamu, onepa-
Top V2 jeficTByeT ToabKo Ha GyHKUHIO 4, (R,) M He 3aTparuBaer
ApyrHe 3JeKTPOoHbl. Teneps Mb MOXEM BOCIIO/Ib30BATLCS TEMH Xe CO-
ofpaeHUsMH, YTO U IPH BLIYHCJIEHHH HHTErpasa HOPMHPOBKH, H,

NOCKOABKY
T=Z<—ﬁdv"), uMeeM T:Z?»,-.
i i

2m

Tak xak V=09, kuuernueckasi sHeprua 7 paBHa MOJIHOH 3Hep-
rud E u GyHKuUME u; ABAAI0OTCS MJI0CKUMHU BoHamy. CaejloBaTte/bHO,
7\.[( :ﬁ2K2/2m 41

E hK2 _ (h2K? ds 3 RK
T2 = PR =g 00t (91D)
K

2m 2m

Bripaxerue (9.11) cosnagaer c (9.8).
Sueprus Ha oAHH 3JEKTPOH pasHa (3/5) (A*K3/2m) =2,22/r? pui-
Oepr, rae Mb! HCIOJB30BaJH onpeaeneHue (9.9).

§ 2
3ByKoBble BOMHbI

InTepecHo y3HaThb, KaKOBa CKOPOCThL 3BYKa ¢, B 3JIEKTPOHHOM
rase. Ee MOXHO Ompesie/iuTh, BBOAS BO3MYIUEHIE [TOTHOCTH P = O,
-+ (&p)coskx m paccmaTpuBasi, Kak OHO pacnpocrpansgercs. MoxHo
TAK:K€ BOCIOJb30BaThCA GoJsiee MPSMBIM  CIOCOGOM, BBIUHC/AAA
¢} = 0P/0p, rae paBjenue P onpepeaseTcs coorHotenueM (1.53) u
p—MaccoBas NJOTHOCTbL {a He MJOTHOCTb YHCJA yacTHI o,). Toraa
nosvuaeM

oP _ kK, P,

CO——— £=~]/_-3:ﬂ;=-ﬁ—. (912)

CxopocTh BO30Gy:KAEHHH B 3/E€KTPOHHOM rase

Lo Bk _ Py
XL

m m

V,= y Ve>oc (9.13)
rie P,—umnyabc Qepmu (He JaBJaeHHe).

CootHotttenue (9.12) BripaxkaeT oOLUIUH pe3yabTaT: €CJAH CKOPOCThb
YyacTHL rasa NOCTosiHHa, Hanpumep paBHa C, TO CKOPOCTb 3ByKa

b He caepyer nmyrtars ofbem V ¢ notenuuajom V,
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[n. 9. SnexkTpoHHbLIM ras B meranne

pasia C/) 3. JleficTBUTENbHO, MPEINONONKUM, Y4TO P — aBieHHe
B rase, &—IJIOTHOCTb BHYTDEHHEH 3HEPrud W P— IJIOTHOCTb HM-
nyabca wactuil. Torpa, HoOJAb3yACh CTaHAApPTHBIMH YDPaBHEHHSAMH
THIDPOAMHAMHKH, MOJyYaeM B MEPBOM MNOPAJKe IO BO3MYLICHHIO B
3BYKOBOH BOJIHE

b=— VP’
g=—C?V.p (YpaBHeHHE COXDAHEHHSI SHEPTHH).

Ilpu mocTosgHHOH CKOPOCTH 4YacTHl uMeeM Takxke P=g/3. Obbenu-
HsISl TH ypaBHEHUS, HAXOJLHUM

CZ

8——3— V28=O.

DT0 ypaBHEHHE OIMCHIBaeT paclpOCTPaHeHHe BOJIHEI €O CKODOCThLIO
C/V 3.

MorHO TOKa3aTb, OQHAKO, 4TO PaclpocTpaHeHHe 3BYKa B 3JEKT-
POHHOM rase 6e3 CTOJKHOBEHHII HEBO3MOXKHO,— Pe3yJbTaT, KOTOPHI
KaxkeTcsi Ha MepBHIE B3rJsl BechMa CTpaHHbIM. JIpyrumu cjaosamu,
3HEeprus, CBs3aHHasd C BO3MYIIEHHeM [JIOTHOCTH, OUYeHb ObICTPO
paccenBaercsi. B sTom MoxHO ybGeautbes caeayiomuM obpasoM. Pac-
cmotpuM cepy Depmu (dur. 9.1).

OMI. 9.1,

flogepxrocms
Fepmu

®epmu-chepa.

—

Haunoe Bo36yxkaeHue ¢ uMnyJbcoM K MoxeT yBeJHUHTL SHEp-
THIO Tasa Ha J0yi0, CKOJb YrOLHO Ma/aylo BeJHYHHY (Hanpumep,
KOT'Ja 3JeKTPOH NpPH BO30YXKIEHUH MePeXoauT H3 Touku A B Tou-
Ky B no xacaresbuoil K nosepxnoctd @epmu). Caenosarensto, npu
NaHHOM YBE/HYEHHH HMIYJbCa CYIIECTBYET OueHb O0OJIbILIOE UHCIAO
BO36YKIEHHBIX SHEPTETHYECKHX YPOBHEH. DTH 3HEPTeTHYECKHE YPOB-
HHU JIeXaT HMXKe 3HepPTUH 3BYKOBOH BOJHLI, H IOSTOMY 3HEPTH:
3BYKOBOH BOJHH OyjeT OBICTPO paccenBarbs.
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§ 3. Bomuucnenue napHoM yHKUMHK

§ 3
Bbluncnenue
napHon coyHkumn P(R)
Cunmem Tteneps orpanuuenne V =40. [oaoxum
V=§V(R,~, R)).
Kak HeTpyaHO NpOBEpUTH,

(@ 2V Ro RY@) =2 {[u Ry uf (Ry)—uf (Ry) u] (Ry)] X

XV (Ry, Ry [u; (Ry) u,;(Ry)]d?R,d?R,. (9.14)

Kakosa BeposTHocTh P (R) Toro, uro ABa 3JEKTPOHA C OJMHa-
KOBLIMH CMIHHAMH HAaXONATCA Ha 3aJaHHOM pacCTosiHHH R? QyHKIHA

P b= (0. §6<Rf-a>6<k,—b>cp)

OMHUCHIBACT BEPOSATHOCTH TOTO, YTO B TOUKE a4 HaXOJUTCA oOfHa ua-
ctHia u B Touke b—apyras. [TockoabKy 3Ta (QyHKIMA HMeeT TOT
xKe BHZ, yto H (9.14), To

P(a, b)=§{[u,~(a)l2Iu,(b)lz—[u;' (@) u, (a)] [u} (b) u; ()]}, (9.15)
Bynem cuirats V=0. Toraa ux ~ (1//7%) é-2u X — { &K 9°/(2ny,
TaK 4TO

P(a, b)=S DL (| — gt tcmram] LRV (D)

(2m)®
SQ[K.m-b, F(K) 4°K
N (2a)®

2

1 . (9.15")

=LV)2
P(R)Egd3ad3bP(a, b)8 (a—b—R)=

= {1 | - (sin K,R—K,R cos K,R) || 9.1
._.-7/—0{ —[ﬁ(sm R —K,R cos 0R)] } (9.16)
Pesynbrar (9.16), npeicraBjenHbii Ha ¢ur. 9.2, BecbMa BaxeH.
Hanpumep, Ha ocuoBanuu 3Toro pesysibrata Jierko Gbio Gbi pac-
CMOTPETb MOJEJIb [a3a W3 YacTHIl B BHJIE TBEPAHIX WAPHUKOB, HMe-
IOIMX OAMHAKOBBIH CIHH, TaK Kak B GOJIBIIMHCTBE CJyyaeB 3.1€KT-
POHBL HE pacmoJaraires 6ausko Apyr K Apyry [P(R)=0 npu
R =0]. Tlostomy KopoTKozeHCTBYyIOmash 4YacTh KYJOHOBCKOLO B3a-
MMOJEHCTBHS HE CyIecTBeHHa, XOTS JaJbHOAEHCTBYIOAS HacCThb
HTpaeT BaxHylo posib. OueBHAHO Takke, 4TO BhipawenHe (9.14)
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MOXHO ObIJIO GBI 3alucartbs B BHJAC
(0 V(R R)¢)=(Va b)Pa, b)dad®h.  (9.17)
ij

CpeslHsa TNOTeHIHaJbHAfA 3HEPrHs ONpeje/fercss HHTErpaJoM I0
KoOpJAHHaTaM a H b OT npousBejeHUs NOTEHIHANBHON SHEPTHH JIBYX
yacTHIl B TOYKAaX a U b M BepOATHOCTH HAaXOXKIEHHS JABYX YacCTHIL
Baub.

PR)RE QUT. 9.2-

Beposithoets P (R Toro,

YTO JBa IEKTPOHA
(c 0AMHAKOBBIMH CIMHAMH)
HaX0JATCs HA PAcCTOAHHU
0 R R apyr ot gpyra.

IlpeanonoxuM, 4TO HAac HHTEPECYeT, KaKoe UHCJO 3JEKTPOHOB 1
HaxoJUTcsl B HeKoTopoid obaactu R:

n=2R(R)=2(5(R—a)R(@)d'a=p(a)R (a)da,

rue
(1 Buyrpu obaacti R

a =
10 Bue o6mactu R

p(a)=228(R,—a)

3

— IJIOTHOCTh 3J€KTDOHOB B TOUKe a.
GayxkTyaln Takxe MOTYT ObITh paccMoTpenst. Hanpiimep, noas-
3ysch onpegenenuem P(a, b), Haxoaum

(¢, n*¢)= (cp,ZSG 5 (R,—b) R (a)R(b)aade(p\—
:SR(a)R(b)P(a, b) d*ad?b. (9.18)

Paccmorpum
px={ o (a)c™-2da
W/

pK:ZeiK'Ri:Z(S(R,-—a)efK'adsa. (9.19)
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§ 4. KoppensuuoHHas sHeprus

Ouesnano, <px>=0 nna K=£0. Ho, Bo3Bexss B KBanpaT BbIpaxe-
Hue (9.19), noayunm

ok [ = (9, \pxlch)=ge“<"a“’)P(a, b) d®ad*b =VS (K),
rje
S(K):SG[K'RP(R, 0)d’R

— dypoe-o6pas pyuxunun P (R, 0). M3 Buipaxenns (9.15") Haxomm
d3L

SK) =Tx [FILFK—L)Ghs, K0 (9.20)
Benonead, urto

1, ecin  |K—L|<<K,,
F(K—L)={

0, eciu |K—L|> K,
MOXKHO ToKa3aTb, uTo S (K) ompesgesiercst 3alITPHXOBaHHOH 4aCThIo

OUr. 9.3.

[Tepeceuenne nByx cdep
paguycoM K, LEHTpPbI
KOTOPBIX HaXOAATCH Ha
paccrosinuy K.

obbeMa, MokasanHoro na ¢ur. 9.3. Berauceass sror ofvem, nosyyaen
< __ 3w 3K , L /K\ < 9F
St =—Sgl—rn ()] K< K20
S(K)=0, K> 2K,. (9.21)

3adava. Beramennts {[pk[*> A 3BYKOBBIX BOJH. Byayr an
¢ryKTyauHn B 3TOM cayuae Go.bllie HJH MeHblie (ayKTyauHi
B peaJlbHOM 3JEKTPOHHOM rase?

$ 4
KoppenauuonHas sxeprus

PaccMOTpUM 3/IeKTPOHHEIA Ta3 Ha (oHE MOMOKHTENLHOIO0 OfHO-
poasoro sapsina. BoanoBad QyHkuMA 971eKTPOHOB ¢ B BUIE JeTep-
MHHaHTa (9.4) NMpuUBOAMT K pajuajbHOH (QYHKUMH pacrpeeseHHs
P (R), ofpawaroueiica B HyJb Ha MaJblX PACCTOAHUAX, KaK TMO-
KasaHo Ha ¢ur. 9.2. KyJOHOBCKYIO 5Hepruio B3aHMOAeHCTBHS TOT 44
MOXHO BBLIYMCJAHTE 0 opmyne

2 2 drie? &K
((p, Z:T/(P>=S%P(R)dsk=5‘_[”(§ SK) ggrr  (9:22)
i
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rae S (K)—dypoe-o6pas dyukuun P (R). IToabsysich BhHpameHieMm
aaa S(K), nonysenneM B (9.21), u3 dopmyaer (9.22) maxogum

2
<(P, Ze—(p>=—&pw16epr (9.23)

ri
ij /

3aech B COOTBETCTBUH C (9.9) ry=r/a,, rae a,—6GopoBckuil pauyc
H 4nri/3—o0beM Ha OZMH 3JEKTPOH.
[Tonnas sHeprus cHCTeMbl (B punbeprax) OObIYHO 3aNMHUCHIBAETCS
B BHJE
2,22 0,916
(9.24)

ré

E:

IlepBeiil 4aeH npeicTaBafer cO00H KHHETHYECKYIO IHEPIHIO, BbUHC-
JdeHHyto B § 1. BennuuHa e, Ha3BIBACTCA KOPPEAAYUOHHOU SHEPTH-
eff, Ho OOBIYHO €€ OMPe]eJaslOT KaK PAa3HOCTb MEXKIY TOYHOU 3Hep-
ruell E M nepBuiMU JBYMS 4Je€HaMH B IIPaBoOi yacTH paBeHcTBa (9.24).

Briso caesaHo HECKOJBKO INOMNBITOK BHIYHCAHThL &,. ECAH Mma0T-
HOCTh 3JIEKTPOHOB MaJja, a 3HadeHHE 7, BEJHKO, TO, KaK BUAHO H3
(9.24), KuHeTHUYeCKOH 3Hepruefl MOKHO npeHebpeub MO CPaBHEHUIO
¢ noreHlHaNbHOH sHepruel. Ec/iu pacmosoxHTh 3J€KTPOHBL pery-
JAPHBIM 00pasoM, TO HaHMEHbIlee 3HAYeHHE I[OTeHLHAJbHAs 3Hep-
rusa GyAeT UMeTb AJsA O0BEMHOIEHTPHPOBAHHOH peueTKH; AJs 60,1b-
WIHX 7, OHA paBHa

E or=— 1r—7— puabepr. (9.25)
s
CpasuuBas (9.24) u (9.25), naxopuM ZIJs GOJBIIHX 7,
po=— 2% (9.26)
Ts

Burnep paccmoTpesn Takxke cayuyall Maaelx rg. Hauayumas dop-
MyJa, NpeiJoKeHHasl WM, uMeeT Bui!):

0,88
&=— 173 punbepr. (9.27)

IMpu BwuucaeHuu (9.26) npenmnoJgaranocb, YTo 3JEKTPOHBI 06-
pas3yioT 06beMHOHEHTPHPOBAHHYIO KYyOHYECKYIO DEIIeTKY H HX BOJ-
HOBhle (PYHKIMH HMeT BHJ O-QYHKuM. MOXHO NOJYUYHTH JYUUIYIO
OIEHKY AJsl SHEPTHH, €CJH HCIO/Jb30BaTh JPYrHe BOJHOBBEE (yHK-
UuH. BBIIM TPOBeJeHbl BBIYHCJCHHS JJs CHCTEMBHl 3J€KTPOHOB, B
KOTOPBIX INpeinoJarajoch raycCOBCKOe pacnpefesneHHe HX IJIOT-
HOCTH BOJHU3H y3/10B OOBEMHOUEHTPHPOBAHHOH KyOHUeCKOH peleTKH
H BapbHPOBAJach LIHPHHA TayCCOBCKOTO pacmpejeseHus. IIpu stom
OBLIH TOJIYUEHBl Pa3yMHBIE KOJHUYECTBEHHBIC Pe3yJbTaTHI.

1 Cwm. [1]. Tonpasku K 31ofi dopMyse CM. TaxkixKe B IIPHMEYAHHH B palore
[2]. (Cm. rakxe [9], crp. 128.— Hpum. nepes.)
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§ 5. MNnasmeHHble konebaHus

§ 5

Mna3meHHble KonebaHus

DJeKTpUUeCcKOe COMPOTHBJIEHHE IMPOBOAHHKA Bo3pacTaeT NpH
BHEeAPeHWH [IPUMECHBIX HOHOB. ¥ BEJMYEHHE CONPOTHUBJICHUA CBA3AHO
C paccesiHHeM 3JEKTPOHOB Ha H3OBITOYHOM IOJIOKUTE/BHOM 3apfie
npuMecH. OJHAaKO BBIYHCJAEHHOE IPH YUY€Te 3TOTO PACCESHHSA CO-
NPOTHBJIEHHE OKa3blBaeTCf MHOro 6oJbile HabJ/107aeMoro. Jro Io-
Ka3bIBAeT, 4TO H30BITOK I[OJIOXKHUTENBLHOrO 3apsAfa 4YacTHUHO Heflr-
pasu3yercsi YBeJHYEeHHeM IIJIOTHOCTH 3JeKTPOHOB, COGHpaiomuxcs
BOKPYI MOJOXKHTEAbHOrO 3apsafa. Hamnpumep, B moxean Tomaca —
DepMH M3MEHEHHE 3JEKTPOHHON IJIOTHOCTH CBSI3aHO € MEAJEHHO
MEHAIOLHMCSH IOTEHIHAJ0M ¢ COOTHOIIEHHEM

on __38Ep 3y
n -2 EF -2 E_);’

rae Er—o3Heprua ®epmu. CaejpoBarebHo,

VD=V -E—4nebn = [V2~6m62] ,

Ep
U JIM3JIeKTPHYecKasi NMPOHHUAEMOCTb PaBHa

2 2

g(k):ﬂkéle_/E_F.
Dro o03Hayaer, OYEBH/JHO, YTO II0J€ TOUEYHOTO 3apfAila, a TaKkKe
u On napaioT A0 HyJd Ha paccTosHuu nopsaika (Erp/6mne?)'/s (nauna
BoaHbl Tomaca—®Pepmu) or Toueynoro 3sapsiga. Takum obpasow,
TOUeYHBIH 3apsf SKpaHHpyeTcsl (€CJAH OH TOJIOXKHTEJEH) 3JeKTPO-
HaMH, KOTophle 06pas3yioT HeGoJjbluoe 06JaK0 BOKPYT HeETO.

[IpuBenieHHOR BhBILIE PACCYKJACHHE MOXKHO TIPHMEHHTb M K Ka-
IOMY OTAGJBHOMY 3/JAeKTPOHY B npoBoiuuke. Torga Benuywuna &n
6yJleT OTPHUUATENbHOH, TaK 4TO KaKAbIH 3JEKTPOH CO3J1a€T BOKPYT
cebst ABIPKY®, B KOTODOH OH JABHXKETCS. DTO fABJEHHE HMEET MECTO
napsny ¢ adpdeKTOM OTTAaJIKHBAHHUA, MOKA3aHHEIM Ha ¢ur. 9.2. [Toxo6-
HOro e THma QIYKTYalWH IJOTHOCTH 3JEKTPOHOB NPHUBOAAT K
nJasMeHHBIM KoJebanusiM. HacToTy mocjefHUX MOKHO BBIUHCJIHTH
cuaeyoUuM o6pasomM.

PaccMorpuM ozHoMeDHYIO GAYKTYALHIO MJOTHOCTH 3JEKTPOHOB,
3a7aB ee B BHJE CHHYCOHIH:

0 =0, + (0p) cos kx. (9.28)

[TorenunansHas sSHepPrHsi, BO3HHKAWOLIAsl NPH HM3MEHEHHH JIOKA.b-
HOM TJOTHOCTH, 3aMHCHIBAETCS B BHJE:
1 {o%
E =+ \ 5= (0p)®cos’ kxdx, (9.29)
2 J0dp
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n. 9. 3nexTpOHHbIK ras B mertanne

rje &-—3asHucaulas OoT NJOTHOCTH 3HEPTHs1 HAa NOBEPXHOCTH C(bepbl
CDepMH. Hs TEOPpHH 3BYKA Mbl 3HAeM, YTO CKODPOCTb 3BYKOBLIX BOJIH
C, ompenendercd H3 ypaBHEHHH

d%e m

2

3% bep o, (9.30)
rjge m-—macca 3J€KTpoHa. ,Zl.f[ﬂ NJ1a3Mbl H3 3apAKEHHBIX 4YaCTHIL
nMeeTcsl ApYrofl BKJaj B NMOTEHUHAJNbHYIO SHEPTHIO, CBSI3aHHHI C
31eKXTPOCTATHYECKUM ITOTEHIHAJOM. OH BBIUHCASETCS U3 YpaBHCHHUSA

[1vaccona

— ViV = —4une (8p) cos kx, (9.31)
pelienie KOTOPOTO HMeeT BHJ
V = —dme(8p) SBfE (9.32)

BLTCKTPOCTaTH‘JeCKaH [IoTeHOHa/JbHasl 2Heprus paBHa

E,= | (—e0)Vdr= S‘“e (8p)? cos? kx dx. (9.33)

2

Craaawsas (9.29) u (9.33), AJas MosHOH INOTeHUHAJBHOH sHepruy
HAXO0AHM

L (m e e 2 og?
E+Ey= S(pcDC°+ i >(6p) cos? kx dx. (9.34)

Dra BeJHYHHA paBHa KHHETHYECKOIl 3HEPruH BOJIBL, OIUCHIBaeMOH
ypaBHenuem (9.28):

K=+ S ~ mk (8p)? cos® kx dx, (9.35)

rle ©®—YyrjaoBas 4acToTa BOJHBI:
u=Aet @zt =-kx),

[TpupaBuusasa Beipaxkenusa (9.34) u (9.35), MBI MOXKeM HaNucaTb

4me?n
=+, (9.36)
TJie MBI I1IOJIOXKHJH
]
=%

U p., 0603HauHIU Yepes n,. Bripasum Bropoii usen B (9.36) uepes
NJIa3MEHHYIO YacTOTy Mp, ONpEeAeJseMYI0 pPaBeHCTBOM

4ne?ng \'/s
Wp = —m— .

Torpa (9.36) MOXHO mepenucaTh cJjaelylOUWUM oOpasoM:
o, =V b F k. . (9.37)
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§ 5. MnasmenHble konebanua

MunumanbHas sHeprus, HeofxognMas AJs B0O3OYXAEHHA MMJa3-
MeHHEIX KoJeGaniiii, paBHa iwp, UTO COCTaBAseT npuMepHo 10—153B.
BosfyxjeHne nJasMeHHBIX KoJebaHUil HaGa04a/10Chk NPH NPOXOK-
JeHHH IIyYKa 3/JCKTPOHOB uepe3 TOHKHE IJEHKH aJfJioMHHHA U Oe-
PHJLINA.

Ha nepsblii B3rasy He COBCeM SICHO, KaK 3TH NMOJYK./acCHYeCKHE
paccyKAeHHs MOI'yT COOTBETCTBOBATh KBAHTOBOMEXaHHIECKOMY IIpel-
CTaBJEHHIO O BBIPOXK/JIEHHOM 3JeKTpPOHHOM rase. UroOH yCTaHOBHTB
3Ty CBfI3b, 3aMETHM, UTO NpocTefIUHH Npouecc pOXIACHHA BO3DYK-
JeHua C BOJIHOBHIM BEKTOPOM ¢ JAAA 2JeKTPOHOB, 3aNMCJIHAIOUIHX
hepmu-cdepy, ONMHCHIBAETCS ONEpPaTOpoM aFf  ax NPH ONPele/eHHOM
BLIOOpe BexkTopa k, a HMeHHO TaxoM, 4TOObI BekTop k--q sexasa
BHe nosepxuoctu Pepmu, a k—BHYTpH Hee. [TocKOJBKY HET mpHu-
YHH OrPaHU4YHBATbLCS KAKUM-TO OllpeeseHHbIM 3HaueHHeM k, TOCTpOHM
oneparop B oOLIeM BHIE:

R .
O:%f(k)ak+qak-
Cpexnuaa sueprusi cocrosuus O|0> paBHa
< ' 2 / ’ 14
E=[eo+0(k @ f (k)[4 BV @—Vk—K)][* k) F(K'),
K kK’
rie
) . k-q 2
Ok, q)=—-+,--
[lonpo6yeM MHHUMH3HPOBATH €€ C YYeTOM VYCJOBHsA HOPMHPOBKH

SR E=1.

OueBHAHO, YTO 3TO CBOAHTCS K AMArOHAJH3AMHK MAaTPHLLI A (TONLKO
AJ51 TONYCTHMBIX 3HayeHHil BekrTopa K):

A e =[eg—h+0.(K, @)] 8,10V (@) —V (k—K').

Ana Goabwnx q oyukuusa 0(k, q), no-BuguMOMy, Aae€T OCHOBHOIM
BKJall, TAK YTO HauGoJee BLIFOJHBIMU BO3OYKACHHAMH GYAYT 2JMeKT-
poHHoO-xpipounnie napel (k) =8, k,. Ho npu pgocratouno mainix q
B CHJY NaJbHOAEHACTBYIOIETO XapaKTepa KY/JOHOBCKOrO [0TEHIHA1a
OCHOBHOH BKJsiag OyneT jpaBarh, NO-BHINMOMY, 4JeH ¢ V(q), Tak
YTO MHHHMYM 3sHepruu Oyier poctHratbes npu f(k) ~ const. Toraa

Hau1y4muM BeiGopoM aas oneparopa O Gyaer QyHKiHs
O ~ Zk alt+qak,

KoTopasa e€CTb He 4YTO HHOE, KakK oIeparop CpJIYKTYﬁU,Hﬁ IIJIOTHOCTH
C BOJIHOBLIM YHCJ/IOM (.
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Fn. 9. DnekTpoHHbIN rasz s metanne

Takum 06pasoM, C [OMOIIbI0 STHX KaueCTBEHHBIX pacCyKIeHHI
Mbl MPHXOQUM K BBIBOAY, YTO MPH Ma/blX ¢ QJYKTyalHH MJIOTHOCTH
JIOJIKHBl UTPaTh BaKHYIO POJb.

[TocMOTpHUM Telepb, KaK MOXKHO IOCTPOHTH MHKPOCKONHYECKYIO
KapTHHY 3TOro fABJeHHsA GoJiee TOYHO.

$ 6
MNpubnuxxenue
CNy4YanHbIx ¢pas

Bom n [lafinc [6] paccmoTpesn mniasMenHbie KoJjeSaHus cie-
ayiounM obpasom . 'aMu/bTOHMAH CHCTEMBL

~ A2 N 1 O e

H= Y —5Vi+tg e (9.38)

. i L 1]
i isk]

npi riomoiu (ypbe-npeobpasoBaHus MOTEHUHAMbHOH SHEPruH 3a-

MUCBIBAeTCS B BHJE

HeY =B gt 2 [Z efK“R,-Ee—fK“R,-—N]. 9.39)

2
o K° 1T

(Boiuurannem N HCK/IOYaEM coGeTBeHHO-3HepreTHYecKHH usen ¢
i=.)

[MepefizeM K onpeje/IeHHI0 ypaBHeHHH ABMXKeHHA a5 QIyKTya-
nuil nJoTHocTH. PaceMoTpuM oneparop NJIOTHOCTH

o (x) =35 (R,—x); (9.40)

ero ¢ypbe-o6pas HMeeT BHI
ok = M ek Ry, (9.41)

L
MceaenyeM ypasHeHus nBuxkenus [eiisenGepra 11a px.
Kagk MOMHO MOKAa3aTh, ypaBHEHHE JBHKEHHS I/ Pg 3amuChH-
BaeTca CJAefYOMHM 0DpasoM:

ox=i (pr-pKH>=iEl‘.efK-Rz—‘n; K-(Pty), 042

rae P,—onepaTop uMnyJbca [-ro 3/1eKTpOHA. [Ipu BBIBOAE YypaB-
Henna (9.42) Mbl yuIM TOT (akT, 4TO OMNEparTop Pk (9.41) kommy-
THpYeT ¢ NoTeHuHanbHON sHepruell B (9.39), U HCIONBL3OBATH TaKXKeE

COOTHOLIEHHE
Pk Ry — KR P, = Ke'k R, (9.43)

L Cm. (9], a Takxe [10].—pun. nepes.
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§ 6. Mpubnuikerue cny4amHsix ¢as

(ManoMuuM, 4TO B npuHsnTOl cucTeMe exunuu h=1). IIpn Beuuc-

JEHUH Qg 34MeTHM, 4710 onepatop (9.42) He KoMMyTHpYeT GoJibllie
¢ NoTeHuHaJbHOH 3Heprueii B ramujabToHUaHe (9.39), nostomy nmMeem

.. -y i 2
SRS
___1_2 %em«,e-tx'm,eﬂ(“kjK-K’. (9.44)
K L]

CnenaeM tenepb rpy6yio alllpoOKCHMAIHIO
N7 eiK-Rli
"1 m

3 252 ) 2,2
{K~(P,+§)] ~ R Y er, K (9.45)
i I

rie p,—3HadyeHHe HMIY/JbCa Ha MoBepXHOCTH Pepmu. MHOXKHTe/b 3
B 3HaMeHaTeJe MOSBJISETCS NMPH yCPeJHEHHH IO BCEM TPeM Halpas-
JIEHH M.

Be Bropom unene B (9.44) orzenuM uneHsl ¢ K'=K or ujsenos
¢ K's=K. [1as nepBeIX HOJydYaeMm

2 2
e g ey = (9.46)

!

m m

rae n=N/9?—uuc1o eKTPOHOB B eiuHuue obbema. s 4.1eHoB
¢ K'== K Mbl MOXeM Hanucathb

2 4qre? K-K'G‘K"Riz ei (K=K')-R,, (9.47)
1

.2
K=K | mK

Bom u [lafiHc mokasa/ju, 4TO 3TOT WJIEH Masn B ciaydae JOCTaTOYHO

BHICOKOfI MoTHocTH. Tak HaseiBaeMoe npubaudcenue cayqaiinols gas

COCTOUT B TOM, 4YTO 3TUM uJeHoM npeHeOperawor. Du3HUeCKH 3TO

O3Hauaer, uYTO KOraa KoopauHata R; npoberaer Habop Touek B

MPOCTPAHCTBE, TO OTAEAbHbIE KOMIOHEHTBI CyMMBI MO / KOMIEHCH-

pyloT Ipyr IApyra u Bea cymma ¥, crpeMutcst K Hydo. Cienyer
!

MoA4epKHYTh, 4T0 Dom u IlafiHc A0Ka3aju crnpaBelHBOCTb 3TOTO
NpuGJHKEHHsI, a He MPOCTO NPHHSAJM €ro.

C yuerom 3TuxX npubanxeHHH ypaBHenue (9.44) ympouaercs u
NpHHUMAET BHJ

PK = —OKOK, (9.48)
rae
PPK?  aper
O = 55+ (9.49)

TMocnenqnu#l yjen JaeT NiasMeHHYIO 4acCTOTY

wp = e (9.50)

m
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Fn. 9. dnexTpoHHLIi raa 8 meranne

§ 7
BapuaumoHHbit meTop,

[1nasMy MOXKHO HCCJI€R0BaTh, IOJb3YsCh BapHALHOHHBIM METO-
aoM. Ee MOxHO paccMaTpuBarb Kak COCTOSIHHE CBOOORHBIX 3VIEKT-
POHOB, BHJIOM3MEHEHHOE HaluuueM IJa3MeHHBIX KoseGanui. Cieno-
BaTeJbLHO, Mbl MOXEM BOCMOJB30BATHCA NPOGHOH BOMHOBON DyHKuHed

(Pnpo61{:exp [—2 K lpK '2] Peposs (951)
K

rae px —Oypbe-KOMIIOHEHTa oleparopa NJOTHOCTH:
pxzze”("‘f.

H
B Buipaxenun (9.51) ax—BapuauuonHkeli napamerp. MuHuMu3upys
5HEprui, HaxomuM, yto MetoJ Boma u [lafiHca cooTBercTByeT cie-
ILylomeMy BHIOOPY Ok:

2me?
ax = {ﬁmpm A K< Ko, (9.52)

0 o K> K,.

CiefioBaTe/IbHO, BOJMHOBAsS (PYHKIHMA OCHOBHOTO COCTOSIHHSI NPH yuere
NJAa3sMEHHBIX KoJe0aHUH HMeeT BHJ

2ne?
o=exp|— 3 o lol| oo (9.53)
K| < Kg

Bapuanuonnble BbIYMCJEHHs, NMPOBEICHHbIE C IIOMOLIBIO IIpHBe-
IeHHbIX Bhille QyHKUHME [3], AaOT 3HAUeHHS A1 KOPPeJALHOHHOM
SHEepruy, KOTOpble COBMNAJAIOT € pe3y.abTaTaMd Burmepa npur, =4,
XOTA OKAa3bIBAIOTCH HECKOJBKO OO0JblIe NPU MadblX fg. IDTH 3Haye-
HUA JUI KOpPPeNsiIUOHHOH 3HEPTHH Takxke 6oJblie 3HAUCHHH, MOY-
UYeHHLIX B MOJH(PHIMPOBAHHOM NPHOIMKEHHH CcJdydadHbix ¢as pid
Gonbnx (M 6ojiee pEAJHCTHYECKHX) IJIOTHOCTEH SJAEKTPOHHOTO

rasa [4, 5].
§ 8

KoppensauuonHasa 3Heprus
¥ (PeMHMAHOBCKUE OUATrPAMMBDI
PaccMOTpuM Teneph NpOLEAYPY BLIYUC/ICHHS KOPPeJsHUOHHOH
SHEPruy 3JEKTPOHHOTO rasa. XoTsd CYWIeCTBYIOT M OoJiee MpOCThIE

npueMsr (CM. HUKe), TpeAsaraeMblH 34eCh MeTOH, PasBUTHIH B pa-
6ore Ienn-ManHa U Bpaknepa', mMeeT TO NPEUMYILECTBO, UTO OH

D YkaxeM HeKOTOpHe paloThl, TZ€ 06CYXKIAeTCs KOPPEJsIKOHHAS 3SHEprus:
(2, 6—8] (Cm. Takxke [[1—14].— [Tpum. nepes.).

290



§ 8. KoppensiuMoHHas sHeprua U etHMaHOBCKME AMATPAMMbI

MOZKET CJYXHTb NMPHMEPOM IpPUMEHEHHs Meroja auarpamm Pefin-
MaHa. JiuarpaMMHBIH METOJ OKasaJ/JCs OUeHb [I0Je3HBIM H HalleJ
LIHpOKOe INPHUMEHEHHEe B KBAHTOBOH 3/eKTpoauHaMmuke. lMMeHHO B
3To¥# ofjacTu W GbUiM BNIEpBBIE BBEJeHB AHarpaMuel (cm. ri. 6, § 12).
Ceopmynnpyem npobaeMy caepywolmum o6pasoM. B meranse
UMEETCH 3JIEKTPOHHBIN Ta3 ¢ KyJOHOBCKUM B3anmoaefictBuem. [aMuib-
TOHHAH CUCTEMBI 3aJaeTCs B BHJE
1 e?

:_iZV?_*-”Q— el (9.59)

7
i if Y

Tpebyerca BaiiTH KoppeasiuHoHHyO 3Hepruio AE, 06yCJI0BIECHHYIO
KYJIOHOBCKHM B3aumoaelictBueM. Bripaxkenue (9.54) MoXHo 3anucarhb
B NpEeJCTABJIEHUH ONIEPATOPOB POXKAEHUA H yHHUTOReHUA. O603HaYNM
yepes aj OnepaTop POKIAEHHS 3IEKTPOHA, T. €. ONepaTop a; POX-

AaeT 3JeKTpoH ¢ mMmyabcom P=7%K u BoaHoBoi (byHKLmeH e KR,
Toraa omeparop ap YHUYTOXKAET /ICKTPOH H, KaK OOBIUHO, ap'a;—}—

~+ap ap: = Op_p-. Cormacto ra. 6, § 8, ramuabtonuan (9.54) MoxkHO
3anucaTh Tenepb B BHjE

p? 2rtefi 1
H:—EP:?” a;ap +—1i/_l/; @ l;'2 Pz al:;—Qa;:’*' Qaplapl:HO—'_Hl’ (9'55)

rle 3aBUCHMOCTb OT Q MOXKHO NMOJIYYUTb C IIOMOIUIBIO (yphe-npectpa-
30BaHuf raMmuJibToHnana (9.54). Ilpu stoM Q — nepeaBaeMbiil MM YJbe
NpH KYJIOHOBCKOM B3aUMOJeHACTBHH M 4me’/Q®-—aMianTyaa 31oro
npouecca. MoKHO cjenaTb HECKOJNBKO ynpouieHuid. OnHO U3 rJjas-
HBIX VIIPOIIEHHH COCTOUT B BBeJeHHH bp M b} —omnepatopoB yHHY-
TOXEHHs] ¥ poxJAeHHA Jblpku. Ilpu Temmeparype T =0 Bce cocros-
Hi# Huxe ypoBHa Pepmu e,= P}/2m 3anonnensl. Onpejgeum Torga
bf u bp cuaepyomuM o6pasoM:

ap=ap, ecau |P|>P,

ap =b*,, ecan |P|<P,
af =af, ecmn  |P|> P, 9.56)

af=b_p, ecin |P|<P,.

Hpyrumu cioBaMu, €C/IH 3/J€KTPOH, HAXOAUBIIMEACA HHIKE YDPOBHSA
@epniy, nepenpoiruBaer B COCTOsHHE Bbile ypoBHs PepmH, TO Mbl
TOBOPHM, YTO MPOH30ULIO pOKIEHHE 3JEKTPOHAa H IbIPKH H T. I.
Hmeem Taxxke P,=FR/ar, rie o6weM %°=N (4m/3)r} omnpeneaser
ro (N—uHcao 3/71eKTpPoHOB, 9?—o0beM CHCTEMB) H o =(4/9m)"s,
Wmnyasc P Gyldem BbIpaxkaTb B €IHHHUAX HMIYJbca Pepmu (P, =1),
a dHepTHIO—B puibdeprax.
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Tn. 9. DnexTpoOHHLIN ras s mertanne

CorsiacHO OGBIMHON TEOPHH BO3MYILEHHH,
AE = <O|H,|O)+Z <H1>on (H1>no+ 3 Z(Hl)om (Ho)mn o

o a0 mgeo(E“_E’") (Eo—En)
(9.57)

Bripaxenune (9.67) MOXKHO 3alHcaTh B BHJE

AE;<0|H1|0>+<01H1;_,0—_1—H—0HA0>+

1 1
+ O Hy g Hy pgr Fi | 0>+ .. . (9.58)

Crpeska HaJ 3HAaKOM paBeHCTBA 3[eCb O3HayaeT, YTO pPaBEHCTBO
csieflyeT NMOHHMATh B YCJOBHOM CMbicje, T. €. cooTHowenue (9.58)
CrpaBeNMBO, €CJIH BHINOJHEHB HEKOTOpPhbie JIOTOJIHHUTE/bHBIE YCJIO-
BHsl. DTH YCJIOBHA OKA3HIBAIOTCH YIHBHTEJBLHO MPOCTBHIMH, €CJH BbI-
pasuTb HMX ¢ TOMOLbI0 GefiHMaHOBCKHX JuarpaMMm. Bckope Mol
chopmyaupyeM ux. B (9.57) u (9.58) npuHATEH OGBIYHEIE 0003Ha-
YeHH A

<01H,|0>=§ ¢} H,9, dx,

(9.59)
(Hl),,m=S Om M@, dx 1 T A,

rae Hy@,=E,¢,.

[Tpexie ueM MATH Jajblue, MocTapaeMca ,MOHATH CMBICT® ypaB-
nenus (9.58). Ilpexne Bcero Jerko mokKasaTb, 4YTO COOTHOWIEHHS
(9.57) u (9.58) (moutu) skBHBaJeHTHH APYT Apyry. CorsacHo oGbly-
HbBIM IpPaBHIaM yMHO}KEHI/Iﬂ MaTpHL,

1
O, pg 0= g = ) =
1

; ( I)Om EO . HO n ( 1\)n0 ( )
I/ICKJHO‘IaH ,,HaTOJIOPquCKHe“ cnyqau, uMeeM

§onf (H) @ndx=F(E,) § oppndx=25,,7 (E,).
CienoBaTenbHO,
._1__ =8 __1__
(=) oo =Sy
1 BuipaxeHue (9.60) paBHo
E (Hl)on (Hl)no

JononHurenbHble yeJoBHA AJ4d coorHoineHus (9.58) cocToAT B TOM,
YTO IPH YMHOXKEHHH BCEX MATPHI MBI JOJKHBI HCKJAIOY9aTh YJEHBI
¢ n=0. 1o Tpe6oBaHHe MOXKHO BLIPa3UTb 60Jiee TOYHO, 3aMUCKLIBas
(1—]0><0))(E,—H,) BmecT0 1/(E,—H,).
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§ 8. KoppensuMoHHas sHeprvs U (DeiAHMAHOBCKME AWMArPAMMbL

JaJnee, MOXHO GBIJIO HEMOCPEACTBEHHO I110Ka3aTh, 4TO COOTHOLIE-
Hue (9.58) npeacrasiser co6ol passiokeHHe 110 TEOPHH BO3MYLIEHHUII,

\//\ \/,__;__<
~< A
> >

OUr. 9.4.
OcHoBHblE 1NPOLECCH, pa3pelleHHble A1 omeparopa Hy.

He ocranaBjnBasick Ha 3TOM HO]J,pOéHO, YKa;KeM 3Jaech Julb, 410
B OCHOBE J0Ka3saTeNbCTBa JIEKHUT CJeX

yIOllee pasJioKeHHe A/1s Mar-
pun : .
1, 11 4l
mzz——_/iBi-{_]BiBﬁ_-.' . (9-61)

1) Toxpectso (9.61) MOKHO JOKa3aTh CaCRYIOIIEM o6pa3oM. 3anHileM
1 1 1 1 1 l
¥Ymuokas caeBa Ha A, mojydae

1 1,1
AS=1—B+B By=.. . =1—8S, (A+B)S=1
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Tn. 9. DnekTpOHHbIK ras s meranne

BepHeMmcs Tellepb K raaBHOi Haweft safave. Mcnoabsys (9.95)
n (9.56), Bce OCHOBHBIE MPOLECCH, Ppa3pelleHHble [/s oneparopa
B3auMoneHcTBUs H,, MOXHO NpPeICTaBHThb C [OMOUIbID JHATPaMM,
noxasaHHbix Ha ¢ur. 9.4, JINHHH CO CTPeJKOH BHH3 COOTBETCTBYET
JBIPKa, a JHHUM CO CTPeJKOH BBepX —3/eKTpoH. [IpocrpaHncrso
HHXKEe MYHKTHPHOH JIMHHM OTHOCHTCS K MOMEHTY ,JIO B3aHMOAEHCT-
BHA“, Bbllle MYHKTHPHOH JHHHH—,lIOC/]e B3aUMOAEHCTBHS .

[Tosesno caenaTh HECKOJbKO 3aMeuaHu#i B cBasu ¢ ¢ur. 9.4.
[Mpouecc ua ¢ur. 9.4, a sBJsieTCH eIMHCTBEHHBIM, KOTOPbIil MOXKET
HAuaTbCs 13 BAKYYMHOTO, MJH OCHOBHOro, cocroauus. Kureprpe-
TalUA ero TaKOBA: POXKAAITCS 3JIEKTPOH H ABIPKA, PA3HOCTh HMITYJIb-
COB KOTOPHIX Q mepejaercsi BJOJb NYHKTHPHOH JIMHHH, H pOXAA-
eTcsl Apyrasi 3JeKTPOHHO-IbIPOYHAs Iapa ¢ TaKUM HMIYJIbCOM, YTO
NOJHBI UMIYJAbC coxpansercs. B ofmeM cayuyae Kaxjoe COennHe-
HHMe Ha JuarpaMMme [pPeJICTaBJsieT ABYXUaCTHYHOEe B3auMOJeHCTBIeE,
coxpausioliee UMIyJabc. JIpyrofl npuMep — quarpamma na gur. 9.4, 6—
OIMUCHIBAET AHHMTHJAIMIO OJHOTO 3JEKTPOHA M POXKAEHHE JBYX
3JeKTPOHOB (C Pa3HBIMH HMMIOYJBbCaMM) H IBIPKH.

Urofp! NMOKa3arbh, KaK MOXHO HCIOJAL30BaTh JuarpaMmbl Ha
¢ur. 9.4 1d BHUMCJEHHS JK€/1aeMOTO MAaTPHYHOTO 3JieMEHTa B Pas-
aoxenun (9.58), paccMoTpnM cHawasa Gosee NOAPOGHO 4YJi€H BTO-
poro nopsajka

1

OV Hy gy, Hal 0 =,

[TepBniii onepatop H, AeHCTByeT Ha BOJIHOBYIO (QYHKIHIO OCHOBHOTO
COCTOSITHUS; CJIEJ0BATE/bHO, NMEPBLE MPOIECC NOJKEH ONUCHIBATLCA
auarpammofl Ha ¢ur. 9.4, a.

[Ipu caenyiomem AeficTBHHM omepatopa f; cucrema JoJ/KHA Bep-
HYTbCS B OCHOBHOE cocTosinue, Tak Kak <0| A|0> =0, ecau To/1bKO He
BhimoaHAeTcs ycaosue A, =a@,. [[deficTBue oneparopa (E,—H,)~!

6(2) ) O O "
OUTr. 9.5.
Pe3ynbTaT CJOKEHHS NPOLECCOB, MPeICTABACHHbIX Ha ¢dur. 9.4, a u 6.

He MelisieT COCTOsIHMSI CHcTeMbi.] Bce BO3MOXKHBIE NpOLECCH MOKa-
3aHbl Ha ¢ur. 9.4, oTKyla cpa3y HaxoJuM, 4TO TOJNbKO Ipouecc 6
B [JIOTIOJIHEHHE K IIPOLECCY @ MOXKeT BepPHYTh CHCTeMy B OCHOBHOE
coctosipe (dur. 9.5).

[Mpexe yem o6CyxKAaThb AaMIJIUTYABl HJIH BKJALbl KaKAOH H3
JyarpamM Ha ¢ur. 9.5, paccMOTpHM HEKOTOpPhle U3 LHArpamm

294



§ 8. KoppensuuoHHan 3Heprus n (PeiHMaHOECKUE AMarpammbt

TPeTbero H 4eTBePTOro MOPSAKOB, IoKasaHHple Ha ¢ur. 9.6 H
¢ur. 9.7. O6e auarpammel Ha ¢ur. 9.6,a u 6 NOCTPOEHH! U3 OCHOB-
HBIX JMarpamm, NoKasaHHblx Ha ¢ur. 9.4,a, 6 u 0.

Korza Mbl nepexojiM K JAHarpaMMaM Y€TBEpPTOro nopsaika, Mno-
ABJSIETCS HOBHIE KJjacc puarpamM. [luarpamma Ha ¢ur. 9.7 coot-
BETCTBYeT, Ka3aJoch Obl, BO3MOXKHOMY mpoleccy. 3aMeTHM, OQHAKO,

OUT. 9.6.
JlBe InarpaMMbl TPEThEro MOPAAKA.

yTO juarpamMma B 3TOM CJydyae COCTOHT M3 JIBYX HE3aBHCHMBIX
yacTefl, MJH HeCcBS3HLIX KJjacrepoB. MoxkHO IOKa3aTb, YTO HeCB3-
Hble KJacTephl CJeAyeT ONYCTHTh H MX BKJaJ He HYXKHO yYHTHIBATh
[MOCKOABKY B HHX B KaueCTBe MPOMEMKYTOYHOrO COCTOSIHHS B pas-
noxenuy (9.58) mosBasiercst cocroanue |nd>=|0>]. Hpyrumu cJo-
BaMM, Ipouecc, NokasaHHuill Ha ¢ur. 9.7, ue paspeited U He 10.-
JEH MPOUCXOAHTh. Y CJI0BHE, 3aK/I0Yalolleecsi B TOM, YTO AHar paMmbl
¢ HecBSI3HBIMM KJjacTepaMH He HYXKHO YUHTbIBaTh, M SBJSETCH
BBILIEY TOMSHYTHIM JIOTIOJHUTETbHBIM YCJOBHEM K pasnoxetnio (9.58).
C yueToM 3TOrO JONOJHHTEJNbHOTO YCJOBHsI B 3TOM Pas/OXeHHH
MOXKHO OMYCTHTB CTPEJKY Haj 3HAKOM paBexHcTBa.

——————————— p{ +q

QUr. 9.7. SUI'. 9.8.
JnarpaMma 4eTBepTOro Iopsixa. Tepsas nuarpamma na ¢ur. 9.5.

Bosspamasice K BhldnciaeHHi0 &, mocrapaeMcs HaHTH, KaKoBa
BeJMuMHA BKJana Kaxjol amarpammsbl na ¢ur. 9.5. Ilpexne Bcero
BceM OCHOBHBEIM nuarpammaM (cdur. 9.4) COOTBETCTBYET aMIJIMTYAa
2me*h?/VQ?, rae Q—nepejaBaeMblit HUMIYJbC I[PH KYJOHOBCKOM
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In. 9. DnexkTpoHHbIM ras B metanne

psauMogeiictBur [cm. (9.55)]. PacecmoTpuM Tenepb MepBylo AHarpam-
My Ba dur, 9.5, nokasaunyiwo cHosa Ha ¢ur. 9.8. Hmnymscel q, P,
u P, Ha Hell NPOU3BOJIbHBEI, HO BCE OCTa/bHbE BeJHYHHBI QUKCHPO-
Ballbl.

Cornacuno (9.58), umeem

eM=<0| HIK_I—H—OHI 10> (9.62)

Kak orciofa BHAHO, aMIJUTyJa Iponecca AJs JaHHOro q JA0JKHA
6LITh paBHa "
2H2\2
B ) o E—T (9.63)
Y’ ) ¢ ¢ Eo—En
rae |n>—npoMexyrousoe cocrosnue Ha ¢ur. 9.8. Fmeem Teneps

P,+q? P} | (P,—q? P31 .,
E"‘E°=(_l2rrz—q)_§1ﬁ+(’%@_—ﬁ_7n“[qd'{_q'(Pl—pz)]'
(9.64)

OTMeTHM, 4YTO JbIpKe NPUIHCBIBAETCA OTpHUATe/IbHas SHEPTHA, TAK
KaK 5HEPTHIO MH H3MEpsIEM OTHOCHTEJLHO yposHs Pepmu. PyHK-
uust 1/(E,—H,) HasbBaetcs yuxyuei pacnpocmparenus (npona-
eamopor), a BenuunHa—m/[q* - (P,—P,)-q] —smepeemuueckum sna-
menamenem. TIpousBeenye JBYX KOHCTAHT CBfi3H aeT (2ne*hi2/972)% X
x (1/¢%) (1/¢*). Takum ofpasom, aia safaunblx Py, P, u q ammniu-
Tyla npouecca, nokasansoro na ¢ur. 9.8, pasHa
ome?hi2\2 1 1 m

A"( 7° ) 9 ¢ [ q“‘-l-(Pl—Pz)-q]' (9.65)
UroGsl HANTH MOJMHYI0 aMmanTyny Ap (CBSI3aHHYIO C JHArpaMMmoH
ua ¢ur. 9.8), Heo6xonuMo mpocymmuposath no P,, P, n q. B pe-
3yJbTaTe MOJIYUYHM:

omezh2Ne 1 | d3 4Py, 4P
AT:SSS ( T;D ) ?F[_q%(l{n—h)-q]q/ﬁ (2nqﬁ)3 (2nﬁ)13 (2m’i)23
(9.66)

ITpenensl MHTErPHPOBAHHS ONPEJEJIATCS TAKUM 06pasoM, 4TO ec/u
R o6osnauaer paauyc cthepsr Pepmu, 10 P, u P, s1exar BHYTpU

QUr. 9.9.

Bropaa nmarpamma Ha
¢ur. 9.5.

stoft cepu, a P, +q n P,--q—sue ee. CyMMHDOBaHHe 110 CIHHAM
3/EKTPOHOB 3eT AONOJHHTEJNbHbIH MHOXHUTENb 4, M0 2 MJis KaxAoi
neTJIH.
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§ 8. KoppensunoHHas sHeprua M (PefHMAHOBCKME AWATPAMMBI

Paccmorpum Tenmepp BTOpyI0 auarpammy Ha ¢ur. 9.5, usobpa-
XKEHHYI0 oTAaenbHo Ha ¢ur. 9.9. Tasags Ha »Ty auarpammy, Mbl
MOXKEM cpasy HamHcaTb LSl Hee aMIJIHTYRY

Ar=(= ”SH <2$ﬁ2>'41? (2;;23#) (P1+ql——P,>2 [“quw’ln—m)-q] %

2 P (B) [1—f (P, @)] (1= (P,—a)],  (9.67)

X g3

rae
| npu |P| <P,

p:
F(P) {0 npu |P|> P,.

BBejlenne mnocsexHero MHoxuTeas [cogepikamero f(P)] nosso.ser
HAaM OTKa3aTbCsl OT OTOBOPOK OTHOCHTE/bHO IIPeiesOB HHTerpHpOBa-
HUS, cAeJaHHbIX mocjae BolpaxeHHus (9.66). Tenepb HHTerpupoBaHue
MOXKHO NIPOBOJNTL B GECKOHEUHLIX Npejesax or —oo J0 -+ oo. 3HaK
Ka)X0# aMMJIUTYAbI ONpejesasieTcs CaeAyowHuM obpasoM. Jlas craTh-

O % OUr. 9.10.
JlnarpaMmel, cocTosiiiHe

H3 ORHON 3aMKHYTOMH

a 6 NeTJH.

ctukn Q®epmyu—Jlupaka (HacToslHA ciayuall) Kaxpias 3aMKHyTasl
neras jAaeT MHOXKUTeab —1. Jlas craTHCcTHKH Doze —DfiHwTefina
KaxJaasi 3aMKHyTasd [eTJs JaeT MHOXHTeab 1. [luarpammel Ha
¢ur. 9.10, a u 6 paccMaTpHBAIOTCH KaK COCTOSUIME M3 OZHOH 3aM-
KHYTOH neryin. [Iuarpamma Ha ¢ur. 9.11 cOCTOHMT M3 ABYX 3aMKHY-
Thix mnereab. CaejoBareqbHO, BKJAaA OT NepBOH JAHAarpaMMbl Ha

OUI. 9.11.

Huarpamma, cocrosilias H3
IBYX SaMKHYTBIX mNeTesb.

¢ur. 9.5 mMeeT 3HaK MMOC, a BKJAJ BTOPOil AHArpaMMbl—MHHYC.
CyMmHupOBanWe o cliHaM s BTOpPOH juarpaMmbl Ha ¢ur. 9.5
IaeT NOMOJNHHTENbHbIH MHOXHTeNb 2 B BhipameHuH (9.67).
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Tn. 9. dnexTpOHHLIN ras B meTanne

§ 9
Bknogbl uneHos
BbiCLUEro MNOPSA[KA
TEOPUM BO3MYLLEHUA

Paccmotpum auarpammy Ha ¢ur. 9.12. Crexyer sameruTb, YTO
B3aMMoAeHCTBHE Ha 3TOH JuarpaMme Bcerja NEPEHOCHT HMIYJLC q.
OUT. 9.12.

__..._;...._._

Pi+q -P+q

._>_....__

+

P tq JuarpamMa, Rawomas

pacxonsiHicst BKJax NpPH
HHTErpHPOBaHHU TO §.

Bk/an B NIONMpaBKy K 3HEPTHH OT 3TOM JAHarpaMMbl 3allUChIBaeTcs
(c yueToM CYMMHDOBaHHSl MO CIHMHAM) B BHJE:

one*h2\3 diq 43P d3p asp
(=192 § (555 ) s § o § et S e 70
m m
% [— @*2-+4q-P)+(g*/2+ q-Pz)] [_ (02/2+q-P1)+(q2/2+q-P3)]‘ (9-68)

Tlle MHTETpHPOBaHHE MPOH3BOAMTCS B COOTBETCTBYIOWIHX Npelesax.

M3-3a HaMuHs BLICOKHMX CTerneHell ¢ B 3HaMeHareJsie BKJaj
JMarpaMMm STOTO THIIA [pPH HHTEDHPOBAHHM [0 ¢ OKa3bIBACTCS
PACXOJSLLUMCS, HECMOTPsl Ha OrpaHHueHue OOJacTH HHTErpHpOBa-
uua. ONHAKO HAaC HHTEpecyeT OKOHUYATEJNbHBIA pesyJbTar, a HMeHHO
CyMMa BKJ/Ia10B 3THX AMarpamM, NpHYeM MpPEANOoJaraercs, 4ro aToT
KOHEUHbIH pe3y/JbTarT He JOJKeH pacXoluThcs. YTOOGBI pacXoiu-
MOCTH He IIOMELIaJH HAM MOJYYHTh KOHEUHHl pe3yJ/bTaT, 3aMEHUM
cHavana /g2 ua 1/(g2--¢?), rie e-—mMaJjas Be/HYHHA, BHIMOJHHM
MHTErpHPOBAHHE IIPU KOHEYHBIX 3HAUEHHAX €, a 3aTeM B KOHIE
BLIYHC/JEHHH YCTPEMHUM & K HYJIO.

HauGonee pacxoxsiuiuiicss BKJaj AalOT AHArpPaMMbl, OKa3aHHBIE
Ha ¢ur. 9.13. OHH Ha3LIBAIOTCH KOAbYEBbIMU OUGZPAMMAMU; TTYHK-
THPHOH JHHHE!l [0Ka3aHO B3aUMOJCHCTBHE, MepeHoCsillee OXUH H
TOT Ke UMNYJBC §.

PaccmorpuM uHTErpadisl

Foh)={ 52 F (o) | —F (p-a)] 7110 /24a®  (9.69)
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§ 9. Brnagbl uneHOB BbICWEro NOPAAKAE TEOPMW BO3IMYLLEHMI

A=t U T 5t 1)

X Fqit)y Falt,)... Foalty). (9.70)

IMpocreftiuum 13 MHTerpasoB A, aBasercd

& o
1 ’ ¢ (g2/0 5g.n ;
- A ‘ .
woe— T 1@ 2+qpy LE‘_ _‘fﬂ, =
(27)3  (2m)?
Iad 3 3 5 l R . 3
= ((12_5)13_ %3 S di,e= Tiler+apte)) =
‘ -
. dPpy (0 dPpe 1 9 71
=)o Y por Fraee s 97

rle o6JacTH HHTETPHPOBAHUS OMpeiessioTCs COOTBETCTBYIOULHMH
YCJIOBHAMH.

00 (1 .0 O
0 O 0
0

OUr. 9.13.
Konbuessle fuarpamubl.

Bkaan nuarpaMmmer, cofep:kauiefl n KoJjell, OYeBHIHO, paBeH

[ d%q omeh? >" __1ys
C= o (55 ) As@ (= D (9.72)
Yrobul ynpocTuth BeiuHcaeHHe A, (q), BOCNOAb3yeMCs HHTeTr PaibHbIM
npejcTtaBaeHneM d-¢pyHKIHH

-]

iu du
8(1) = {emgr,

)
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In. 9. DnexTpoHHbIt ras B meTanne
Tak uT0 Bhipaxkeuue (9.70) nmpuHuMaeT BHUJ
Ay=— Vb, ..t gttt e Fo (1) Fa (ty). . Fa(t,) 55 =
- %S% U dteltaF, (t)}". (9.73)

[Tonesysce (9.72) u (9.71), 3anumeM cyMMy BCeX KOJbLeBblX Ha-
rpamMMm B BHJE

Er;Cn = ;S%An(q)(%ﬂ- ) =

d3q du 2neh? it
= (s [ i |14 B0 [dterera )] (9.74)

WHrerpuposanue mno d¢ NpoBOAHTCA AJs1 MaJsblX ¢ H Jlaer

, a? 2(q%/2-q- .
Qq(u)=g dtets Fq (t): (2;))3 (qz/é:_q—:)qz_i)MQF (p) [1 —F (qu)] ~
~ X A 5
~4n<1 L arclg u). (9.75)
[Ipu maaslx g

CnenoBaTesibHO, NPH MaJblX 3HAUEHHUSIX ¢ Besuunna Q4 (#) KoHeuna.
OkoHuaTeNbHOE BhIDAXKEHHE JUIsi BKJajla BCeX KOJbLUEBHIX AHa-
rpaMM HMeeT BHJ

; (InR) R% dy
e=—= (1—In2)| In ¥ +-S———i . (9.77)
faé fad S‘Rz dy 2
rie
R=1—yarctgy,
4 \1/3 (9.78)
o= (i)

H r,—CpelHee pacCTOSIHHE MeXAY 3/IeKTPOHAMH, H3MEPEHHOoe
B eauHunax Ooposckoro paauyca. Ciaepyer OTMETHTb, YTO B Bhl-
paxennn (9.77) nosaBjasierca uJjeH lnr,. OkoHuaTe/bHO AJ [OJ-
HOA 3HEepruM umeem opmyay
2,22 0,916

5 ——,74-0,0622 Inr;—0,0964- 0 (r,). (9.79)

Is

E=
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JNutepatypa

3necy nmocnefHuit uyjeH, mocrosnHas —O0,096, ABJseTcs OGMEHHBIM
BKJ/1a/10M, BBIYHCJEHHBIM OT/AE/bHO OT CYMMBI KOJIbLEBHIX AHATPaMM.

Cienyer HamoMHHTb, YTO B 3TOM mHaparpade OblJd PasBHT MeTof,
CYMMHDOBAHHA TOJbKO KOJIBLEBBIX JHArpaMM, I[IOKa3aHHLIX Ha
¢ur. 9.13. Xora xamiaas U3 3THX AHarpamMM AeHCTBHTENBHO HaeT
HauGoJsiee pacxoisiuiicss BKJal, Teopus Oblia Gbl HENOJHA, ecJH
Obl He ObLIM YYTEHBl OCTaJbHbIe QHATDAMMBI THIA [OKa3aHHON Ha
¢ur. 9.9. Tenn-Mauu u Bpakuep BhIUHC/NIM BKJAJ 9THX AHArpaMM
H noay4yuau BeauuunHy —O0,096; Kax W cjeloBaJo 0XHAaTb, OHa
MeHble (IIPH MaJblX rg), YeM BKJaX KOJbLUEBHIX JHarpaMM, XOTS
€10 U He cJuenyeT npeHefperartb?,
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10

CeepxnposoanmocTb

$ |
IKCnepuMeHTanbHble
pes3ynbTaThbl

U nepseble TECOpPUU

MHorue NpOBOAHUKH C IICMOMIbIO OXJaxAeHHA HX HHUXKe OIpe-
JIeJeHHOH KpDHUTHYECKOH TeMmepaTypbl MOTYT ObITh MepeBeIeHbl
B CBEPXIMPOBOJAIIEE COCTOSHHE, B KOTOPOM HCUE3AET IJEKTPHUECKOE
conpoTuBjenne. TemmepaTypa Tmnepexoja 3aBHCHT OT MaTepuaJa,
OHa MOXKeT JOCTHIaThb TaKHX BBICOKHX 3HaueHuii, Kak ~ 21K, nnaa
cnjaBa Nb;,Al,Ge?. XoTs HCcuesHOBeHMEe CONPOTHBJEHHS HBJAETCH,
BO3MOXKHO, Haubosee APKHM 3(Q(heKTOM B CBEPXAPOBOAHHKAX, NO-

G UL 10.1.

CeepxnposodHUK

™~ HopmansHelll

! memas

|

i

: 3aBUCHMOCTb 3JEKTPOHHOR
: TENJA0E MKOCTH OT
h TeMneparypsl AJis
1 CBCDXNPOBOAHUKA U AAs
7r r HOPMAaJLHOTO MeTaJda,

HATH TNPUYHHY TOSIBJEHHS CBEePXIPOBOJAHMOCTH MOXKHO, H3ydas
apyrue shdexktel. OZHUM H3 TaKuUX S$BJACHUH SIBJSETCH CKayok
TENJIOBMKOCTH IIPH KPHTHYECKOH Temileparype.

BkJ/aj TensoeMKOCTH 3JeKTPOoHOB C, B TENJOEMKOCTb MeTaJJa
MeHble BkJaaa pewerkn al?. Ha ¢ur. 10.1 cpaBuuBatorcs TemnJo-
€MKOCTH HOPMaJIbHOTO MeTaJjJjia M CBepXIPOBOJAHHKA, NOKAa3aHHBble
ABYMsi KpuBbLIMH. Jlaisi HOpMaJbHOTO MeTajja TenJoeMkocts C,

1 Cum., Hanpnmep, 0630p [10). — [Tpun. nepes.
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§ 1. DxcnepumeHTansHble pe3ynbTathl ¥ Nepshie TeOpHM

nponopuHoHajasia T, Tak KakK 3Heprus Bo30yXKIEHHA IO NOPSAKY
paBHa kgzT, a B030yxJaTbCA MOTYT TOJIbKO 3J€KTPOHBI, HaXons-
muecs B 3HepreTHYecKoM cJjoe kpT BOIH3H NoBepXxHocTH Pepmu.
Takum o6pa3oM, noJjHas TenJoBas HEPrUA CHCTEMbl 3JEKTPOHOB
nponopnxHoHanpHa T2

HurterpupoBaHue 3aBHCHMOCTH TeINJIOEMKOCTH OT TeMIepaTyphl
NOKAa3bIBAET, YTO SHEPTHA CBEPXNMPOBOJHHKA MEHbIIe 3HEPTHH HOp-
MaJILHOT'O METaJLia.

9ddexr MeiiccHepa. [lepeMeHHOe MarHHTHOe 10Jie BO30GyxXKaaer
3JIEKTPHYECKOE TO0Je, MO3TOMY B CpeJe ¢ HYJEeBBIM CONPOTHBJIEHHEM
nepeMeHHoe MarHUTHOE MOJle He MOXKeT cyulecTBoBaTh. Ecam cBepx-
NpOBOAAMWUA AP MOMECTHTb B MarHHTHOE I0J€, TO CHJIOBLIE JIHHUH
nons GyAyT BHITAJNKMBaThcs H3 mapa. Ecam KoabLo OXJaxaaTb
B MarHHTHOM II0Jie 10 TeX IIop, [OKa OHO He INepeljer B CBepX-
[POBOJAIEE COCTOSHHE, TO MOTOK MArHHTHOTO IOJIA Yepe3 KoJbLO
COXpaHsieTcsl NocJe BBIKJIOYEHHA BHEIIHHX MCTOYHHKOB MarHHTHOTO
mossi. [IpH 3TOM COMPOTHBIEHHE OKAa3bIBAeTCs TOYHO PaBHBLIM HY.JIIO,
MMOCKOJbKY IKCIIEPHMEHT II0OKasblBaeT, YTO IOTOK MarHHTHOTO I10J
OCTaercsl MOCTOSIHHBIM 0EeCKOHEYHO 10JTo (ecJH KOJbLLO He Harpe-
BaeTcA).

Bosee yausutenbHbM sBjafercs addexT MeficcHepa. Eciu TBep-
AbI OJHOCBSI3HBIH KYCOK CBEPXNPOBOJSIIETO MaTepHasa IIOMeCTHTh
B MarHuTHOE I10Jie W 3aTeM OXJAJUTb €ro HHKe KPHTHUECKOH TeM-
mepaTyphl, TO MarHuTHoe noJsie Oy/IeT BHLITOJNKHYTO H3 CBEPXNPOBOX-
uuka. [IpakTHYECKH MOXKET OKa3aThCsl, YTO HEKOTOpHe JIMHHH Mar-
HUTHOTO Nojsl GyAyT 3axBaueHbl 06pa3loM, TaK KakK OTJeJdbHbIE €ro
YyaCcTH mnepefifyT B CBEPXNPOBOJsIILEE COCTOSIHHE paHbllle APYLHX.
Bosiee Toro, J0CTAaTOYHO CHJIbHOE MarsuTHOE NoJe Boobie He OyaeT
BLITAJIKHBATbCA. B TakoM cjayuae Marepuasl He CTAHOBHTCS CBepX-
NMpoBoAAmMM. Ero CONpOTHBJIEHHE W TeNJIOGMKOCTb OCTAlOTCSH HOPD-
MaJabHBEIMH. Hanpumep, »xese3o HeJsb3s MepeBecTH B CBEPXHPOBO-
Asliee COCTOSIHHE H3-3a HAJHYHS MACHHTHBIX JOMEHOB.

TepMoauHAMHYECKHH [OTEHLHAJ ONpeaesadercs  pPaBeHCTBOM
G=F+P3°, rae P—jpaBredne u %?—o6bveM. 3jech JaBJeHHe
MOXKHO INPHUHSTH paBHLHIM OTHECEHHOH K ejfHHHLe o0beMa 3HepTHH
MATHUTHOTO 0OJIst, KOTOpas HeoOXOAMMAa MAJsS BLITAJKHBAHHs IOJSA.
CorJlacHO KJaCcCHUYeCKOH TepMOJIMHAMHKE, TEpMOJAMHaMHUYeCKH# no-
TeHHHaT MpH oOpaTHMBIX (DA30BHIX INpPEBPAlICHUSAX INPH IOCTOAH-
HOH TeMmmeparype U JaBJeHUH He MeHseTcsi. [[03TOMY KPHTHYECKoe
10JIe MOMKHO OIpeleauTh U3 ypaBHEHHSH

Fo+tle90 =G =G,=F,. (10.1)

Ipu kpurnueckofi temneparype H,=0; c yMmeHblIeHHEM TeMIepa-
Typul F, Bo3zpacraer, tak 4ro /1, takxke pacrer (¢ur. 10.2).
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Fn. 10. CeepxnposoanmocTs

Paccmarpubas sddext MeficcHepa, JlonaoH nokasas, 4TO ec/H
N —TJAOTHOCTb 3JE€KTPOHOB, M —HX Macca, —e—3apsag H E —sJexr-
pHYecKoe roJie, TO YCKODEHHe 3JEeKTPOHOB ONpenesseTcss ypaBHe-
HHeM

—¢eE =mx
H NJOTHOCTh TOKa—YypaBHEHHEM
— nex =j.

B MarHHTHOM noJe ¢ BeKTOpOM-TloTeHuHaJoM A (B cuCTeMme
eaunun CI'C)
1 0A

E=——r

H CKOpPOCTh H3MEHEHHS IIJIOTHOCTH TOKa paBHAa

dj oA
= Ay
CJenoBareJbHO,
—A(A—A) =],

rje A = ne’/mc—nocTosinHas BeanyuHa. [locTosinnas A, He 3aBHCHT
OT BpeMeHH, HO MOXKEeT SaBHCEeTh OT KOOpPAHHAT. JTa MOCTOAHHAs
onpeje/sercss H3 YCJOBHH, 4TO B CBepXNpoBojsmell 06/acTH He
MOTYT CYLIeCTBOBATh MarHUTHbIE noJs (3¢dekt MeficcHepa).

T OUT. 10.2.

Hopmamssice
MemaJin

3aBHCHMOCTD
7 KPHTHYECKOro
Hg HOJIL OT TEMIOEepatTyphl.

Jlonzon TpeasoKH BHGPATh MOCTOSHHYIO A, PaBHOH HYJIO 175
CBEPXNMPOBOAHHKOB. Torja rpaHHYHble YCJAOBHS GYAYT COCTOSITDH
B TOM, YTO Ha NOBeDXHOCTH CBEPXNPOBOAHHKA j | =0 H, cJienoBa-
TesbHO, A | =0. 3TH yCcJOBHA YIOBJETBOPSIOTCS MNPH COOTBETCT-
BYyloleM BEIGOpe KaMMGPOBKH, Ha3bIBaeMOH NonepeyHo KaJHOpOBKOil.

Takum o6pasoM, MBI NPUXOIHM K BBIBOAY, YTO

j=— AA. (10.2)
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§ 1. DxcnepumeHTansHbie pesynbTatel W Nepsbie Teopuu

Ypasnenue (10.2) Hecko/JbKO MeHsieT yTBepkjieHHe 00 OTCYTCT-
BHJ MarHMTHOTO NOJS B cBepxnpoBogHHKe. CorjacHo YpaBHEHHIO

VA= — 2 2 pp, (10.3)

MarHHTHOe II0Jie He MOXeT MeHATbCSl CKAaykKOM J0 HyJas NpH nepe-
Xode B cBepXxnpopoaamyio ofnacTb. B oaHOMepHOM caydae, Ha-

npumep, .
A~ exp <j: 4—29 x) )

TA€ 3HaK B 3KCHoHeHTe Bpiupaercss TakuM o6pasoM, uToOH 3Haye-
Hue A yMeHbUIaJoCh IO Mepe MNPOHHKHOBEHHSA Bra1y6b obpasua.

MaruuTHOe noJe NPOHHKaeT Ha ray6uny nopsitka 700 A (~ 1 c/dnA).
CyuecTBoBaHue KOHeYHOH [ryOHHBI NDOHMKHOBEHHSI MOXKHO ycTa-
HOBHTh 3KCNEpPHMEHTAJbHO, U3Mepss [UaMaTHUTHYIO BOCIPHHMYH-
BOCTb MaJieHbKHX IUAPHKOB H3 CBEPXNPOBOASIIEr0 MaTepHaja HJIH
HCCJIenys TOHKME NAeHKH.

BrillenpuBeieHHasl TEOPHSA INOKa3blBaeT, KakKHM 006pa3oM IOSAB-
Jsercs BeJHYHHa A, W mnosposisieT ee oueHuth. OnHAKO caenyer
HanoMHHThb, YTO 3JIEKTPOHBl B MeTasljle He SIBJSIOTCH CBOGONHBIMU,
Tak 4To A He ecTb mpocrto ne*/mc. Teopus Jyume corjacyercs
C 9SKCIePHMEHTOM, ecaH BHOpaTh j=— AA’, rie A’ 3HaueHHe A,
ycpeaHeHHOe [0 NPOCTPAHCTBEHHBIM KOOPAMHATaM € MOAXOAALLef
BecoBo# GyHkuueli. Hanpumep, B ofHOMEpHOM ciydae ycpelHEeHUe
MOXeT ObiTh BLIMOJHEHO CJefylomum ofpasom:

A =C S A(y)e- 1 =-v\idy,

rae C-—mocTosiHHAS HOPMUPOBKH. s ,KecTKUX“ CBEpXNPOBOAHH-
KOB, HJIH cBepxnpoBoguukoB II pona, BeanuyHHa § MHOTO MeHblie
ray6GHHE NpOHHKHOBeHHA. s ,MATKHX“ CBEDXIPOBOLHHKOB, HJH
cBepXxnpoBoiHHKOB I poxa, § umeer Goabuwyio Beawunny. Ilpumecu
J1€/1310T CBEPXIPOBOAHHK GoJlee XeCTKHUM.

Hasiee B cBoeli TeopuH JIOHZOH paccMaTpHBaeT KBaHTOBOMEXa-
HHYeCKOe BhIpaXKeHHe JJs 3JEeKTPHYECKOr0 TOKa, KOTOPHIH pabBen
YMHOXXEHHOH Ha 3apsifi — e NJIOTHOCTH TOTOKAa BEPOSTHOCTH:

= 2 [ To—(79) "],

B MarHHTHOM II0JlI€é OMNEpaTop HMIIYJbCa CTAHOBUTCA DPaBHbLIM
p+(e/c)A, TaKk 4TO TOK B 3TOM C/Jydae OIIHCHIBA€TCS yPaBHEHHEM

(e e (e e )] o)

fe o L AL,
— g (W VO — (V) * ] — 2 b (10.4)

mce

I
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n. 10. CesepxnposogumocTs

IMpu A =0 noaydaem

. h N

y= _ﬁ [\po V‘Po—(V‘Po)“Po] =0.
Ecan A=40, To BoaHOBaA (QyHKUHA P, npeobpasyerca B Y. Ecuu
x)e PP, To u3 ypaBueHus (10.4) cmenyer [cm. (10.2)]

. 2A 2
j=—Syp=—""A=—AA

Mb!l BHAHM, YTO ec/J¥ BOJHOBas (DYHKUHMSA ABJASETCS ,KECTKOH“ (T. e.
ec/ii OHa He MeHsleTcsl NPH BKJoYeHHun A), To ypaBHeHHue (10.4)
cBoauTca K ypaBHeHuio (10.2). Uem 310 oObsicHseTCA?

CorJslacHO TeOpHH BO3MYINEHHH, HMeeM

_ | Hyoaw |0>
b= 2 S,

raie E,—3Heprus OCHOBHOTO CcOCTOSIHHA M E,—»3Heprus Bo3Gyx-
JACHHOTO CcOCTOSIHUA. EC/au MexAy 3Hepruefi OCHOBHOTO COCTOSIHHS
W 3HeprHeH nepBoro BO30YXKIEHHOTO YDPOBHS HMEETCS 3IHepreTHue-
cKasl 1ieab, TO pa3HocTb E,—E, Beauka u Yy = J,.

4 OUr. 10.3.
3= 32BHCHMOCTbL BEJHYHHBL
Ve T wesn A or Temmeparypsl.

[Mpeanosoxenue o CyilieCTBOBAHHH 3HEPTETHUECKOH INENH MOKET
GOBACHUTL U aHOMaJ/ibHOE IoBeleHHe TenjoemkocTH. M3-3a Hamu-
ugs WeAd SHEPrdsi yXke He 3aBHCHT OT TeMmepatypbl Kak 77,
a XapakTepHu3yeTcsl 3aBHCHUMOCTbIO BuAa e~4/*T rpe A-—Beauunua
meau. DBoJee HenocpeacTBeHHOe MNOATBEPAJAEHHE CYLIECTBOBAHHA
M€ MOXKHO TOJYYUTH € TOMOIBIO SKCIIEPHMEHTOB [10 NOTJOUICHHIO
MHKPOBOJJHOBOrO H3JIy4eHHs. DHeprusi, HeoOXojuMas JJs CO3j4a-
HHS TakuX BO30YXKIEHUH B CBEPXIPOBOJHHKE, KOTODLIE MOTYT
[PEOJONETH LIEJb, MOXKET ObITh Jaxe N3MepeHa Kak QyHKIUA TeMmrie-
parypst. Ilpn sToM oOKasbiBaercs, 4To A yMeHBHIAeTCS € POCTOM
teMnepatypn (¢ur. 10.3).

[Torpe6oBasock MOYTH MATHLAECHAT JeT AJs TOro, 4ToOkl mpobaeMy
CBEPXIIPOBOJUMOCTH Y/ajJ0Ch CBECTH K OOGBACHEHHIO [OSBJCHUS
sHepreTHueckofl meqad. B mocaenywoumux naparpadax mbl 00bACHHM
BO3HUKHOBeHMe MIeJiM Ha OCHOBe Teopud Dapauma, Kymepa n
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§ 2. Buibop rammnbToHMaHa

Upuggepa. Tlo cymecTBy 3ra TeopHsi He BBI3LIBAET COMHEHMIl, HO
MHE Ka)keTcs, 4TO ee MOXKHO NpEICTaBHThL B eile 6oJiee CTPOroM
BiLle. B HacTosimee BpeMa B TeopuM HMeETCS HECKOJBKO HE COBCEM
ACHBIX MECT, HYKJAIOWUXCHA B VTOYHEHHH Y.

§ 2

Buibop ramunbroHnaHa

Jueprernyeckas meab A ~ kT, ~ 1073 3B maaa, Ho ona ofyc-
JIOBJIMBAET 3aMETHBIH KaueCTBEeHHbIA spdekT. Cies0BaTebHO, KYJI0-
HOBCKas KOppeJsilMOHHAst 3HEePrHs, 3HAYHTE/NbHO NPEBHILAMNIASN
BEJHUIIHY e/, He MOXKeT ObiThb NPHYHHON CBePXNPOBOAHMOCTIH,
¥ {I03TOMY €e MOXKHO He YUHTHIBATE.

Ecan 370 paccymieHHe O POJIM KYJAOHOBCKOTO B3aHMOJEHCTRHS
NOKarkercss CTPAaHHbIM, TO HANOMHHM, YTO MBI HE [BITAEMCH O6D-
AICHHTB ¥ NpeJjcKasaTh Bce cBolicTBA TBepioro Tega. Ml
JHWIL TILITAEMCSl NOHATH sABJIEHHE CBepXMpoBoaHMOCTH. I[lostomy,
€CJid Mbl 3HaeM, YTO KaKOH-TO 3thdeKT cBs3aH ¢ 6OMABIION 3Heprued,
TO 3TOT 3(QxpeKT HE MOXKeT ObIThb NMPHUHHOH MOSIBIEHUS CBEPXIIPOBO-
anMoctii. To4Ho Tak ke, MOCKOJMbKY HaM H3BECTHO, YTO 3HEpTHs
CBEPXTPOBOJSAILETO NIEPEX0OAd MaJja, TO Ha OCHOBAHHHU 3TOT0 MOAHO
npejickasaTb, 4YTO CBEPXINPOBOAMMOCTb He OYJeT CJAMIIKOM BJHATEH
Ha onpeje/eHHble ABEHHA (HanpuMep, aHHATHJASANMIO map ete~).

Ecan n3MeHHTb H30TONMUUECKHH cOCTaB MarepHaJja CBepXIpOBOi-
HUKa, TO KpHTHYeCKas TeMInepatypa uaMenurca. CHOHH-CNHHCBOE
H CNUH-OPOMTA/IbHOE B3aHMOJEHCTBHSI HE MEHSIIOTCH NMPH H3MEHEHHH
H30TONHYECKOTO COCTaBa, U MOSTOMY HMH TOXE MOXKHO [peHe6peyn.

CkopocTh e 3ByKa, OUYEBH/JHO, 3aBHCHT OT M4cChl aTOMOB
cBepxnpoBojHnka. [losromMy mnpexacTaBafercs pasyMHBIM MNpenno-
JOXHThL, 4TO CBEPXNPOBOIUMOCTb HMEET KaKoe-TO OTHOILeHHe
K B3aUMOJEHCTBHIO 3JE€KTPOHOB M (oHOHOB. Hcxonst u3 ckasanuoro,
pPaccMOTPHUM TaMHJBTOHHAH CJEIYIOLIErO THINA:

+ + . \ +
H :;EKaKaK +§mKCKcK _'_KZ&' Mk Cx —gax-ax +
+ 2 Mg Ci_xawax:,  (10.5)
KK
rje ax—ONepaTop POXIAEHHS 3JeKTPoHA H Cx—OMeparop posie-

HHA (POHOHA, €k—3HEprusi CBOOOAHOTO 3JEKTPOHA C UMIyJabcoMm K
H ok —3Heprus csoboanoro douona (A =1). SHeprus 3JeKTPOHOB

D B cBoeit nepponaqanbHONR GOPMYJILPOBKE TEOPHS CBEPXNPOBOAHMOCTH HMeJa.
HeACHBIE MECTa, HANDHMep, CBS3aHHbBIE C HAPYIIEHHeM I'DalHEHTHON HHBAPHAHT-
HocTH (cM. ofcyieHHe B c6GopHuke [4]). B macrosmee BpeMsl B 3THX BONpocax.
JOCTUTHYTa sAcHOCTh (eM. [B—9)).— Tpum. ped.
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n. 10. CeepxnpoBoauMOCTs

H3MepseTcs OTHOCHUTEJNbHO NMoBepXHOcTH PepMH, a ABIDKH paccMmar-
pHBAIOTCA KaK 3/1eKTPOHBl C OTpHIaTeJbHOH 3Hepruedt e. Ilocaen-
Hiue 1Ba yJjeHa B (10.5) omuchiBaloT B3auMojeHdcTBHE MEKAY 3JCKT-
poHami H (oHOHamH. OOGBIYHO CYHTAIOT, YTO 3TO B3aHMOJEHCTBUE
00yCJIOBJHBAeT CONPOTHBJICHHE MeTasnsa. BricoKoe COIIPOTHBJEHHE
OpH KOMHATHBIX TEMIIEpPaTypaX YKashlBaer, 4TO B3aHMOJEHCTBHE

Z

OUr'. 10.4. OUT. 10.5.
Tpouecc, NpHBOAAMmMHUA K OOJNBIIOMY INponecc, namensiomuit csokicTna
H3MEHEHHIO SHePrHH 3JIEKTPOHaA. ¢oHoHa.

Mgy~ BEJHKO, a 3TO B CBOIO ouepelb YKas3biBaeT Ha OCOOYIO Npel-
pacnoJ/IOKEeHHOCTb MaTepHasa K [OsIBJEHHIO CBEPXIPOBOJHMOCTH.

CylecTByeT MHOI'O INPOLECCOB, KOTOPHE NPHBOAAT K GOJBLIHM
H3MEHEeHHSM 3HEPTHH, HO OHH JOBOJLHO HPOCTH H HHKaK HE CBs-
3aHBl ¢ BO3HHKHOBEHHeM cBepxmpoBosumoct#. Hanpumep, npouece,
nokasandnfl Ha ¢ur. 10.4, H3MeHAET 3HEPTHIO 3JEKTPOHA Ha BeJH-
YHHYy, MPEBBILAIOLIYIO Pa3Mep LIeJH, HO He MPHBOAHUT K MOSBJIEHHIO
uend. Juarpamma Ha ¢ur. 10.5 nsoOpaxkaer mpouecc, KOTOpBIH

OUlr. 10.6.
IByxaekTpoHHbIf
npouecc.

TaKKe TOJbKO MeHfeT sHepruio (OHOHA, HO HE NPHBOAHT K CBEpX-
nposoauMocTd. OueBHAHO, 4YTO CBEPXNPOBOAHMOCTb HOJIXKHA OHITb
ofycaoB/jeHa B3aHMOJeHCTBHEM, B KOTOPOM Y4acTByeT O0oJblie
OJHOTO 39JIEKTPOHa uJu oaHoro ¢onoHa. CienoBatenbHO, Heo6XO-
JQMMO paccMOTpPeTh OuarpaMMbl THMa INokasaHHo#H Ha dur. 10.6.
dusuyeckd 3Ta jguarpaMma OMHUCBIBaeT npouecc Jedopmaiiiu pe-
LeTKy IoJ JAeHCTBMEM OJHOTO H3 3JEKTPOHOB; 3Ta Jedopmanus
B CBOIO Ouepeflb OKashiBaeT BJHAHHE Ha JPYrod sJjekTpoH. Ha-
npumMep, Ha ¢ur. 10.7 nokasaHo, Kak JBa JeKTPOHA C HMIIY/b-
camu K, u K, B3aumogefictByior depe3 (QOHOH u pasJerawrcH,
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§ 2. Buibop rammneroHMaHa

umea umnyjaechl K; n K;. Hx HMOYyJ/JbChl MOAYHHSIOTCA COOTHO-

HIeHHAM:
K:—K,=4Q, K,—K;=Q.
HavaabHasi 9HepPrus 3/eKTPOHOB paBHA E,q=e€g, -} €k,, a BUPTY-
QUr. 10.7.
Esupm

\ Ipouece, upy KoTOpOM
OJHH 3JICKTPOH BLISbiBaeT
K, AepopManHio PeleTKH,
(€nz) BIARSIOLYI0 Ha Apyroil
S/IEKTPOH.

a/lbHas 3Heprvss B NPOMEXYTOYHOM COCTOAHHH DaBHa

E =8K1+8K2+ﬁ(ﬂq.

BHDPT
DHeprus BO3MYIIEHHS, 00yCJOBJEHHas mponeccoM Ha ¢ur. 10.7,
paBna
1 L3
Vi=M ,+—— Mx'x =
' KK, Enan— Epupr KKy
I *
=M ’ MK’K . (106)
KoK ey + eK’)~(sK"+ng+th) ™
Ha o¢ur. 10.8 nokasan apyroil npouecc nogoGHoro xe BHAa. DHep-
rusi BO3MYUIEHHsS JJIs 3TOro Ipolecca pasHA

1 N
V. =M , M .
2 KKy (ex, — £x,) — (8, + eK;—l—vﬁwQ) KK,

. (10.7)

Ilpy BLIUHC/JAeHHHM IHEPTHH BO3MYLIEHHS CJENyeT yuecTb, 4TO B Ha-
YaJbHOM H KOHEYHOM COCTOAHMAX 3JIEKTPOHBI 00/1aa10T OXHOH H
TOH K€ 3HeprHel:

8K1+8K2:8K{+3K; Wiy e, —&,

K, o= T B )

2
[Monnasi sueprus Bosmyuleuuss pasHa cymme V... . . Hac
172 2

HHTEPECYIOT B OCHOBHOM 3/IGKTPOHBE! BOJIH3H loBepxHocTH OPepmu,
MO3TOMY MBI MOXKEM CUHTATh BCE € npnéﬂmKeHHo paBusiMu. Torza

Vs sk, & (M M + My My, ) - (10.8)
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In. 10. CsepxnposogumocTs

Ecru Bce M npubauKeHHO paBHBI ApPYr IAPYrYy, TO 3HEPTHs BO3-
MYyIIEHUs OTPHUATENbHA; CJeJ0BaTe1bHO, 3JIeKTPOHH BOIU3H MTOBepX-
HoctH @epMH NPUTATHBAIOTCA APYT K JADPYTY.

QUM 10.8.

113
i

Hpyrefl ABYX3JeKTpOMMbL
MPOLEeCC, aHAJIOr HYHBIT
n3obpaxennHomy Ha dur. 10.7.

B Merajgiax mnoeepxHocTh PepMH HMeET KOHEUHYIO KDHBH3HY.
Ecau npeneGpeus KpHBH3HOM moBepxHOCTH DepMil, TO MOKKHO HaHTH
TOYHOE peweHue AJsi ramusabToHnasa. OJHAKO INPH 3TOM Mbi HE
n0/J1y4nM cBepXxmpoBogsiuero cocrosinna. CreloBareibHo, KoHedHasn
KpHBH3Ha moBepxHocTH @epMH HIpaeT BaxHYIO PoJab NpH o0bsic-
HeHHMH CBEPXIIPOBOJUMOCTH.

DHeprusa KYJOHOBCKOTO B3aHMOAEHCTBUS MEXIY 3JIEKTPOlaMu
paBHa

Vo, — Ane” : (10.9)

27 T, = K [P (eonst)?

oHa Bcerja MOJOXKHTENbHA, T. €. B3alMojelicTBHe ABJASETCA OTTaJl-
kupatomim. [locroannan (const)® BO3HHKAeT NpH yyeTe 3KPaHHPO-
BaHus. UToGH B [e/J0M B3aHMOJAeCTBHE MEXKAY JCKTPOHAMH HOCH.IO0
XapakrTep MPUTSKEHHUS, JOJ/KHO BBINOJHITHCH YCJIO0BHE!

V4V <0

Buipaxenns (10.8) u (10.9) noxaseiBaroT, 4TO TpH ek, R By s AaA

BO3HHUKHOBEHHSI TPUTSKEHHs Haubogee 6JaronpHATHB  60JbiIie
suauenus |K,—K;|; cM., Hampumep, cJ/ayyaii, NOKasaHHbI# Ha
dur. 10.9.

V. — K} PUT. 10.9.

Cayuait 6oablinx
X, K snavenut | Ky —K{|.

YuuThiBasi Bce BhIHIeCKa3aHHOE, Mbl MOXEM 3allHcaTb 'aMHJ/bLTO-
HHAH TOJBKO AJA OJHHX 3JECKTPOHOB. Poab q)OHOHOB CBOJUTCH K
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§ 3. Mone3nas Teopema

H3MEHEHHIO 3HEPTHH 3JEKTPOHOB €k H H3MEHEHHIO B3aHMOAEHCTBHSA
MEeXKIy 3/JeKTPOHAMH, TaK YTO IIPH HEKOTOPbIX ONpeJesIeHHBIX YCJO-
BHSIX B3aMMOJeHCTBHE HOCHT XapaxTep NpuTsxKeHus. Mel Oygem pa6o-
TaTh C TaMHJIBTOHHAHOM

H= ZeKaKaK—[— 2, Vl\K KKaK/a ;0K (10.10)
KIK[; KK,

Hawa 3azasa cocTouT B TOM, YTOOGB! BHISICHHThH, KaK FaMHJAbTOHUAH
(10.10) MoxeT NpUBECTH K OCHOBHOMY COCTOSIHWIO ¢ 0cO60C HH3KOH

Hepruef.

MonesHas Teopema
PaccmoTpuM ramuabTOHHAH
H=H,+U.

CoGcrBennble 3nayeHHs M COOGCTBEHHbIE COCTOSIHHA H, 0603HauMM
uepes E£; u ¢;. BpeaeMm Tak:ke MaTpUYHBLIHA 3/eMeHT

Ul’j = ((P,', U(pj)‘

Ecau Bece E; u Bce U;; 61M3KH APYT K JPYTY, TO BO3MOXKHO 3Ha-
4HTeJbHOE MOHHIKEHHE aHepmn cuctembl. TloxaxkeMm 370 caeayiouiim
o6pasoM. Brifepem npo6Hyi0 BOJIHOBYIO (YHKIIHIO

V=2 a,¢;
4
H BBIUHCJIHM CPEAHIOI 3HEPrHIO sl 5TOrO COCTOSIHHSA:
E=D2E;|a;|*+2U,afa;
14 ]
YuuTbiBasi cleJaHHble NPeINoNoxKeHHss, GYIeM CYMTaTh
E;~E, U;=-—V.

KosdpuineHTEl @; HOPMHPOBAHBI CJAEAYIOUHM 06pasoM:

2 [a; l =1

7
CJjejoBarebHo,

E=E,—V Xaja;. (10.11)
L

[Mpeano/ioxKuM, YTO MMEETCS M COCTOSAHUHA, 06MaNalOMHX HYKHbIMH
itaM csoficTBaMi. KakoB Hauayymui Bb160p Koacp<pnunemos a;,
KOTOPBIl NIPHBOJAUT K MHHHMAJLHOMY 3HAUCHHIO YHEPTUH § (10.11)?
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In. 10. CsepxnpoBoaMMOCTE

dro TpeGoBaHMe BHIIOJHSAETCA IPH CaexyiomeM Bhibope V.

1
a,-—'_‘—-]/‘—‘_'ﬁ;
Torpa sueprus (10.11) craHoBHTCA paBHO#
E=E,—mV.

CaegoBareabno, ecad V >0 uau U;; <0, T0 HHTEHCHBHOCTb B3aH-
MOJeHCTBHSI, MPHBOASIIETO K MOHUXKEHHIO 3HEPrHH, yBe/JHYHBAeTCH

B m pas.
§ 4
OcHoBHOE COCTOSIHUE
CBEPXNPOBOAHUKA

YuuTeBas A0OKA3aHHYIO BbIlle TeopeMy, NPHCTYIHM K OTBHICKa-
HHIO TAKOH COBOKYIHOCTH QYHKUHH ¢;, AJA KOTOPBIX MAaTpHYHbLE
s1eMeHThl U;; 6biy Gbl MOYTH pPaBHBI M OTPHUATE/BHBI H SHEPTHH
E; 6pl1 Obl T0YTH OJHUHAKOBHI.

BosiHoBas ¢yHKIHS B R-TPOCTPAHCTBE ONpEAeNseTcss KOHPHIY-
panueil 3aHATHIX H CBOGOAHBIX cocrosnud. Has U;; paccMoTpum
MATPUYHBIH 3JeMeHT

kg, kg, ..., ki, k3|V ks, kg, ..., ki, KD,
rie
V = , 2 aiiai;aklakg.

K kp: ik,
Mo>XHO TNPeRNONOKHTb, YTO CYMMHPOBaHHE 3[€Ch MONYHHACTCH He-
KOTOPBIM OTpaHHuYeHHsiM, cKaxeM k{>k; u k, > k,. Hanomuuwm,
YTO G Ok, = — i, 0k, H a‘;;a:;——— —a:’(;a;;. Cunraercsi, 4T0 ABa CO-
CTOSIHMA pa3/uuaoTcs JHlb HHAekcamH ki, k; m k,, k,. IIpu stom
MaTpPHYHBIA 3JEMEHT HMeeT BH]

Chay ko oo Ko K3 |V Ko, Kpy ooy Ky k> =V o
(10.12)

3HaK NJIOC HJIH MHHYC Ofpejessercsl MNOPSAKOM paclo/oXeHHs
cocTosiHuil k; MpaBHJIO HAXOXKIEHHS 3HAKa JeErko MOJNy4YHuTh, [OJb-

1 ﬂﬂﬂ JAOK&3aTeqbCTBa cﬂenyeT BOCIIOJIb30BAThCHd HepaBeHCTBOM U.IBapua
* 2
Daig=|Dl-a;|*< P12 Yl gl*=m,
i i { i

KOTODOE CTAHOBHTCS paBEHCTBOM, €CJH BCe &; PaBHHl (M MOLYT ObiTb BHGPaHK
DEHCTBHTEJLHBIME ).
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§ 4. OcHoBHOe cOCTOsiHME CBEepPXNPOBOAHMKA

3yscb (epMH-CTATHCTHKOH. 3DTOT 3HAK OMNpeJe/IsieTCsl BHIPAXKEHHeM
(—DN+N", rpe N —uucao cocrosuii Mexay k, u k, B QyHKuuH,
ONHCHBaIEN Havya/bHYl KoHpHrypauuw, u N’'—uucno cocros-
unit Mexay k; u k; B QyHKIHH, OnHCbIBaioliedl KOHEUHYIO KOHHU-
rypauuio. Hanpuwmep,

ka, ki kg, ka|V[ky, ko, kg k> = (—10**V 0
bapauny, Kynepy u Ulpuddepy yaasoch mnokasarb, uto mpu
OnpejesieHHOM BHIOOpPE COBOKYITHOCTH 3THX KOHOUTYpauuii Bce Mart-
PHYHBIE 3JEMEHTHI Vk;k/, Kk, B (10.12) MoxHO chenaTb neHCTBH-
2 2

TEJbHBIMH H OTpHILATEJNBHBIMH, & 3HAK Mepej MaTpHYHbIM 3JIEMEH-
TOM—Bcerja I0J0xHTeJbHbEIM. Hpues ux METOAa COCTOHT B TOM,

Kk Kk, Kk Ky k| K|

®MI'. 10.10.
k-coctosinus, pacroJiomenHble TakuM o6pasoM, 4To
BCe cHapeHHble COCTOSAHHS HAXOISITCS PSAOM Jpyr
c JApyrom.

YTO COCTOSHMsI B k-poCTpaHCTBe Bcerja BeIGHpaloTCs Mapamu. dto
O3Ha4aerT, YTo B BHIOpanHo# nape cocTosiHUl Kk, # Kk, 60 06a 3anaTsr,
Ju60 06a cBOGOAHEI, TOrZAa KaK KOH(HIypalHH, B KOTODBEIX OAHO
H3 HHX 3aHATO, a Apyroe cBoGOAHO, 3anpeiieHbl. ECJAH Hag0XUTb
5TO OTpaHHUeHMe Ha Bce KOH(UTYpPAIHH, TO MOXKHO N0Kas3aTb, Uio
sHak B (10.12) Bcerma GyneT moJoxkutenbHbM. IIpeanooxkum, uto
Bce K-COCTOSHHS PACTOJIOKEHBI B TAKOM MOPSJKE, YTO CHAPEHHbIe
COCTOSIHHA HaxoAATCA PALOM APYr € JAPYLOM, KaK NOKAa3aHo Ha
¢ur. 10.10. Tlocko/bKy 3HaK OnpefessieTcst BHpaKeHueM (—1)N+V’
W N=N"=0, HaxoAHM, YTO 3HAK BCErJa MOJOMKUTEJICH.

Yro6el MaTpHUHBIA 2/1€MEHT Vk{ K kok, HE ofpawaJcst B HYy.Ib,

IIPUMEM, YTO J/Is1 KaxKJAOH Maphl JOJKHO BBIMIOJHSTBLCS yCJAOBHE
1 +ks=k, 4k, =p =const.
DTOT NOCTOSHHBIA MMIYAbLC P MOxeT GbiTh BHLIOPAH PABHBIM TPOH3-

BOJIbHOMY BEKTOPY, HO JAJIf OCHOBHOI'O COCTOSIHHSI MBI IOJIOMKHM
€r0 paBHBIM HYJIO:

p=0.

Taxum oGpasom, Mbpl paccmMaTpuBaeM naphbl, AJs KOTOPBIX
k,=—Kk,



Fn. 10. CeepxnpoBognumocTe

(Gur. 10.11). Uro MOXKHO cKa3aTb OTHOCHTE/JbHO CHHHOB 4acTHH?
ITpu BHIYMCJEHHH NOTEHIHA/Ja B3aHMOAEHCTBHS Mbl YUJH AHarpam-
Mbl, MoKasanHoie Ha ¢ur. 10.12, @, ¥ omycrusaM AHarpamMsl THNa
¢ur. 10.12, 6, naioumye cOOTBETCTEEHHO BKJajJ CO 3HAKOM IJIIOC H
muEyc. CO 3HAKOM IIIOC BXOAAT COCTOSIHHA, CHMMETPHUHBIE IO
KOOpAMHATAM, T. €. COCTOSIHHSI, aHTHCHMMETPHUHBIE [0 CIIHHY.
YUro6el cjeqaTh NOTEHIHAJ OTPHLATEJbHBIM H HAacTOJbKO 80.bUIEM

OUr. 10.11.

[Mapn B k-mpoctpaiicTse.

no abcoJIOTHOH BeJUYHMHe, HACKOJBKO 3TO MOXKHO, BblOepeM aHTH-
CUMMETPUUYHbIE CIIHHOBBIE COCTOSIHHA, T. €. COCTOSIHHS € IOJHBIM
cniHoM, paBHBIM Hy.T0. Takum o6pa3oM, Mbl BEIOHpaeM

G,=—0,.
Yro6bl yNPoCTHTD 3aliick, Gyjaem o603HayaTbh B 3TOM maparpade
napy (kt; —k|) oauum unzexcom k. PaccmorpuM Bce napul B
k-ripocTpaHcTBE M PACHOJOKHM HX B ONPEIENEHHOM MOpSAAKE:
k,, ki, ki,

Jliobas napa k; 1u6o 3ausara, J1u6o cBobonHa.

QUI'. 10.12.

CocTogHus, YUHTBIB4EMbIC
H HEYYHUTBIBaeMbi€ NpH
74 ﬁ BBIUYHCJECHHH HNOTEHLHaJda.

Beenem omnpepenenue:
| 9« (0)>—BosnoBast pynkuua A1s coctrosHuil kt n —Kk|, Koropbie
o6a cBoGoanbl; | @k (1)>—BosHOBass (yHKUMA Aas COCTOAHHE ki u
—Kk|}, KoTOpHIE 06a 32HATHI.

Torna BosiHOBasi GyHKIHs, KOTOPYIO MOXKHO BHIOparb B KayecTse
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§ 4. OcHoBHOE COCTOSIHME CEEPXMPOBOAHMKAE

npoGHOH (QYHKIHH OCHOBHOTO COCTOSHHSI, HM€eT BHJ

1> =TT 1 > (10.13)

rie
[Ve>=Ux| @x (1)> -+ Vi | 9 (0)>
u

U]+ Vi]*=1.

Hacrosiiiee ocHOBHOe COCTOsIHIIE SABJAETCH HEKOTOpPOH JHHEHHOMN
xomGunanueil cocrosinufl Buaa (10.13), HO MBI chesnaem ynpomjaio-
uee NpeanoJIOKeHue, a MMeHHO OyJeM CUHTaTh, YTO MPH COOTBET-
creytouieM Beibope Uy u Vi dyuruua (10.13) onuceiBaeT ocHOBHOe
cocrofinne. BuiGopom a3 {@u (1)> u | ¢k (0)> MomHOo crenats Uy u
Vi nefictButensnbiMi. [lepBasi Halla 3ajaya COCTOHT B OTBHICKAHHH
HEPTUM OCHOBHOTO COCTOAHHA MNyTeM BapbupoBaHus Uyx u Vi=

— |/ 1—U}. 3ateMm Ml ONpefesHM 3HEPTHIO BO3OYKICHHBIX CO-

CTOsIHHII, KOTOpasl, Kak OyJeT NOKa3aHo, OT/JAHYAeTCsl Ha KOHeuHyio

MaKPOCKOMUYECKYIO BeJHUMHY OT SHEPTHH OCHOBHOTO COCTOSHHUA,
DHepris npoOHOrO OCHOBHOI'O COCTOSHMS paBHA

E=Qp > =
= %: <P epagag+eala [ $>+ kzk Vier < aftatoman | $,
(10.14)

rie BCe CYMMHI GepyTCsi TOJBLKO 110 TOJYNPOCTPAHCTBY HMIV/bLCOB
u rae Viek = Vi, -k &, -k. Clle10BaTeIbHO,

E= ; e <Py | Ay -+ atya_y [ P> +

+ 2V iew e | i e [ 9 [ >
Bsegem
sk = <P | akay -+ atpay [ hi>
u (10.15)
e =< | afaty o
Torpa sHeprusi 3anuileTcst B Bije

E :kZSksk - kzk Vindwtt. (10.16)
Ecau )
[V> = Ui [ @i (1)> 4 Vi | @4 (0)>,
TO

SkZQU?(, tszka:l‘;,
E= ; 2¢, U3 T%,( ViU iVieU V. (10.17)
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I'n. 10. CeepxnposoanmocTtb

151 HEBO3MYIIEHHOTO COCTOSIHHSI HMeeM
Ug=1  ans k<kr,
Ug=0 ans k> kp.
Hauayuwuii Boibop BOJHOBOH (YHKUHH OCHOBHOIO COCTOAHHSA J0O-
cTHraercsi NMpu MHHUMH3auuu BblpaxKeHus (10.17) no oTHolueHuio
K Uy, Tak Kax Vy sapjasiorcsd oyHkuuamu Uy, [Ipd MHHHMH3ALHH
HeT HeOOXOJHMOCTH B SBHOM BHJE (HKCHPOBATH IIOJHOE YUCJIO
37eKTpoHOB. Bapeupysa Uy u V), Mbl BApbHpPYEM H UYHCJO 3JEKTPO-
HoB. Ecsn BefpaTh nNoAxoasuiuM o06pa3oM Hayaslo OTcyeTa sHep-
THH €, TO MOCJe MHHUMH3aUUH IIOJHOH 3SHEPrHH MBI TNIpHIEM K
NPAaBUNBHOH TNJIOTHOCTM uHCJIa 3JeKTPOHOB. Bntbepem Hauaso
oTcueTa 3HePTHH Ha noBepxHocTH Pepmu, Tak uTOOL €7 =0,

$ 5
OcHoBHoOe cocTosiHWe
CBEPXNPOBOAHUKA
(npopomxeHue)

Crnexys Haumeil mporpamme, nepe#jeM K MHHHMH3ALHH 5HEPTHH
(10.17) no ornowenuio X U,. B pesyabrate npuxoauMm K ciaenyio-
meil cucreMe ypaBHEHHH:

2
4skUk+2§k:ka,Uk,Vk, <Vk—‘—(,j—“>=0. (10.18)
, "

HOCKOJIbe kar—lleﬁCTBHTevﬂbeIe OTpHUATeJIbHbIE YHCJI4, Mbl MO-
Ke€M BBECTH OIIpelejieHHe

Ak:_gvkk'Uk’Vk' >0 (10.19)
u sanucaTh ypasHeHus (10.18) B Buze
96U, = A, ~=2Uk | (10.20)
Vi—ui
BBe}.IeM B€JJHYHHY X C IIOMOMLIbIO DaBE€HCTBa
Ut = (14x), (10.21)
TaK 4ToO
1 —Ui=+(1—x)
H (10.22)

1 —2U% =—x.
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§ 5. OcHosHoe cocTosiHMe cBEPXNPOBOAHMKA (NpoAonikeHHe)

BosBoas B xBazpaTr ypaBHeHue (10.20) M noJb3ysiCb ypaBHEHHAMH
(10.21) u (10.22), nHaxozum

2
&
x’=E—?‘:, (10.23)
rae Mbl HCIIOJIb30BAaJIH ONpeje/ieHHe
Ex=Vei AL (10.24)
Bui6upasi npaBusbHeA 3HaK, u3 (10.23) Haxoaum
= x= —2k
—(1—2U0})=x= B (10.25)

Tag uro A8 g, <0 (T.e. Huxke ypoBH Pepmu) x>0 u U >V,
Kak W JoJxHO 6uTb. [logcraBuasis sTo pemenue ob6patho B (10.21),
noJydaeM

(10.26)

®yuknusa Uf onpenenser BeposiTHOCTH TOro, yro mapa k 3a-
Hsita. Bux ¢yskunn U} [eMm. (10.26)] xavecTBenHO TNOKasbIBaerT,

UE A QUT. 10.13.

1
1 Hecosmywyerroe
I~ pacnpedenerie
[

—UE 5 (10.25)

CraaxkeHnoe
pacnpege.ieHne
7 Exe Depmu.

1/}

uTo pacnpefenenne U} ABjsercs pasMasanHHbIM GepMH-pacipeje.e-
HueM. Ilpennonaras, uTo BequMuyHHA Ay Maja, HaXoJHM
t-—1 ray6oxo BHyTpy chepnt Pepmu (g, < 0)
" (10.27)
20 pnanexo BHe cdhepni Pepmu (g, > 0).
Hicxons u3 3THX TpelesibHbIX CJy4aeB, MOXKHO NpPeACTABHTL [1PH-
MepHBIll BHJ paclpejeieHusi; OHO IokasaHo Ha ¢ur. 10.13.

UTo6H 3aBepUIMTL BbIYHCJAEHHS, Mbl JOJKHBI ONPEeReaHTb Ay,
Ecan MBI cobGHpaeMcsi HCIOJb30BaTh A 3TOro ypabHenue (10.19),
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I'n. 10. CeepxnposoAUmOCTs

TO npexiae Heobxoiumo HahTtH U,V,. Tak kaxk cormacuo (10.26)

HMEEM
UV, =+ 1 ———812‘ =Kk 10.28
k" k 2 Eﬁ 2E ! ( ’ )

To ypaBHenue (10.19) MoxHo 3anucaTe B Buae

= —E Viw ———

- 2l/ak,+ AL

(10.29)

Has onpejenenna A, Heo6XOINMO peIUTb 3TO ypaBHEHHE.

Yro6el noJayduTh HEKOTOPOE IpejcTaBJeHHe O XapakTepe pe-
uteniisi, bapann, Kynep u Hlpuddep npeanonoxunyn, 4ro B3aumo-
aeficreue Vig paBHO BHeKOTOpO# nocrosuHo#t a2 k u k', nexkauinx

OUT. 10.14.

O6aacts oranunoro ot
HyJIs B3aumonedcTsus Vi,
MO TNPEANOJIOKEHHID
Bapauna, Kynepa
S u Hlpuddepa.

B c/10e hw Bpille ¥ HHXKe NoBepXHOCTH PepMH, H PABHO HYJI0 BHe
storo cJjaos (¢ur. 10.14). Ecan cnenatb 310 npepnosiokeHue, To
¢dbyaxuna A, B ypaBHeruu (10.29) craHOBHTCA NMOCTOSHHOMN, HE 3a-
Bucalell or k, U ypaBHeHHe A,5 Hee NMPHHHMAaeT BHJI

1
= V Ry —
E‘:‘H/eﬂm
[TpeoGpasya cymmy mo k B uHTerpas no e, moJayuyaem
ho
v M (e)de ~ de
b= ) l { Vet a VIM© { Vefar’

—ﬁu)

3neck M (8)—INJOTHOCTL COCTOSIHMH [I51 SHEPTHH &; BOAW3H [1O-

BepxHoctu Pepmu oHa 6auska K nocrosiHHo#t M (0). Pemas ypas-

HeHHEe OTHOCHTeJbHO A, mnojyuaem

s

TSh([VIM Q)"
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§ 6. BoabympaeHun

§ 6

Bos36yxpeHus

Tenepb MBI MOXeM HaHTH 3Hepruio BoaGyxiaenuil. Urtobn onu-
caTb BO30YXJEHHBIE COCTOAHHSI, HEOOXOAHMO NPEANOJOKHTb, UTO
napa COCTOAHMH C JAHHBIM HMIYJbCOM MOXKeT OBITh 3al0JHeHa
TOJIBKO HAloJIOBUHY. BBenem ompenesenus

Pk (2) = a9, (0), 9 (3) = aty @y (0). (10.31)

Torpa BonnoBasi ¢yukuus |¢,> Oyjaer NpeacraB/sThL coGoil Heko-
TOPYIO JIMHEHHYI0O KOMOMHALHUIO CJAeAYIOIMMX YeTHIpeX OPTOHOPMH-
POBAaHHbLIX COCTOSHHH:

19 (0)> = Usr(1) + Vi (0) — BoumoBas hyHKIHS
[P>, COOTBETCTBY- '
olasi  OCHOBHOMY
COCTOSIHHIO,

[ Wi (1)> == Vi@ (1) — Uy (0) — BOJIHOBas (yHKIUS
[be> s Bo3GyXK-
JIeHHOH Iaphl,

1 (2)> = 9 (2) — BoJIHOBasi QyHKUHA
| P> onnouactnyno- [ (10.32)
ro BO30YXJAEHHUS,
COCTOSIHHE —k|
¢BOOOJIHO,

[ (3)> = @4 (3) —BOJIHOBAs (byHKIHA
| P> OHOUACTHYHO-
ro  BO3OyXKIEeHUS,
cocrosuue k{ cBo-
6o1HO.

Ecan P, = ¢k, (2) 1 Y= U, (1) + V9, (0) npu ks=2k,, 10 3HEpP-
rust BO30yzKJeHHs, KOTOPYI Mbl OyieM o6o3HadaTh uepes E’, ompe-
nensiercst  BoipaxkeHuem (10.16). BriGepeM sHepruio  OCHOBHOro
cocroarua paBHOl E;. B stoM cayuae sg, =1 u fx, =0 u, ciaejo-
BaTeJbHO,

E,"—‘EO — 8k| ——281(1 U%(‘—gvkkl (UkaUkXVkl)——
_gvkgk (Uk,Vk,Uka)= €y, (1 —2U12<,)_2 <§ Vk;kUka) Uk,Vk,-
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In. 10. Csepxnposogumocts

3aecs Mol yuau, 4ato Vi =Vi =V, . TNoabsyscs (10.19), (10.25)
u (10.28), naxonum

' o (g By \_ eyt Bk,
E —Eoﬂsk,kfkl>—2(-—Ak,) (2Ek, Y=t B (10.33)
Ecan Yk, = ¢k, (3), To sk, =1 u f,, =0, Tak 4TO MO-mpexHemy
spinosiasiercst (10.33). Ecan Py, = Vi, @i, (1) — Uk, ¢k, (0), TO Tony-
yaeM apyryio sHepruto E”. Jlerko nokasate, urto s, =2V},
t-kx - Ukl ka H

E'—E,=2E,,. (10.34)

3amerum, uto Ei > Ay, .

[Tpeanonoxum, uto Yy, = @k, (2) U Py, = @, (2). Torna, BHHMA-
TEJbHO CJIelst 338 TeM, UTOObl He yuecTb BKJaX C Vi, HECKOJBbKO
pas, mogayuaem

E—Eo :Ek1 —{—Ekz +2Vk,k2Uk, Vk: Uk, Vk, ~ Ek, %—Ek2 R

nockobKy BeauuuHa Vi Uy Vi, UV, Aaer GeckoHeuno Maubiil
Brjaan. Takum o6pasoM, AJs 3HEPruu BO3CYKJACHHS MOJTydaem

E2—E0:Ek1+Ekz' (1035)

Ecan i, = Vi, 9k, (1) —Ux, @k, (0), TO ecTecTBEHHO paccMaTpHBaTh
3T0 BO30OYXJAeHHE KaK [Ba BO30VKIEHHS, Koraa o0a COCTOSHUSA
k, 1 —k, B03OyxKAeHHI.

Taxkum o6pasoM, MBI NPHXOJAHM K BBIBOJY, YTO BO30y/IEHHbBIE
COCTOSIHHSL OTJEJEHBl OT OCHOBHOTO COCTOSIHMA WIEJbIO H BO36Yxje-
HUA  NPE]CTaBJASIOT CO60H paspymenne nap. Ilpum sTom sHeprus
BO30VIKICHHA oONpefe/sieTcss CyMMOH 3Heprui Eyx AAd KaxAoro BO3-
Oy:KIAEHHOTO 3/JEKTPOHA B KaxXJOH Iape.

§ 7
KoHeuHble Temnepartypsl

Yro6bl onpejesiuTh 3HEPIHIO CHCTeMbl NIPH KOHEYHBIX TeMIepa-
Typax, BocnoJb3yeMcs cielytomelt Gopmy ol 14 cpesHeli 3HEPLUH:

E:E(Bepomﬂocn, COCTOSAHUA )X (3HePTHsl COCTOSHUA ().
i

Byiem onuceiBaThb COCTOsSIHHE CHCTEMbl NPOHU3BEJEHHEM [[llpkj(nj»

L [OC/IEAOBATeIbHOCTBIO 4HCeI 1y, 7y, ..., TRe n;=0, 1, 2, 3.
Ecau Py{n) npexcraBasier coGoli BepPOATHOCTb COCTOSHHS
| Pk > ==| Pk (n)>, TO BEPOATHOCTb COCTOSIHMSI BCEH CHCTEMbI ecTb
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§ 7. Koneursle Temnepatyps
IiI ij(rzj). Koneuno, EﬂPk (n)==1. Takum o6pasoM, noJyYaeM
E= 2 ) I/I Py, (n) [2 eiSk, (1) + DV, b ()t (n,,,)] =
= ;( 2 1 Pk,<n,>>;lPk, () ex s, () +

My, oo =1
(np==ny)

+12m( n

ngEng, n

2 ],LI Pk,(np) 2 Py (n) Py (n,)X
s m nl‘ "

mn

X Vi, b, (1)t ().

2 I Py)y=I1 XP (ny=]] 1=1
PR =y B =i, 7 ey
(=) g
H aHaJIOTHUYHO
2 I p (np)=1.
j==l, m 7

Ryy oo
(ry=ny, nm)

CunenoBaressHoO,
E=22 P, () ewgsi () + X 3 Pi (1) P, (0') Vi i, (m) H, ().

(10.36)

[pexnonoxuM, 4To fi ABASAETCH BEPOSTHOCTHIO TOT'O, YTO COCTONA-
nue k Bosdy:mkaeHo. Torza BeposTHOCTh TOro, YTO HAaHHAA niapa
k-cocToanuil He Bo30yiKkaeHa, paBHa

Py (0) = (1 —fi )" (10.37a)

BeposaTHOoCTL TOr'O, 4TO OZHO COCTOsIHHe (cKaxKeM, k) Bo36y:xiIeHO,
a4 JApyroe—Her, paBHa

P (2)=Px(3)=fx (1 —fx). (10.376)
BepositHocTs TOro, 4to 06a COCTOSHHSA Napel Bo3OyxAeHH, paBHa
P (1)=F]2 (10.378)
Yunrmibas (10.37), nonyuaem us (10.15)
s, (0)=2U3, t(0)y=U,V,,
s, (1)=2V¢, t,(H)=—0U,V,,

sk(2)=s¢k(3)=1, by (2) =t (3) =0.
Takum obpasom, u3 (10.36) u (10.37) naxonum

E=§k:28k[U§(1~2fk)+fk]+
+ § ViU Vie UV (1 —2f) (1—2fx).  (10.38)
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fn. 10. CeepxnpoBoAmnmocTb

3nech ™Mbl npeanoJaraeM, uto Up-+Vi=1, HO He npeanoJaraem,
yro Uy BuGpaHBl Tak, yTobnl ofecneuuTs MUHHUMYM E npu HyJeBoif
remneparype. Kak Uk, Tak ¥ fy ABISAIOTCS QYHKUHSAMU TeMIIePATy Phi.

19 JaHHOIl COBOKYNHOCTH OPTOHOPMHMDOBAHHBIX COCTOSHUH
Uy 1 fg onpenesuM COBOKYIIHOCTb BeposiTHOCTeH P; A cocTosinus [,
Toraa umeem

E=2EP,
S=—ky X P;InpP;, (10.39)

A

F(P)=E—TS,

rae kp-—nocrosiHeas bBoabumana. Ecau BeposTHOCTL P, npomop-
uvonaabHa exp (— E;/kgT), To F(P;) npeacraBiasier coGol cBoGoj-
HYyI0 3Hepruio. Jlerko nokaszaTh, 4TO €CJH MHHUMH3HpoOBaThb F (P))

OTHOCHTeNbHO P, <npy1 yCJI0BUH ZP,.=1>, T0 P; OVAeT HUMeThb
3

npaBuJbHOE 3HaueHue npu remneparype T.
[Tosib3ysick MeTONOM MHOKUTejiell JlarpaHka, HaxoJIum

OF 52
3P,
CnenoBarenbHo, P;=exp (MkgT —1)exp (— E;/kgT).

INapamerp A cielyer BeOpaTe H3 ycaoBus X P;=1; B sToM
cayyae P; uMeeT npaBU/bHOE 3HAYEHHe JJIf PABHOBECHOT'O COCTOAHUSI.

Iast cBepXNPOBOJHUKOB NPH KOHEUHBIX TeMiepaTypax MHHHUMH-
3auus F OTHOCHTeJIbHO P; 5KBHBAJIEHTHA MHHHMH3aLUH OTHOCHTEJILHO
Uk 54 fk.

[Ipexge yeM nepexoiMTh K BLIYHCJEHHSAM, 3aMETHM, YTO QYHK-
uuss F, KOTOPYIO MBl 3[€Chb paccMaTpuBaeM, OTHOCHTCS K CHCTeMe
C Heompejle/leHHBIM UYHCJOM 3JeKTPOHOB. [losToMy MHHHMH3AUHA
JOJXKHA TNPOBOAMTBCA MPH VCJAOBHH, UTO CpejHee YHCJO YacTHIL
¢dukcuposano. Hanpumep, byHkuuio P; cjeiyeT 3anHCBHIBATh B BHJE

e E, 4 kgT (InP;41)—A =0.

P(ny, n, ...), TR Ay, A, ...— 4YUCJO YACTHUL, COOTBETCTBEHHO
B cocrosHuax 1, 2, ... . B nonosHeHHe K YCJOBHIO
> P(g,n, ...)=1
fyy fgy o v

WMEEM TAaKXKe YyCJoBHE

Y (mtn,tngt. )P, n,, .. )=N,
fgy Pay o .-
rie N —o¢ukcupoBaHHoe uucJ0o. MeTox MHOxkHTesell Jlarpamxa
B 3TOM CJyuae onpejejisieT XUMHYecKull noresnuaJg (cM. ra. 1, § 6).
PaccmarpuBas ¢BepXNpPOBOAHMK, MBI He BHIIHCHBAEM B SIBHOM BHje
XHMHHYECKUH IOTeHNHAaJ, NOCKOJbKY NPAaBHJbHOE ONpeiesieHHe ero
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§ 7. KoHeuHbie Temnepatypsl
ofecrneyrBaercs COOTBETCTBYIOUIUM BbIéOpOM HayaJjia oTcYeTa
SHEPTHH.
DHTpONHA CHCTeMBI S ONpejessieTcs ypaBHEHHEM
8 . ;
S=-—Fky, > {Bepoarnocts cocrosnus £) In (sepositnoets cocrosnus §) =
i

=_k3§2Pk (n) In Py (n).

CaenoBaTedbio,

Tsz—zﬁ—lz [fuln fu+ (1 —Fi) In (1 —fy)],

OF — 0= 0E 6TS
8 O oh
:28k(1—2Uk)—42ka'Uk'Vk’Uka(l—ka’)‘l"Qﬁ_lln1 fkf .
Y Tk
(10.40)
TTonoxum
@?k=8k(1—QUﬁ)—-QkZ]ka'Uk'Vk'Uka(I—ka')- (10.41)
Torzaa
1
F = — . (10.42)
eﬁé)k—}—l

Ecau Teneps nmpoBecTH BapHauuio

OF _ 8E
80, ~ 80U,

=[48kuk+22 ViUV <Vk—U—> 1—2fi )](I—ka) (10.43)
-

=0=

TO MBI NOJIy4YaeM (B MPUHUHKIE) CHCTEMY yDaBHEHHIl, KOTOpas MOXKET
ObITh pellleHa OTHOCUTENBHO ABYX nepemenunx Uy U fr . Onpenennn
Tenephb

Ay =— kZka'Uk'Vk'(l—"ka’)- (10.44)

Torna ypasnenne (10.43) crTaHOBHUTCA UAEHTHUHBIM yPaBHEHHIO
(10.20). Ilpu sToM Bce pesyabraTel (10.20)—(10.28) okaswiBaloTCs
CNpPaBeJJIMBEIMH M NPY KOHEYHBIX TeMmineparypax. DBripaxeHHe
(10.41) npunuMaeT BUJ

S = ex (12U + 20w = (5 )+22,;‘ Ax=Ex, (10.45)
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Fn. 10. CeepxnpoBogMMOCTs

tAe Obliy Henosb3oBanbl ypasuenus (10.44), satem (10.25) u (10.28)
u, HaxoHel, (10.24). Oxonuare/ibHBEIl Pe3y/bTAT HMEET BH]

Ay, E
S s K th K
Ak 2V 9F th o7
"
Ei=ef+ AL
Uro6bl YIPOCTHTE 3TO YPABHEHHE, MPEANOJONKHM, UTO

Viw =—V <0 nasa lek[<ﬁ6.

(10.46)

Toraa Ax He saBucur ot k u ypasuenne (10.46) ynpouraercs:

ho
1 de E
v §—E—th2737, (10.47)

rae M (0) —nJ0THOCTL 3HEPreTHYeCKHX COCTOSHHM Ha MOBEPXHOCTH
®epmi. Muoxureas 2, crosumuii B 3HaMeHarese ypasuenus (10.46),

0 ho
ne nospasferca B (10.47), Tak Kaxk HHTerpaJsl S de u S de nair
—ho 0

oanHakoBuldl BKJaax. Ilpu T—0 ypaBuenue (10.47) naer

% had [— V& AYkpT]
° eexp [— VT Akp
A2 ( Verfas - (10.48)

1
mzArSh

[pexnonaras, uyro BeauunHa M (0)V mana, Haxoxum

1 -~1n@
=AW

o7 A(©)=A upa T=0. (10.48")

Jlerxo [IoKasarb, 4TO C POCTOM T BesuyuHa A YMEHbIlaeTcs.
O'-IEBHLIHO, 4TO 3HaueHue A He MOKE€T ObITb KOHEUHBIM IIpUu BCeX
TeMmneparypax, TaKk Kak B IIpeJeJie BBICOKHX TeMIlepaTryp MbI noay-
qyaeM ypaBHeHHe, He 3aBucsiee oT A:

ko
I : de ho
M (O)V ~ OS QkBT_QkBT !

a 3TO yDaBHEHHE MOXKeT IPOCTO He BLINOJHATLCH.
Besuunna A Bxoaut B ypasrenue (10.47) Toawko B KBajgpare
(B suepruio B =1)"e¥ - A%). IIpu yMeHbeHnn A yMEHbIIAeTCA SHEep-
rus E(e). Ho E(e) He MOXKeT CTaTb MeHbIUe 3HayeHHs, KOTOPOe
oHa umeer npu A =0. CyenoBaresbHO, BHILUE KPUTHYECKOH TeMIle-
parypel, Kotopas onpejessiercs u3 ycaosusi A =0, HE CylIeCTByer
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§ 7. KoHe4Hbie Temneparypob!

OTJIHYHBIX OT HyJas pewenusid aas A. [lomaras A=0 B (10.47),
noJjyyaem

ho ~

_1 de € )

MOV~ S g r~n (1’141@;‘%) (10.49)
0

[lIpupaBunpas (10.48") u (10.49), waxoaum
2A (0) = 3,52k,T .. (10.50)

Mot 3amucanu 3to coortHoweHue aa 2A (0), Tak Kak B 3KCIEpH-
MEHTax Mo BO30yKACHHIO CBEPXNPOBOAHHKOB OOBLIYHO OZHOBpPEMEHHO

QJKT, QUT. 10.15.
17

0 Lo /e 3asucumocts A ot T/T,.
poxaalorcs »neKTpPoH M Abipka. CooTHoweHue (10.50) gocrarouno
XopoLo corJacyercs ¢ skcnepuMenTom. [Tonoxkum T=T,—1 i Gyaem
CYHMTaTb, YTO T BO3pacTaeT, HauWHAs OT HYJEBOTO 3HaueHusi. Ecuu
npu stoM ypasuenue (10.47) DOMKHO OCTaBaThCsl CNPaBENAHUBBIM,

252

3aBHCHMOCTD
TeNA0EMKOCTH
CBEPXIPOBOAHUKA
0 1 T/T; C, s ot T/T,.

TO 3HePTHA E J0/KHA YBeJMUHMBATHLCS OT 3HAUCHHS & Ha BeJHUYHHY,

nponopunoHaaeuyio t. Ho E = V e? - ATare + A%/2¢, ciegoBaTeibHO,

BesnunHa A® mponopunonaasha t npu T ~ T.. Wnauve rosops,
AP=A(T.—T),

rie A—Hexkoropasa MOJOXHTeJbHAs KoHcTauta. Takum obpasom,
Mbl MPHXOAHM K BBIBOAY, 4TO OOCWHH XxapakTep 3aBHCHMoOCTH A (T)
JoJKeH cooTBeTcTBOBaTh ¢ur. 10.15.
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Fn. 10. CsepxnpoBogHMoCTs

Ilpyrasi skcnepHMeHTaJ/JbHAs NPOBEPKAa COCTOMT B OMNpele/eHHH
3J€KTPOHHOH 4acTH TENJ0EMKOCTH. B HOpPMaJbHOM COCTOSIHHH
remsioemkocTs C,, , nponopuHoHansha T

Ce, n= 'YT,

rje y—nocrosHHasa. [Js CBepXIPOBOASUIETO COCTOSIHHS CTPOHTCS
rpaHK TeMIEPaTypPHOI 3aBHCHMOCTH Tel10eMKOCTH C, ¢, OTHECEHHOH
K yT.. Dra 3aBHCHMOCTb, NMoOKasaHHas na ¢ur. 10.16, cornacyercs
C 3KCIIePUMEHTOM.

$ 8
MNpoBepka cywiecTsoBaAHUA
CNAPEHHBbIX COCTOSHUM
U 3HEpPreTuyeCKou LWenu

JlroGoe sBJeHHE, B KOTOPOM TPOUCXOAUT PACCESIHHE 3JIEKTPOHOB,
MOeT ObITb HCMOJB30BAHO JAJsi TPOBEPKH CYIIECTBOBAHMA CIIAPEH-
HBIX COCTOAHHMA 3JekTpoHOB. [IpuMepaMHu TakMX SIBJAEHHH MOTyT
CJYXKUTb 3aTyXaHue (JOHOHOB M NapaMarHMTHas peJakcamus.

PaccesiHie 3/J€KTPOHOB OIIHCBIBAETCA UYAaCTbi0 TaMHJIbTOHHAHA,
colep:xalled CJeyoliie 4JeHb:

H' = Z Bk’o',koalj’a'akoy (10.51)

ko, k’c’

rie o—cnuH saekTpona. Beipaxenne (10.51) npencraBnsier cobGo#
aMIJIMTYAY PaccestHusl 3JeKTpoHa u3 cocroanus ko B coctoanne k’'o’,
Kak nokasaHo Ha ¢ur. 10.17. Ecau cymecTBYIOT cnapeHHbie COCTOA-

Ko OUT. 10.17.

WM‘/
\kd Paccesinue 31eKTpoHa.

HHUsl 3J1EKTPOHOB, NpesokeHHble B Teopun bapauna, Kynepa, lpug-
tdepa (BKII), To npu paccessiHuy 3JeKTpoHA B cocTosiHuH ki Bo3-
HHKaeT uHTephePEHIH CO CIAPEHHbIM 3JEKTPOHOM B COCTOAHNN — k.

Kosddbuuuert B obpluHo o6JafgacT cUMMeTpHEH, NOKA3aHHON Ha
¢ur. 10.18. Crexnyer pasauuaTh JABa cjayyasi:

'Bk’o’; ko — B—k,'-—U; -k’, =0’ ((:le'{aﬁ I),
Bk’o’; ko — — B—k, -0: -k’, -0’ (Cnyqaﬁ II)'
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§ 8. MNpoeepka cyw,eCTBOBAHMA CMAPEHHbLIX COCTOSIHMIM

ﬂJIﬂ 06BIUHOr O paccesHUa Mbl MOXKEM COCTAaBUTh CJCAYIOULYIO
Tabauny:

kt k't
Havasnbuoe cocrosinue Saxsmo Co6oano
Koneunoe cocrosHue Ceobogno  3awuamo

Huaue roBops, MBl pacCMarpuBaeM pacCessHHE 3JIEKTPOHa U3 COCTOA-

Hus kt B cocrosimue k't
ko' ) -K',~d"

UI'. 10.18.
Cummerpust kosddunuenra B.

Jaa teopun BKII rabauna posxHa 0JHOBPEMEHHO €0ZeprKAaTh
cocrosiunst kt © —k|. B atoM cayuae, ecau MBI rOBOPHM O pacce-
SIHAU 3JeKTpoHa u3 cocrtoaHusa kit B k'f, To 310 O03Hayaer, uTo
B KauecTBe BOJHOBOH (GYHKLHH HayaJbHOTO COCTOSIHHA 6epyTcs
byuknus Px = @k (2) 1 dyuruHs Py = Uk (1) 4+ Viegr (0). Torna
BOJIHOBEIMH (YHKLHAMH KOHEUHOTO COCTOSIHHSI GYAYT i = @ (2)
1 P = Uk o (1) -+ Vi @i (0). CrenoBaresibHo, A5 MATPHYHOTG 3J€-
MeHTa TIpPOLecca paccessHus HMeeM

<P, | H' 9> = <@w (2) [ U @i (1) + Vi (0) | X

X (Biogka@ie 10k 1+ B -y =148 2 10@ 1 ok (205U @i (1) +Vie@ir(0)> =
= Br ViV + Bk -k J Uk Uk = B iy (VidVie = Uk Uwe). (10.53)

3HaK ,=“ COOTBETCTBYeT JABYM pasauuyneiM cayuasm (I) u (II)
B coorHowenuu (10.52). Msmenenue 3Haka ¢ nJoca Ha MHHYC OpH-
BOJUT K 3HAUUTEJbHOMY H3MEHEHHIO aMIJIUTY/bl paccesHus. Kaue-
CTBEHHO 3TO H3MEHEHHe MOYKHO MOHSThb, €C/JIH PacCMOTPETh CJayuyai
k" ~ k. Torza umeem

e
VE+UE=1, VE— Ul =1—2U} =% S =———_ (10.54)
k
V si+al

Ecnu 3Hak mnosoxuTenpHBIH, TO paccesiiue YCHJINBAeTCs; ecJu
3HaK OTPHIATEJbHBIN, TO MOAABJSIETCS.

OKcnepHMeHTaJ bHOe HCCAEJOBaHHe TaKWX SBAEHHH, Kak MOrJo-
IeHHe 3BYKA, TeMJONPOBOAHOCThL, NapaMarHHTHas - peJakcauus,
NOKa3aJjo, 4TO TEOPHS MOXeT ONHCaTh HX AOCTATOYHJ XOPOLLQ.
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Fn. 10. CesepxnposoagumocTs

O6cyAuM Tenepb HEKOTOPbIE 3KCHEPUMEHTH [0 OINPEAEJCHHUIO
sHepreTHuyecKof wmesn. [IpeAnonoxuM, 4YTO Mbl HMEEM KOHTAKT
CBEPXNPOBOJHHK — TOHKHH AH3JEKTPHUECKHUH cJofl — npyroit mMerasaa
(HopMaJbHBIH MM CBepXNpoBOAAWLKE). [Iu3JeKTpHYECKHE cJof
MOXKeT NpPeACTaB/sATbL COO0OH OKCHAHBIN CJOH HA MOBEPXHOCTH CBEPX-
npoBojHHKa. EcaM NpHIOKHTL DPasHOCTb [OTEHIHAJOB K 3TOMY
KOHTAaKTy, TO BeJHYMHA TOKa OyJeT onpenensiTbCsl SHEPTeTHYECKOH
meanto. [lonykonuuecTBenHO MoxkHO cdopMmyaHpoBaTh Npobaemy
cJIeaYIomuM o6pasoM.

A OUT. 10.19.

Tox yepes Kourtakr
HOPDMaJbHBIH MeTaan —
> CBEPXNMPOBOJHHK MPU

0 4, 4 T=0.

O6osHauum Mertansab Homepamu 1 u 2. HMwmeercs nekotopas
aMIJIUTY A repexola 3/ekTpoHa 3 cocrosnus k B metajne 1 B co-
crosgHue q B Mmetaane 2. Ilpeanonoxkum, 4To amILIUTyAa nepexoja
B UHTepecywumed Hac obaacTu 3Hepruil (BOJIH3H 110BEPXHOCTH
®depmu) ABAsIETCH NOCTOsSHHOM 1 paBHoll M. BepofiTHoCTe nepexona
3/IeKTPOHA U3 cocTosiHua k B Merajie | B HEKOTOpoe COCTOSIHME
B MeraJsje 2 onpefessiercs (Gopmysioh

_21.;1 E | M J? X (seposTHocTh TOro, uTo coctosnue k 3aHaTe) X
X (1 — BEPOSTHOCTL TOTO, YTO COCTUSIHHE q CBOGOAHO) 3¢ § (Ek __Eq ),

rne Ex 1 Eq— 3HEPTHH COOTBETCTBYIOIHX COCTOSIHHE. BeposATHOCTS
TOro, 4To coctosinHe Kk 3aHATO, paBHa

1
B = S Em T

aHa/JOTHYHBI BHA UMeeT BhIpa)eHWe [Js COCTOsSIHMA (. Ecau
K MeTaaJy 2 NpujoXHTb PasHOCTb NOTeHuHanoB — V, To sHeprus
COCTOSIHWSI ( CTAHOBUTCS PaBHOH E;:Eq——V, a BEPOATHOCTb TOTO,
4TO COCTOSIHHE (| 3aHSTO, OCTaeTcs NpexkHeH, a HMeHHO [(E4) =
=f(E,-+V). Benuuuna toka, nporexaiomero or Merania | x me-
TajJy 2, paBHa

S UM P (E) [1 = (Ea+V)] 8 (B — Eo).

.k, q
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§ 8. Mposepka cylecTBOBAHUA CNAPEHHBIX COCTORHME

st BeIMUHHB MOJHOTO TOKa /, PaBHOrO PasHOCTH MEXAY TOKOM
or Meranaa 1 Kk 2 u TokoM oT Mmeraasa 2 K 1, HAXOAHM

1:%“;1M12{f<5k>[1—f<E;+V>J—
»q

—F(Eq+V) [1—F(E)]} 6 (Ex —EQ) =
=N ME Y [ () —F (Eq+V)] 8 (Ex — o).

k, q

3amensa Temepb CyMMHpOBaHHE NO K M q HHTerpuUpOBaHHEM
{ dExdEqp, (Ex) p, (Eq),

rae p, (Ex) 1 p,(Eq) —OYyHKIHA NJIOTHOCTH COCTOSHUE B COOTBET-
CTBYWILIHX MeTajjax, NoJyuaem

(1) =52 | MP [ dE [ (E)=(E-+V)] 0 (E) b (E+V).

[Ipu aGcosoTHOM HyJsle TeMmmepaTypbt
) 0
10) =2 M j dEp, (E) p, (E+V). (10.55)
-V

TakuM o6pa3oM, BeJHYMHA TOKA 3aBHCHT OT MJIOTHOCTH COCTOSIHHE
BOausu nosepxHoctn Pepmu Ep ais AByx merasnos. [Lis HOp-

OUI". 10.20.

Tox uepe3 kourtaxt
HODMaJIbHBIH MeTaJja —
CBEPXIPOBOJHUK NP
0 4, 4 KOHEUHOH Temmeparype.

MaJbHBIX MeTa/yoB QyHkUHIO (L) MOXKHO CcUMTaTb HPUMEDHO
NOCTOAHHON, HO JJS1 CBEPXNPOBOJHHKOB B3aUMOJEHCTBUE MeEXAY
3JeKTpoHaMH gedopmupyer sHepretuueckuil cnexrtp. Cocrosinue,
KoTopoe 0e3 yueTa B3aUMOAeHCTBUA MMeJIO Gbl SHEPTHIO €, HA CaMOM

Jes1e HMeeT SHEepPIHI0 lEk|=]/e§+Aﬁ. J1a MmPOCTOTH IOJIOKUM
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n. 10. CeepxnpoBoanmMOocTb

Ag=A, T. e. 6ygeMm cuutath, uro A He 3aBucur or k. Csexosa-
TeJIbHO, MMeeTcs IieJjb B crektpe npu Ex=0. B To Bpema xax
dN/de (na0THOCTL COCTOsIHHII Ge3 ydyera B3aMMOJEHCTBHIT)—IIpH-
MEPHO NOCTOSIHHAS BeJHYHHA, (QYHKIHSA

Ey) =|-4 | — N 1 _dN [ Ex]
P (Ex _‘dEk'—‘ de, [dE, [dey| & YVE—A?

CTPEMHTCS K GECKOHEUHOCTH NpH MPHOJMKEHHH K wWean H obpa-
maercss B HyJb AJs 3HEPrHH BHYTPH LICJH.

Ecau métamisl 1 u 2 SBJIAIOTCA HOPMa/bHBIMH, TO 0y (L) H
0, (E 4-V) mpencraBisoT co00#l MOCTOSIHHBIE H TOK | npomopuuo-
wanen V. Ho ecan weranna | sBageTcs CBePXNPOBOASAUIUM, TO
peauunna p, (E) B umterpane B (10.55) ocraercsi paBHOH HYJIO
nas Bcex E, noka V He mpesbicuT 3HaueHus A. CsenoBaTelibHO,

HesanonmHenwsie
Yposau ] F—
. : Hesanonnenwsie
Mens <Egp, f———- —— | YposHE
7 4 IV
!
N SO £,
JanonterHsle
ypoghu
1(ceepaiposodiur) 2 (HopmamoHsiit
Mema)
OUr. 10.21.
ypOBHH B HODMaJIbHOM H CBEPXIPOBOJsLIEM MeTalNaX, pasaeneHHblX CJ0eM
AUJIEKTPHKA.

npu V <A tok orcyrctByer. Ilpu V> A, xak Jgerko noxasarb
[pu HaIUUX YHPOLIEHHAX, TOK [ NPONOPLHOHAEH V/ VE—A?. Xapaxk-
Tep saBucuMmocTd [ or V cooTBeTcTByeT KDPHBOil, H300paKeHHOH Ha
¢ur. 10.19. 18 KOHEYHHX TeMmIleparyp 3aBMCHMOCTb TOKasaHa
Ha ¢ur. 10.20.

Cayuyafi, korga Merana l sBasercs CBEPXMPOBOANHKOM, a Me-
Tana 2—HopMaJbHbIM, MOMKHO IOSICHUTL CXeMOH, H300pa)keHHoH
na ¢ur. 10.21. Tlpu V=0 sueprus Er, coBnamaer ¢ Er,. Koraa
pPasHOCTb MOTEHLHAI0B V MOHMKAET YPOBeHb Er, OTHOCUTEBHO EF,
Ha BEJMYHHY, GOJbLIylO, ueM A, BO3HHMKaeT TOK OT Mertamia l K
MeTaany 2. .
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§ 9. CeepxnpoBOAHMK C TOKOM

[lpeamonoxumM, 4ro oba Meraana | u 2 saBJASIOTCA cBepXmpo-
BoJHuKaMH. Torza 3aBHCHMOCTb TOKa OT HAaNPsiKEHHs MMEEeT BHJ,
nokasannnft Ha ¢ur. 10.22. Bropas kpuBas Ha ¢ur. 10.22 nosso-

{ 7

T=0 >0

!
0 B+ 4, 0 14,4, 2;+4,

OUr'. 10.22.
Tox yepe3 KOHTAKT CBEPXIPOBOJHHK — CBEDXIIPOBOAHHK NPH HYJEBOH
H KOHEUHOH TemIepaTypax.

JsieT onpeneauts obe weau A; u A,. BoJee noapoSHo Bonpoc 06
OnpeleseHHH SHEPreTHYeCcKol me/au obcyxpaercs B ob3ope [1].

§ 9
CeepxnpoBogHuk
C TOKOM

B § 4 mMbl mpeanosoxuaM, YTO MOJHBIH HMIYJLC 3/1€KTPOHHOM
napel paBe Hyqw, T. e. k,+k,=0. Bonee obwen siBasiercs curya-
uMsi, korjga cymma k; -k, paBua 2Q —INOCTOAHHOMY HMIOYJbCy /s
BceX Iap; B 3TOM cJydae B CHCTEME BO3HHKaeT TOK. Kak o
paublile, Mbl MOXEM OMUCaTe apy ONHHM HMNyJbcoM k, HO Temepb

ki=k+Q, k,=—k-+Q.
Suepriia napbl paHee pPaBHsJIACH &g - €. = 2ex, a Tenepb

SLENIPREY U YR AL L.

TaxK 4To

ﬁzQa

ek, + e, = 28k + 25

[lo auagoruu c npeablAylMMHY BBIYUCJIEHHUSIMH OIIPENEJUM Vl((?() KaK

GyHkUHIO Viiq, —k+q; k+0Q, ~k'+q. 3AMETHM, OJHAKO, YTO BeJHYUHA

Vi npubau3uTeIbHO paBHA Vige NJIOC 4jeHB! nopaika Q® uau
menbiie. Msmenenne Vi Ha wieHn nopsigka Q2 aHaJorHuHO 01M-
IJIEDOBCKOMY C/ABHI'Y 4YacTOTHI 3BVKA, H3/1y4aeMOTO ABUAKYILIMCH
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Fn. 10. CeepxnpoBoaMmocTs

oovekToM. IIpene6Gperasi ,JIONIJIEPOBCKHM CABHTOM®, Npeobpasyem
(10.17), sameHuB TOJbKO 2ex Ha 2ey + 2ﬁ2Q /2m. DHeprusi OCHOB-

HOTO COCTOSIHHSI IPH 3TOM YyBEeJ/JUYHBAETCs Ha H2Q*/2m) 2_,2Uk

[T10THOCTD YHCJA 3JEKTPOHOB oY = ZQUk, a CKOPOCTb MOMKET

OLiTh onpejeneHa B BHJE v =hQ/m. TOI‘lId yBEJIUYEHHE 3HEPrHU
CHCTEMB! PaBHO

— o (10.56)
TOK B CHCTEME oIpeneasaeTrcd Bpra}KeHHeM
3= <= P>,

rae p-—oineparop umnysasca. OTciona caeayer, 4To

J=— BN [k Q)+ (— k+Q)) Uk =— 2 3 208 — v
k

m
-
(10.57)
Kax meHsiercst BOJIHOBAasl (QYHKIHS NPH 3aMeHe Nap ¢ HUMIYJb-
coM ==k mapamu ¢ umnyascoM ==k --Q? Ypasrenue 114 Uyx MOXKHO
npeo6pa3oBaTh K HOBOMY BHJY, 3aMeHHB gk Ha ex 4 h2Q%2m.
[ToMuMO 10GABKH K SHEPTHH 3JEKTPOHOB f'ﬁQ“’/Qm, HEeoOX0HMO
J00aBUTh €lle OJHY KOHCTaHTY, 4YTOOHl COr/aacoBaTb HyJ/eBoH ypo-
BE€Hb OTCYETA 3HEPTHH ¢ 3aJaHHOH MJOTHOCTBIO YHCJ/A 3JEKTPOHOB.
B pesysabrare Hy/eBOfl ypoBeHb OTCuUeTa 3HEPIHH CHOBa IONajaer
Ha nosepxHocth PepMu, Tak 4Tto GyHKUHA Uy OCTaeTCs TaKoH ke,
kak ¥ pauswe, Ho rtenepp dyHkuua Uy y:Ke ONHCHIBAET aMMJi-
TYyAY BEpOSITHOCTH TOTO, 4TO cocrosinne -tk +Q 3amaTo.
[TpeanonoxuM, YTO OCHOBHOE COCTOSIHHE ONMHUCHIBAETCS BOJHOBOH
byukuued P, (X, X,, ...). Ham xXotesoch 66 Tak MOAMGHLHPOBATDH
3Ty BOJHOBYI GYHKIHIO, YTOOB NOJAYYHTh g (X, X,, ...). Ty
MOAHGPUKANMIO MOXKHO OCYLIECTBUTb, 3aMEHSAA KaKAYI0 KOMIIOHEHTY
C MMIYJbCOM P KOMIOHEHTOH C TOH ke caMoH aMIJauTyjpoH, HO
¢ nMmoyJascom p--hQ. Huaue rosops, exp (ip,-x,/h) yMmHOMaeTCs
Ha exp (iQ-x,). Torga nmosyuaem

Vo= exp(tQ Zx >1|>0_exp( >1p0 (10.58)

Crenyer 3ameTnTh, uTo Bhipaxkenus (10.56) u (10.58) spasiotes
OPOCTO Pe3y.bTaToOM IpHUMEHeHHs npeobpaszoBanusi [annmes kK ypas-
nenuto Ilpenunrepa. B Hamem npubmauxKeHHH MBI pacCMaTpHBAaEM
CBEPXITPOBOJHUK ¢ TOKOM KaK CBEPXIPOBOJHHK B OCHOBHOM COCTOf-
HHH B ABUXKYLIEHCS CHCTEME KOODAMHAT.

B peasbHBIX MeTa/IaX TOK MOMKET MEHSITbCS OT OJHOH TOUKH
obpasua x apyrofi. Ilockospky wumnyJabcsl k Bequku BOIM3H ITO-
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§ 9. CBepxnNPOBOAHMK C TOKOM

BepxnocTH Depmiu, BONHOBblE GYHKUMH C HaHHH3WeH 3Hepriuef
CYIIECTBEHHO HE CJBHTAIOTCsl IO 3IHEPruM, ecJH H3MEHEeHHe TOoKa
B NPOCTPAHCTBE NPOHCXOAHT IJIABHO.

Uto6B NOHATL, KaK MOMXHO y4ecTb H3MEHEHHe TOKa B IpOCT-
paHCTBe, IPENOJI0KIM, YTO METAJLI Pa3jie/led Ha HEKOTOPbIE 00.1aCTH.
Kaxkapiil 371€KTPOH MOXKET JIBHIaThesd TOJBKO B 3ajaHHoil o6.1acTH,
B Aaa Kaxno#l objacTy TOK HMeeT cBoe 3HaudeHue, B 3TOM cayuae
BOJHOBasi (PYHKUHS HMEET BHUJ

P =exp <i —%vl-zm x,_,> exp (i % v, 'Z(Z)&,) e Py =
—exp [%”-Zv (xé,)-xe] g, (10.59)

rie uHgexcn (1), (2), ... HaJl 3HAKOM CYyMMbl O3HAYalT, 4TO CYM-
MHpPOBaHHE NPOU3BOAHTCA NO 3/EKTPoHaM B 006JacTH 1 2,

[Ipumem Temepb, 4TO Vv (X,) NMJIaBHO MeHseTCs C X, Oﬂ,HaKO TaKoe
TNperonoKeHe He COBCeM NPaBHJbHO. UToOH noxasaTb nouyemy
5To npejcTaBieHue GyHKIHH P He TOYHO, HAIIOMHHM, YTO BBIpaKe-
Hue A5 MJOTHOCTH TOKd COAEP2KHUT MPOH3BOJAHBIE IO KOOPAHHATAM,
13-3a TOro, 4TO CKOPOCTHb V (X,) HE [OCTOSHHA, NMPOUCXOAHT H3Me-

HEeHHe ToKa.
Urtobsl YJYUUIHTh Hale ONHCaHUue TOKa B CBEpXNpoOBOAHIIKE,

BbIGQPQM Apyroe npeiacrabaeHue
p=exp [ 0] i
IInoTHOCTE 4YHUCJA 3JEKTPOHOB ONPEAEJISIeTCsS BhIParKeHHEM
eN’(R)ZeZSlP*IP‘@(XE—R)Xmdxz---,
a MJOTHOCTb TOKA —BbIPpaKEeHHEM

(R)=— X oo {47 0 — (7,0 9] 6 06, —R) dxd, ...
e
Ecau MBI BCIIOMHHM, Y4TO TOK B COCTOSHHHM =1, PaBeH HYJIO, TO
NoJYy YHM

j (R) = — dve 2 70, (10.60)

Hanpumep, ecau 0—=mv-x/h, To BeIpaxenue aas j(R) copmaiaer

(10.57).

OTMETHM, 4TO MBI paccMaTpuBaeM TOJbLKO Ty 4acTh TOKa, 144
Kotopolt VX j=0. B cramuonapsoM cayyae V-j=0.

B KoJable 3TH VYCJOBHA MOTYT BBLITOJHATHECH H AJs TOKa, He
pasHoro Hyawc. B sTom cayuae

Sﬁj-ds:—@\PeiAe,
n
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Tn. 10. Ceepxnposogumocts

rae AO —usmenenue ¢yukuud 0 npu obxojge Kojbua. BeanmunHa A0
He o0g3aTeNpHO PaBHA HYJO, HO OHa JA0/KHA OLITb KparHo# 2m,
NOCKOJIbKY Tpebyercst, yToObl BOJHOBas (QYHKIHUsA OblIa OZHO3HAY-
Ho#i. Ecsau BBecTH onpele/ieHHe v4—]/o,1\f’e_(ﬁ/m)\79 TO

A
$v-ds=2mn -, (10.61)

rae n—uedoe uncao. Ecau BHyTpeHHee OTBeDCTHE B KOJbLE CXKH-
MaeTcsl B TOYKY, TO 1 MOxeT ObTb 6oJjblie HYJI TOJbKO B TOM
cayyae, ec/H BAOJb HEKOTOPBIX JHHHH CBepXNPOBOAsiILEe COCTOSTHHE

6vier paspyiuueHo.

BBoas onpenesenne v ==— j/N'e, Mbl HEABHO TPEANOJIOKH/IH,
4TO 3Ty BEJHYMHY MOMHO CUMTaTh CKopocTei. Takas unrepnpe-
Tallifl MOATBEPIKJAETCS BBIUMCJICHUEM CPEJIHEro 3HayeHHsl SHepTHH:

E:quxH\pdxldx2 .. —S‘lp*[ __Ve+VJ Pdx, dx,... =
— Py (v v dx, .+ (v vy, =
Z%ZSCFRS(Vew*'velp)ﬁ(xe’_R)dxldxz' oot

+S¢*V1pdx1dx2 cee o (10.62)

Hnmeem
PP =gV s

KPOME TOTO,
VY* -V = V5 - Vo -+ 070 [ Vs — s Vo] + (VO)™ i,
Bripaxenne (10.62) npunumaer Bua (ecinm E,—3Heprus B Cocrosi-

HEH ) =)
B .
E=E, +~%5d3mve (R) X

X § DT ViV ] 8 (5, —R) dxydx, -+
+£—Sd3R [ VB(R)IZ’SEW%G (x,—R)dx,dx, ... =
=Eo+§gd3RVe R)- JO(R)Jr2 Sd3R[v9(R )P (R).

(10.63)
Ho B ocHosHoM coctosinuu j, (R)=0. Torza

E:E(,H’dﬁR(gmuz)oj\f(R), (10.64)
KaKk M CJejoBajlo OXKMJaTh, ecau cuutaTbh v (R) ckopocTbio.
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§ 10. 3asucumocTte TOKa OT rnons

§ 10
3aBUCUMOCTL TOKA
OT nons

B ypaBuenuu j(r)=—AA’(r) ¢yuxuus A’ ycpeiHeHa 1o He-
KOTOpOH o6saacTH BOJH3H TOYKH r. JIPYTHMH CJIOBaMH, MBI JOJIKHBI
HCNOMb30BaTh HEKOTOPLIA ,pa3masaHHblii* noreHunan A(r). Taxoe
,pa3Ma3biBaHie” IOTEHLHaJa MOXKHO OOBSICHHTH KOHEYHBIM pa3Me-
pPOM 3JEKTPOHHBIX map; 3TOT 3(M(EeKT MOXKHO PACCUHTATL HA OCHOBE
teopuu BKIII.

DMIHPHYECKOE COOTHOLIEHHE HMEeT BHJ

A’ (r’) _—_CS [A (r)e-lr—r’ I/Eo.(r—r')] (r—r’) dsr, (10.65)

[r—r"|*

rae C—ao/KHBIM 06pa3oM BeIGpaHHAsh HOPMHPOBOUYHASA MOCTOAHHAS
(Tak, 4ToOLI AJ15 NOCTOSTHHOTO 3HayeHHs A ycpenHeHHblil MOTeHIHa
A’ 6ui1 pasen A). 3amerum, urTo coorHomenue (10.65) nmeer BHA
ceeprku. Ecau 3amucatb

i={imeieran A =fAmesrdn o

fafﬁ

Kap (@) = § Kop(rye=t@rdir,  Kyp(r) = Cemrr

r}

To jo () :%KOLB(Q) Ag (q). (10.67)

Hiuke Mbl omnpegeuM KOMIOHEHTY TOKa j(q) B HanpaBJeHHH
BeKTOpa-roteHlnana A (q).

[TpeanoJoxnM, 4TO BeKTOp-noTeHnuas A (r) HanpasJeH BROJb
OCH 2z M HUMeeT BeauuuHy A,e~i%*, rie BeKTOP q MNePHeHHKY -
pen A (Mpl mosbsyemcsi monepeunofi Kaau6poskoit V-A=0). Torzaa

’ —ia’. < C
A,0)=§ A, ) e xdix = A8y, o,
riae BCe BeJUUYHHEI HOpMHpOBaHbI Ha e,U,MHHQHbIﬁ OﬁbeM.

B § 1 3T0#f rsaBel Mbl [0KasajdH, 4YTO €CJH BOJHOBas QyHK-
st ABAAETCS 2 KEeCTKOH“, TO HMeeTCs TOJbKO JHaMarHUTHBIH TOK

jip=—AA. Ho ecin BosHOBas (yHKLHA He ABJSETCA MKECTKOH,
TO HMEETCH H MapaMarHHTHAasl COCTaBJARMAas TOKa

. fie . s

j= — g [PTO— (T V] o=+l

[Tosoxum fi=1. PaccmatpuBas ¢ Kak oneparop (Kak B NPeACTaB-
JeHHH BTOPHYHOTO KBAHTOBAHMS), Mbl MOT/IH Obl NOJIYYHTH omepa-
Top Toka j(r). Ho MBl BOCHO/Ib3yeMCsl HECKOJBKO APYTHM METOLOM.
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n. 10. Ceepxnposogaumocts

st onHON wacTHLBI onmepaTop TOKa j, (r) paseH
i1 (1) = —5= [P (r—1,) + 8 (r—r,) P,],

rile r;—onepartop KOODAHHATHI, a F-—IIPOCTOH BEKTOp (COBOKYI-
Hocte Tpex uucen). Toraa

i@ = [ <y etorarr = [ ap)fy (r) | emtar dor =
= — g (e () | £ 9.0 =)+ 8 —r) 7, | v (ry e,
[locne HekoToprix npeobpasoBaHuil nmosayuaem

(@)= — g (Y[ Pre=i0Ts - gmianp, [y,

CyMMHpYySl 1O BCEM YacTHIIAM, HAXOIUM

1@ = 225,(Q) =— 5 <P D (P~ - e=iar P ) | 5. (10.68a)
i !

N ; o o
3n1ecs BeJHUHHA Zl,e“q"zP, npeacTaBasieT cofod onepatop, aefi-

cTByOILIil HA BCE YACTHLBI, TOTJA Kak oneparop e~'4TP geficTeyer
Ha ofHy 4actuuy (r u P—onepartoput). IToab3ysics npeacraBaetnamu

e~ = S d’xe=fa* | x> (x|

43P

P= (2n)3

P|P><P]|,

JIerko 1nokKasarTb, 4To

e P =Dk |k — q><kl.

B ra. 6, § 8 6bl10 noxasaHo, Kak HaHTH COOTBETCTBYIOIIHE Olle-
paTophel JAafd NPOH3BOJLHOrO 4YHC/a YacTHI. B CoOTBeTCTBHI C 3THM

no.1ydaem
2eianp, — Ykat (k— q)a(k)
i k

H aHaJOru4dHo

ZPeion = (k—q)a* (k—aq)a (k).
]
Buipaxenue (10.68a) Torna mpunumaer BHJ

H@)=— g7 <h| Y k—aq)ai_qap>.  (10.686)
k
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§ 10. 3aBMcMMOCTL TOKA OT nons

TTockoabKy BEKTOp q HePNEHAHKY/IAPEH OCH Z (T. €. BEKTOPY-NOoTeH-
unaay A), HMmeeM

jo (@) = = <b| Y koai-qax] ¥>. (10.69)
k

BoauoByto ¢yHkuHio |§> Jerko HafTH C NOMOUIBIO TEOPHH BO3MY-
HeHnH.
['aMuabTOHHAH CBepXNPOBOJHMKA B OTCYTCTBHE MO/l coOAep-
KUT 4JjeH
P}
A—ld 2m
KOTOPBIf NpH BKJ/IIOYEHHH NOJA Npeobpasyercss K BHAY

%2 [Pl ‘l‘?e A (xz)J "
1

[Tonbsysicb  ycnoBuem V-A=0 u npeneGperasi 4ieHaMH BTOPOroO
nopsiika no A, HaxoJuM, 4TO TaMH/JbTOHHAH H3MEHSETCS Ha BeJM-
qURY

’ £q- X A
H =-2-% A(x)-P, :m_ecz A,eia ,PZZQ%Zkzanak. (10.70)
/ 1 k

MNC et

BosnHoBas QyHKUHSA TpH 3TOM HMeeT BIj
> =[P> + 2 A, [P,
rje

<n| Xkat, a 0>
Ay 2L edy F e (10.71)
nTT E,—E, mc E,—E, ) '

3necb MBL OJHOBPEMEHHO HCIOJIB30Ba/dH 00a 0003HaYeHHA |A)> 1 | ).
Hepes |,> o60o3HayeHa BOJHOBasi (yHKIHSA OCHOBHOFO COCTOSTHHA,
paccmorpeHHast B § 4 u 5. O6wexuussa dopmyast (10.71) u (10.69),
1oaygaem

i (@)~ —— [<o | 3 katic-qa | 0> + 3" A5 <n | S kag_qai| 0>+
k n k

+ 3 0,<0| 3 &, i qau| n>} .
n k

MBI BBIYHCIHM TpeTI/Iﬁ YJIEHR B 3TOM BBEIDAXKEHHH, IIOCJAE 4Yero He-
TPYAHO 6yIleT NIOKa3aTh, YTO IEPBBIE JBa PABHH HYJIO. Hnmeem

0| ; k,ak-qax| 0> = <n | (%‘kza,:_qak )* [0y
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In. 10. CsepxnpoBoaumMOCTL

YuuTHIBag, uToO
+ + N + +
<§kzak_qak> =%k,ak ak_q—_—;kzamqak

(rie B mocJefHeM paBeHCTBe HCIIOMb30BAHO, 4TO &, - ¢,=R,), H nosa-
rag k-+q=%k’, nonyuaem
' |<n|2kzaﬁ',ak|0>|2
. _etA, k
[2(8) =523 FTE, : (10.72)
n

Boanoras q)yHKIlMﬂ OCHOBHOTO COCTOSIHUA SABJAAETCS NpOU3BeAeHNEM

4YjJeHOB BHJa

Onepatop k,ai s axr, JmefictBys Ha  Pi (0) Yir (0),  naer
k,UkVie |0, —k1>|k't, 0>. Ilpyrumu caoBaM, onepatop ,ai tax+
NepeBORUT COCTOSIHUE

kT) _kl k’Tv *k/l
3aHATO cB0OOHO

B COCTOSIHHE
—kJ, k't kt, —k'|
3aHSITO ¢BOGOIHO,

NpUHYeM aMIJIUTy Aa nepexoaa pasHa &, Uy V. MoxHO MosyunTsh anano-
IHYHOE KOHEUHOE COCTOSIHHE, MOb3YACh ONepaTopoM —&,aly a i 4.
DTOT onepaTop NEPEBOAHT COCTOSHHE

kT! —kl k,T’ —k,l‘

cBOGOHO 3aHATO
B TaKOe K€ COCTOSIHHE, KaKoe MoJydYaeTcd NpH AeHCTBHH onepaTopa

k,ag +axy, ¢ TOl JMIub pasHUIEl, YTO AMIJIMTY/a Nepexoia Tenepb
paBua —£k,UxVy. Takum obpasom,

() = 24, {<k u k’ Bo3Gyxnmenn | (kza;”,T a4 —kialy a0 )| 0> B
]z q)  m2 - Ex +Ek' =
- 62/40 2 kg (Ukvk’_vk Uk’)2 (10 73)

mic - Ep +Ep : :

TposeneHnnie Bhime adrefpauyeckue npeobpasoBanua He fABIA-
I0TCH JOCTATOYHO CTporuMH. Hanpumep, He GBLIH CQOPMYJIHPOBAHE
npaBu/Ia BHOOpa 3HaKa [Js MATPHYHOrO 3jaeMeHTa. Uuraresmo cie-
AVET CaMoMy TMpOJeJaTb 3TH ajare6paHyeckHe BHIKJIAAKH H OpoOBe-
PHTb, B 4YaCTHOCTH, NPABHJIBHOCTL 3HaKOB. [Ipu 3TOM BaxkHO cob.1i0-
J1aTh IOCJEAOBATENLHOCTE [PH BBIUHCJECHHAX, HANDUMep, CJAeAyeT
O/IHO3HAYHO YCTAHOBHUTHb, Kakasa (QyHKIHUS, ak+a’yy |0, 0> wuam
aiuaﬁ |0, 0> (KoTOpble OTJHHYAIOTCST 3HAKOM), OTBeYaeT COCTOAHHIO
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§ 11. Tok npu koHeuHON TemnepaTtype

|kt, —k|>. JanbHeiiline BhIKJaAKH He NPeICTaBJANT Tpyla:
(UkVir—Vi Uk)? = UiV -+ VﬁUﬁl—-—QUka UV

Yuuresas (10.26) u (10.28), npaBylo yacTb 3alHChIBAaeM B BHIE

i(l Ak Ak’sk 8k'>
2 E B )"

IMpu yuere pasencrtsa j,(q)=K,,(q) A, (q) Beipaxenue (10.73) npu-
HHMaeT BH[I

e I3 ApAg ey gy
Ko (0) = gy 2 En L Ep <1 T EE, )

K
rae Ek——-‘/aﬁ—{—Ai‘l [em. (10.24)].

Bapjuu, Kynep u lpuddep onpenesunn Bce KOMIOHEHTHI TEH-
sopa K,p(q) M Halk ero sHayeHHst NMPH HEHYJEBHIX TeMmnepary-
pax. Onu mnokasand Takxke, 4TO TPH HYJ/EBOH TeMmieparype Hux
Pe3yabTaT MPUOIMIKEHHO COOTBETCTBYET 3MIupuueckofl dopmyae
(10.65), npuuem suauenue &, He paBuo 0,18, a JeKHT B HHTEpBa-
ae or 0,15 1o 0,27. YVuureiBasi Te npubJIHKEHHs, KOTOpble (chaeiyd
Bapauny, Kynepy u lllpuddepy) Mbl HCIOJAL30BAJH, HYXKHO CUH-
TaTh, 4TO TEOPHSI OUEHb XOPOIIO COrJACyercst C 3IKCHEPUMEHTOM.

§ 1l

Tok npu KOHE4YHOW
TemnepaType

Uro6sl BBIUHCJIUTDL SHEPrHl0 CBEPXNPOBOJHHKA € TOKOM MpPH OT-
JHUHBIX OT HYJs TeMmIeparypax, HeoOXOAHMO H3MEHHTh GopMYy.ibl
(10.36) u (10.37) B coorsercteuu ¢ Taba. 10.1.

Torza NJd 3HEPrUH HMEEM

E =3 (—fisa) (1 = -ksa) (exra T e-ksa) Uk +
+§fk+qf-k+u(€k+Q+€-k+Q)Vi2<+
+ Bfira(l—f-ea) e a+ 2= e (I —Fir @) e-vat
-+ k§,vf{%vkvkuwvw [(1 —fis ) {1 —F-wra)—fic+ af - ksa] X
X [(1 —frs@) (1 —f-kra) —[w+af -k+a]=
= ; [(eks @ +e-ksa) Ukl —2fk +a) +-2ex+afiral +
+k,2k' VIRUVikUiVie (1—2fk+0) (1 —2fi +a)- (10.74)
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Fn. 10. Ceepxnposognmocts

3jech MBl HCNoJb30oBaJu cooTHoweHus Ug =U_x, Vi=V_k u

Vi =V_ww=Vi—x.

Ho cux nop, oiHako, Ml He onpefenuad uu [k, Hu Uy. Kax
U paHblle, HeoOX0JUMO MHHHMH3HPOBaTb CBOGONHYIC 3HEPTHIO F =

= FE—TS, rze

TS:—B-lggpk (n)1n Py (n) =

= ﬁ_lzk:[fk+01nfk+a+f—k+o Inf_kiq+

+(l—=fre) In(l—fuso)+ (I —fok+a) In (I —f_iig)] =
= _2[3—1%" [[x+elnfesa+(1—Fk+a) In(1—fk+a)]. (10.75)

Tabnuya 10.1

[TpexxHee BhIpaXKeHHe

Hosoe suipaxenue

£ sy (0) =2e, Uy (eksa TEokra) Uk
g5 (1) =28, VE (3k+0+8-k+0)vlz(
ersy (2) = ¢y &k1q

8y (3) =y E_k+Q

Pty =(1—1he) (1 =7 ) = (1 = Fi)*| (1 —Ficyq) (1 —F_ 4 o) —peposr-

HOCTb TOrO, 4TO KU coctosHue (k- Q),

HH cocTosiHue (— k- Q) He BO3GyKIaeHbI
Po()=Fg Feral ~x+a
P (@=rh (1 —F) Ferq (1 —7_x + o) — BeposTHOCTS ToTO,

4To cocTosinme (k4 Q) saunto (Bo3dyx-

neno), cocrosnue (— k-4-Q) cso6oano

Pk(3)=fk(l—fk) f—k‘+0(1'—fk+0)'
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§ 11. Tok npu KoHe~HOH TemnepaType

Ecau mbl nposeseMm Bapuauiio no Uyx H NOJOXKHM
By =— ZVIR UV (1—-2fi-a), (10.76)

TO MOJIYYHUM COOTHOLIEHNe, aHajoruuHoe (10.20). PaxTHueCKH, ecJiH
Mbl npeHeGpexkeM olWMOKaMH nopsjika QF, TO IOJYYUM COOTHOLIE-
Hue, TouHO coBnajamwmee ¢ (10.20), u Bce dopmyast ot (10.20) no
(10.28) cHoBa OyayT cnpaBepausbl. B Gosee ofmeM cjaydyae Mbl
MoxeM BBeCcTH BeuYHHY € (k) =1/, (éx.q F€-k+q) H TOTAA NPUIAEM
K topmysam (10.20)—(10.28) ¢ e (k) Bmecro ex.

BERINOJAHUM Telepb BapHALUMIO IO fx4q. B pesyabrare noJaydum

— 26 (K) U+ s+ + 284Ul 4 Bt In 524 —

fk+Q
_.Ek+Q—‘8(k)+Ek+ﬁ 111'11};;((10::
hi2
=—k-Q+Ex+p~*In f“;“ =0, (10.77)
k +Q

OTKYla HaXOAUM
1

exp { [y +A* (k-Q)/m] B} +1°

fxra= (10.78}

Bripakenue (10.78) MoxHO OplIo Obl NOJYYHTb, COBepillas Hpe-
obpasopanue [anugaes AJas CKOPOCTH v =hQ/m.

Moxno Ovl0 O 0XKMLATbh, 4TO TOK B CHCTeMe JOJLKEeH OniTh
paBeH CKODOCTH, YMHOX<€HHOH Ha NOJIHYIO IJIOTHOCTb 3JIEKTPOHOB.
Ha camom jgese 3to He Tax. B neHCTBUTELHOCTH TOK OKa3hLiBAETCH
MeHblle 3TOH BEJHYUHEl, TaK Kaxk Bo30Oy:KJEHHAM OKasblBaeTcs Hep-
rerudeckKH BHICOJHEee ABUTATHCH HABCTPEUY MNOTOKY UACTHIL.

T0T 3p(eKT, ONHCAHHBIL BbILIE, HE cJelyeT NnyTaTb ¢ «IPOTH-
BOTOKOM», KOTOpBLIH BO3HHKaeT cielywinuM ofpasoMm. Paccmorpum
3a7a9y O ABHMKEHUH BOJHOBOTO IakeTa BO30Y:KAEHHBIX 3J€KTPONOB
B cBepxnpoBoAHuKe. Takolt BOJIHOBOH NakeT MOxKeT ObIThb ONUCaH
HeKOTOPOH mNpubAMKeHHOH BOJHOBOH (yHKLUeH, KOTOpas B CBOIO
ouepe/b MOMXKeT OBThb HCIOJB30BAaHA AJA onpeieseHHA 3HEPruil
JMOKaJbHBIX MOTOKOB. Ho okaswiBaercss, 4To NPl HCIONL30BAHHH
3TOH NpuOMMKEeHHOH BOJIHOBOH (PYHKUHH IIOTOK He COXpaHsercs.
IIpn wucnoan30BaHHH YJAyYIIEHHOH INPOOHON BOJHOBOH (MYHKIHUH
(KoTopas CyLIeCTBEHHO He YJyullaeT HEPTHIO) IIOTOK COXPaHdgeTcs.
[Ipn 3TOM «NPOTHBOTOK» TPEACTaBAAeT COGOHM TOT AOMOJHHTE/bHBIH
NMOTOK, KOTOpHIH BO3HHKAaeT 3a CyeT MONPaBKU K IEPBOHAYaJNbHO
BLIGpaHHOH BOJHOBOI (PyHKIHH.

IlocmoTpum Tenepb, KakOH TOK MBI HMOJYYHM IPH HCIOJb30Ba-
HHH BOJIHOBOH ¢YHKIHH, KOTOPYIO Mbl BhIfpajd AJf OlNHCaHHSA
OJHOPOJHOI'0 TOKa B CBePXIPOBOAHHKE. [IpH 3TOM 3JE€KTpPHUeCKHH
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n. 10. CeepxnpoBoaumMocCTb

TOK MoxeT OBITb 3anicad B BHJe IPOH3BEJGHHA e/m Ha NOJHBIA
UMIyJIbC, KOTODBIH paBeH

Wmnyasc = 3} (Bepostrocets coctosmms i) X (Mmnyase coctonuus i) =
= Ekj 2 Pkl(n) X (sxnan cocrosuit &= K -~ Q b cpennee snauenue nmnyabca) =
=2 —fusa) (=10 Uk [(k+ Q)+ (—k+Q)] +

“l";fkﬂl (1 —f-x+a) (k+Q)+§f—k+Q (1—fe+) (—k4+Q)+

+ Lol -krdVi [(k+Q) +(—k +Q)] =
= Q2|20 (1 —2fx va) + sl + Xk (kra—T-kra)- (10.79)
ITepBelfl ugeH ¢ comHoxuUTedeM Q MoxkeT ObITh 3amucaH B BHIE

QkZ QU§+Q§(1_2U§)ka+qzd\rg+m§fkw%>

[eM. (10.25)]. Bropoe caaraemoe D fese (K)/Ex 31ech npubau-
k

JKEHHO paBHO HymO. UToGH MOKa3aTh 3TO, PACCMOTPHM 3aBHCHMOCTh
fi+q 4 e(K)/Ex or ateprun & (dur. 10.23). ®yHKuHa fx,q 1n0YTH

QUI'. 10.23.

S

% (K)/Ex

.. PyskUAR [y, q

/\E Jnepeus 0 oe (k)/Ey.
F Ep — sHeprua QPepmu.

CcUMMETpHuHA oOTHOCHTesbHO sHeprun $epmu, a dyHxuua & (k)/Ey
noutd antucuMmerpuusa. CjejnoBaTesbHO, HX [IPOU3BEJEHHE IIPH-
O6/IMKEHHO aHTHCHMMETPHMYHO M NPH HHTETPHPOBAHHH B CHMMETPHY-
HBIX Npefesax RaeT HYJb.

Taxum o6pasoM, ujged ¢ coMmuoxurtegeM Q pasenH oN'Q. Bropo#
yied B (10.79) pasen

d3k k
%k(fm—f-m)=§2kfk+°:25 @n)® exp {[Ey 1 (k-Q)/m] Bf+1°
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§ 11. Tok npu KoHeuHOH Temnepatype

C TOYHOCTBIO N0 JIHHEHHBIX 4YneHOB no Q mojblHTerpaibHoe BhIpa-
JKEHHEe B 3TOM 4YJeHe DPaBHO

k - Kk . k k-Q ﬁé’ﬁEk
exp{[Ek-%(k-Q//”)]ﬁ}‘f—l ~ uBEk—}_l (eﬂEk—f—l)z m ' .

Ilocsie uHTerpupoBaHus BKJA[ JaeT TOJMBLKO BTOPOI 4jeH, KOTOPHIl
C yueroM COOTHOUIEHHA CHMMETPHU HMeeT BHI

_9 g\ d3k k k. lem . — _2BQ [ d%k PQeBEk
@ ("R 4 1)* m am J (2 (PFR 1)t

O6peannsasa ofa uiexa B (10.79), HaxoiuM, 4TO NOJHBIA 3JEKTpPH-
yeckHil TOK paEeel

j=—d,ev,
rae 3¢gdexTuBHAA NJIOTHOCTE CBEPXMPOBOAALIUX JIEKTPOHOB o, =

= N —oV', a N —IoJHaA NJIOTHOCTL 3J€KTPOHOB:
n

=2 5 UL
I k2 PEK
A (.
) e G L) (10.80)

Korpa teMneparypa CTpeMHTCS K HYJIO, BeJHYHHZ [ CTPEMUTCH
Kk OeckoHeusoctH, oY, cTpemutes K HYJMO H o, npubiauxaercs
K of. Beaunuuna o\, ofycsoBiaeHa HaJn4HeM BO36yikJeHHHl, H ee
MOXXKHO PAacCMaTpUBaTh KaK IJIOTHOCTh YHCJIA HOPMaAbHBLIX (HEeCBEepX-
APOBOASAUIUX) 3JEKTPOHOB.

Uro6el o0seruuTh aHadu3 IOBeleHHR OQYHKuMH o, cle/aeMm
HeKoTopele npubAHXkeHus. I[IpeanoJio:KuM, 49TO HOABIHTETpabHCE
BhIpakeHue B ¢opmysae 1as o, NaeT CYINECTBEHHHH BKJaJ TOJABKO
BOiMsu nosepxHocTH @epmu B k-npoctpanctBe. Takoe mnpexoJo-
JKeHHE SIBJSeTCA CJEACTBHEM MPEIIOJOKEHHA O TOM, 4TO (QPYHKUHS
fi+q OTJNHYHA OT HyJAA Jumb BOJAM3E MOBEPXHOCTH PepMH, Kak
nokasano Ha ¢ur. 10.23. CnegoBaTebHO, MBI MOXKEM 3aMEeHHTL A2
Ha k} u mepedTH OT CYMMBI K HHTerpaJjy COTLJIACHO IPaBHJY

d3k
G S M (0) de,
rae M (0)—nnoTtHocTh cocrosiHul npu e=0. [lpu 3TOM BHIOJ-

HAeTCSH paBeHCTBO
. 4nk%Uk 4nkm kdk dnkm
Me)de =~ = omy ~m = (@ap 4
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Fn. 10. CeepxnposogumocTs

CrepoBaresbHO,

nk
M (0) =505

ITonnas nA0THOCTB 3JIEKTPOHOB CBsi3aHa ¢ HMITYJBCOM (DepMH COOT-
HOHnIeHHeM
4 :r(lzs

N=2-5 @m)e

rae MHOXKHUTEJdb 2 YUYUTHIBAET CIHHOBBIE COCTOSHUSA.
O6penuuss BCe 5TH BbhIDaxKeHus, MNOoJgyuaeM

~ BN’ da__eﬁ_Ei_zej\r’ dxﬁA_M—oj\f‘ (BA)
~ P )’ PV T

(10.81)
rae QyHKUUS Y OHpeJIEJIHGTCﬂ paBeHCTBOM

& Vi+xt

L\ 21 1+x?+])2

K‘:

Kak mbl yxe 3HaeMm, OpH aOCOJIOTHOM HyJIe TeMnepaTyphl y =0,
Ilpn xputnueckoit temneparype A=0, Ex=¢ u y=1. [Ipyrumu
caoBami, N'g=0 NIpH KPUTHUECKON TemIepaType, ¥ CBEPXIPOBO-
AAMHA TOK OTCYTCTBYeT. KadecTBEHHO 3aBHCHMOCTB o’y OT Temme-
patypul npencraBsaeHa Ha ¢ur. 10.24.

A QUI'. 10.24.
ul'l'

3aBHCHMOCTb MJIOTHOCTH

CBepPXIPOBOAALIUX
- 3JIEKTPOHOB of\s OT
T, T TeMnepaTypH.

Herpyano 0600muTh 3TOT BHIBOA. BMeCTO OThICKaHus IPOCTOrO
MHHHMYMa ¢yHKUMH F OyneM MHHUMH3HPOBaTh F IDH yCJOBHH,
uUTO CpefHee 3HAUCHME HWMHOYyJabca ¢HUKcHposano. Torza BmecTo
YCTOHUHBOTO COCTOSIHHSI MBI IOJYYHM COCTOSIHHE ¢ KOHEUHbIM Bpe-
MeHeM KH3HH, KoTopoe OyJer pejJakcHpoBath K ycrofiuuBomy. Onu-
pieM B OOMHX 4YepTax 3TOT BHIBOJL.

Tenepbr BMecTO OTBICKaHHA MHHMMYMa F Mbl 6yjleM MHHHMH3H-
poBath dyukunio F-+V, .<P>. KomrnoHentsl V, sBJasioTcs Jarpas-
JKEBBIMH MHOXKHIEJSMH C Pa3sMepHOCTBIO CKOpocTH. Beanuumna <P)
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§ 12. Opyras touxa 3pexus

C CaMmMoro Haua/ia $B/S€TCA 3afaHHON, a B KONIE BBHIUUC/EHHIH
napamerps V, moabuparoTcs Tak, 4YTOOBl NOJYYHTL MPaBHJBHOE

snavyenue <P>. B peayabrare Haxoaum
. % [ 4% k
eV 2
J NeV— ) @a)s &0 {[Ey TR-(V—V,)] By F 1’

rae V=Q/m. Mol yxe BBIUHCJSAJM HHTETpPaJs, BXOAAWMI B 3TO
BLIDaXKEHHE, H MO3ITOMY MOXEM JIEFKO IN0Ka3aTh, 4TO

j=— eV dle(V—V,) =—ofeV—oieV, (10.82)

C I[IOMOIIBIO TEX 2XKe paccymaeﬂnﬂ [moJgyuaeMm Apyroe paBeHCTBO

Ealll‘p:%d\?sm VZ_}“%(’N}an;U (1083)

rae sueprust E ., BulYHCIeHA 1PH QUKCHPOBAHHONA SHTPONHH. MOKHO
noKasarb (XOTsl M He O4YeHb NPOCTO), 4TO V, sBJSAETCA CKOPOCTHIO
BOJHOBLIX MAKETOB B CBEPXIPOBOAHHKE.

Pestomnpyst pesyasTatsl (10.82) n (10.83), Mbr Moxem chopmy-
JIUPOBATbL CJEAYIOUee He COBCEM CTPOTOE YTBepxjeHHe:

B ceepxnpesoéﬂuh'e umeromes 0sa muna INEKMPOHOB8 — HOPMANbHbIE
JACKMPOHBL, Komopble cosdaiom mox, 3amyxaf0u4uzz ecaedcmeue con po-
mue.leHust, u ceepxnpoeodqmue SNEKM POHbBL, KOMOPbLIE «3AKOPAUBAIONT»
Mokx, co30asae bt HOPMANbHBIMU INEKMPOHAMU.

D10 yTBEPXKAGHHE He TOUHO, MOCKOJLKY o’y H o, B neficTBH-
TeJIbHOCTH HE ONpeIe/soT YHCJO 3/]1eKTPOHOB. Beaununna o,V
olpe/lesieHa HEKOTOPLIM HHTErPaJjioM, a BeJIHUHHA o\", paBHa Pa3HOCTH
N —¥,. TlogoGHBIM »Ke 006pa3oM MOXKHO ONHCATb KUJAKHI Teqauil
B paMKax JBYXKHIKOCTHOIl MOJeJH, NMpHYeM B Haulem cjyuyae 3Ta
MOJeNIb TAKIKE MOJKET JaBaTh PA3YMHBbIE Pe3yJbTaThl, eC/M MOJgb30-
BaTbCsA €ff 0CTAaTOYHO OCTOPOMKHO, XOTSl H He CJEIyeT OTHOCHTLCA
K Hell CJHUIKOM Cephe3Ho.

$ 12
Hpyras Touka 3peHus

C NMOMOIILI0O BADHAIIHOHHOTO NPHHUHMIA MOXKHO MOJYUYHTH ypaB-
HEHHE Hlpe;erepa B BH/E

8§ .9 dxat —o, (10.84)
rae nJoOTHOCTLb JIaI‘paH}KHaHa OHpElIeJIHETCH paBeHCTBOM
Z(p, P*, VY, VHE, P, pF) =
! /ﬁ gA * h qAN ; o
= [(F7=2)0] - [(F7—L) ] +avwror T v,
(10.85)
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I'n. 10. CsepxnpoeogumocTs

3ajtaua onpenenenust GyHKLUHA Y U P*, COOTBETCTBYIOULIHX 3KCTpe-
MYMY BeJHYHHBI Sjcﬁxdt, SKBHBAJEHTHA DEUERHIO0 YDaBHeHHH

82 8L

2 e

5 =0, =0, (10.86)

rjle, Hanpuep,

3
d 0%
S 9y dt oy . ]Bx—,-a(alp/ax,.)' (10.87)
=

[Toarsysce (10.87) coBmectro ¢ (10.86), moayuum ypasrenue [lpe-
JHHTePa H KOMILJIEKCHO CONPAXKEHHOE eMy YypDaBHeHHe.
Ecnu sanucats ¢ B Buge Y =) pe®, T0 Z Momuo pacemartpu-
BaTbh Kak ¢yukuuio p U O u ux npoussoausix. Toria
8L _ 8L oy | 8L oy

H =t T 5 =0 (10.88)

8L
o =0

Ilepexoas x nepeMenHbM p M 6, sanumenm

% =g (B00—L Y 2 V) (v 5) v Ao+ g

Orcroga cieiyoT ypaBHeHns

e = _he
5 mu* gV -+ U #e, (10.89)

V'PV'E“F;:O,
rape
(ﬁ\'ﬂ—%A) W U= —22 1 ey 0,90
o

Tenepso

=g (Fr—2A) v [(F 7 —2A) v} o

ABJSETCS IJIOTHOCTBIO TOKA BEPOATHOCTH, a HE 3JEKTPHYECKHUM
TOKOM.

Kak npumenuts Bce 31tH  QopMyan K CBEPXITIPOBOLHHKY?
B cBepxnmpoBojHuKaX B OCHOBHOM COCTOSAHHMH 3,I€KTPOHBI C npOTH-
BOTMOJIOXKHBIMI CITHHAMKU 00pasyioT nmapel. JIMHEHHYI0 KOMOHHALHIO
TaKHX Nap ¢ HaHHH3UIEH 3HepPrHed MOMKHO paccMaTpPHBAaTh KaK ua-
cruuy. Ilockonbky ee CHMH paBeH HyMI0, 3Ta ,uacTHLA® NOJYH-
HAETCs 6O3e-CTAaTHCTHKE, H B OCHOBHOM COCTOSIHMM CBEPXIIPOBOAHHKA
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§ 12. Qpyras TOuKa 3peHun

{IMEETCst OTPDOMHOE YHCJIO ,4aCTHU B OJHOM H TOM e COCTOSIHHH,
Ecan p BeiOpars Tax, utofel (yHKUHA P Obl1a HOPMHPOBAHA, TO
ypasHenue (10.89) onucbiBaer ABMXKEHHE OTIENBHOH ,uacTHUBI.
O1HaKO NOCKOJbKY ,HacTHUB SBJAIOTCS GO30HAMH, TO B OAHOM H
TOM K€ COCTOSIHHMH MOXeT HAaXOAHUTbCA MPOU3BOJLHOE YHCJO ,ua-
CTHIY, U p MOXET ObITh MJOTHOCTBIO YHCJA ,YacTHIL®.

3ameruM, 4T0 g=2e M m TpeICTaBIsfeT Cco0ofi yIABOGHHYIO
opdeKTHBHYIO MAacCy 3/MEKTPOHA. 3aMeTHM TaKKe, YTO eCJaH O fiB-
JSIeTCs MJIOTHOCTbIO YHC/I4 YacTHI, TO % HEeOOXOAHMO MOAHGHIH-
poBaTh TaxHM 06pa3oM, 4TOOBl 3HAUEHWE O HE OTKJOHAJOCH CJIHLI-
KOM CHJBHO OT XapakTepHOro A/f JaHHOIO MaTepua/a 3HAueHid,
ckaxeM p,. Ilosromy MBI ZOKHBI M06aBHTh K & 4JeH Buga

'(;_ (p —ps)z’

Ile ¢ He ONpeiefserTcs U3 JIEKTPOCTATHKH, TaK Kak H3 3JeKTpo-

CTaTHKH CJelyeT TOJbKO PaBEeHCTBO o5 o', =const, rae o', =p.

Mo He Gynem GoJiee ofCyKAaTh CMOCOOBI OMpefeNeHHs o.
YpaBuenus (10.89) Moryr GbiTh 3aMEHEHBI ypPaBHEHHSIMH

s 0

v 1 (10.91)

[ma—{—(v-V)VJ =qg(E4vxB)+vU
rie

E——vwW—1%  B_yxa.
c of

Ypapuenus (10.91) npexcrasasior coGoit He 4To HHOe, Kak ypas-
HeHHsl THAPOANHaMiKH. [lepBoe sBJsieTCA ypaBHEHHEM Hepa3pbis-
HOCTH, & BTOPOE ONpejensieT 1efCTBYIOIHe Ha YaCTUIEl CHJIE F = ma,
npuuem U urpaer poab jgaBjaeHusi. M3-3a HaJdHuUHS QONOJHUTE.Ib-
Horo umteHa (a/2)(p—p,)® B & BeqnunHa U yxe He ompene.siercs
BoipakeHnem (10.90). ITono6Ho TomMy, Kak ypasHeHus Maxcsesia
ONIUCHIBAIOT JBUXKEHHE OO0/bUIOTO YHCJAA (OTOHOB B OZHOM H TOM
JKe cocTosiHNH, ypaBHerus (10.91) aABAAIOTCS MaKPOCKOIHUECK HMH
ypaBHeHUsiME /19 0OJbLWIOTO YHC/AA CBEPXMNPOBOAALLHX ,UACTHI®
B OJHOM H TOM XK€ COCTOAHHH.

Corunacuo (10.90), Bennuuna mv - gAjc = hv0 asasercs rpaiies-
TOM; CJIC0BATEJNbHO, €€ POTOp paBeH Hy.o. Ec/u BekTop B =V A
paBeH HYJO, TO VXV =0 U JABHKEHHE KHUAKOCTH fABJACTCH Oe3-
BuxpeBpiM. Corjacuo (10.90),

(4

BO—00={ (mv +2)
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Fn. 10. CeepxnpoeogumocTs
Ecaun Touku 1 u 2 coBnapaimor, TO
— AN g9 mev . ds —
h(2nn)~§(mv—}— - ) ds = f( p TA) ds
=49 s .
=< $Wi+A).ds,

rae n—uenoe 4ncao B A’ =me/qp, = —2mc/2ep,. VimeeM
56(A'j+A)-dS= —Qg’fc na—(2,09-10-"Tc-em) n. (10.92)

Jlajiee 3aMeHMM £ HA —HA.

1A 0JHOCBA3SHOTO (T. €. HE HMEIOLIEro OTBePCTHIl) cBepXIpo-
BOAHMKA (YHKIHH V u A BCIOAY HenpepwiBHbI; No3ToMy n=0.
Orciofna chaenyer, uto A= —A'j". Tlpeinojoxum Temepb, 4TO
CBEPXNPOBOAHMK HMeeT ¢opMy Koabpla. Ilose He nmpoHHKaeT ray-
60K0 BHYTpb Koabla (cM. § 1), Tak uyro B ray6HuHe KOJbIA TOKa
ner. [losToMy NpH MHTETPHPOBAHMM MO 3aMKHYTOH KPHBOH, .Jexka-
med BOJIU3H CepeIyHBl ROCTAaTOYHO TOJCTOrO KOJbIA, TOJYYUM

56(A’j+A)-ds:99A-dS= ({B-ds=2,09-10-"n. (10.93)

YpaBHenue (10.93) nokaswiBaeT, YTO NOTOK Yepe3 KOJbLO KBaHTO-
BaH; 3TO IIpeackasaHue NOATBEP)KAAeTCs 3KcnepuMmeHToM. DBoaee

U 10.25.

CoEpTIpOBOOHUR

Y1

Cseprnposodyux
¥z

Croft ausnektpuka
TOJUBOR Ax Mexay
IBYMSl OJHIIAKOBHIMH
CBePXMPOBOLHHKAMH.

Toro, ecau Obl BeJuyHHA ¢ Oblja paBHa e, a He 2¢, TO KO3(H-
LHEHT NpH n Obl1 66l B ABa pasa 6oJblle 3KCIIePUMEHTAJbHO Hali-
JNeHHOro 3HAYeHUS.

Vimerorcs M Jpyrue oyeHb MHTEpPECHBE NPHUMEHEHMsI TeopeTHue-
CKOro I0AX0Ja, H3JIOXKEHHOro B 3ToM mnaparpade. Paccmorpum
OU3JEKTPUK, NOMEIEHHBIH MeXJAy ABYMS OJHHAKOBLIMH CBEPXIIPO-
BoxHUKamu ¥ (¢ur. 10.25).

Y 310 ypaBHeHue coBnajaer no BHLY ¢ ypabHerueM (10.2). Hanomuum, uro
B (10.2) j aABAseTCST 3MEKTPHYECKHM TOKOM, & He MJOTHOCTBIO TOKA BEPOATHOCTH,
K4K B BBILICTIPHBEEHHOM YPaBHEHHH.

? Teopuio TynuenshbiX shdexToB B cBepXNpoBoAHHKaxX (3ddext Hxosedcona)
¢M. B pabote [3].— [Tpum. ped.
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§ 12. pyras TOuKka 3peHus

Ecan pasmep Ax J0CTaTOYHO BE€JIMK, TO JBa CBEPXNPOBOAHHKA
HE BJHUAOT APYT HA Jpyra Hu

_lilpl = Ellpb
——?’q}g = Ez‘bz'

Ecan Kk nusnekTpuky npujoxeHa pasHOCTh NOTeHLUHal0B, To E,
MOXeT oTaudarbes oT E,. Ecau ronmuua Ax ouenn maaa, To 6Jxa-
rojgapsa npocauydBaHHIO qacmu yepes MoTeHUHaJbHBA Gapbep BoOJ-
HoBast ¢ynkuusa ¢, Oyaer NPOHMUKATL B 06JACTb BOJHOBOH (PyHK-
unuu P, ¥ naodopor. Ilockosneky ypasnenue IllpeanHrepa siBasercs
JuHefinpIM H OQHOPOAHBIM, TO CKOPOCTb IPOCAauyHBaHHs B 06.1acThk 1
(nan 2) nponopunoHasabHa Y, (uau P,). MoxkHO NnokasaTk, uTo NPH
3TCM BBITIOJIHSIIOTCS] ypPaBHEHHS

—1?-% = Ellpl -+ ay,,
—_;L'lpz = Ezwg + a*lplv

rie a— JAeHCcTBHTeIbHAS BeJAHYHHA, €CJH BEKTOP-NIOTeHUHaJN paBen
HY.TIO. ﬂJIH OTJIHYHOTO OT HYJIA BEKTOpa-NOTEeHIHaJJa

ay = a,exp <%C—A-Ax>.

Bynem paccmatpuBaTh jgeficTBHTENBHBIE 3HAu€HHs @; pacueT AAf
60.1ee obuiero cayuas npejjaraeM 4YUTaTeNI0 BHINOJHHTH CAMOCTOS-
teabo. ITpeacraBum P B BHae Y=} pe¥; Torna yPaBHeHHA (10.94)
13107

— 5= H A0V B = BV aV B exp (i (6,—8)]  (10.95)

M aHAJOrHYHOE ypaBHeHHe ¢ 3aMeHOH MHAeKcoB 1 Ha 2 u HaoGo-
por. IlpupaBHuBas JAefcTBHTeJbHLI€ dacTH ypaHerua (10.95),
HaX0AHM

(10.94)

Y/ Ecos (0,—6) + E,
1

U, MeHss MecTaMH HHAeKcol | u 2,
0, =a ]/g—_:cos(ez——ﬂl)qLEﬁ.
AnajlorMuHO U3 paBeHCTBa MHHMBIX dacrefl HMeeM
é1= _Zﬁ? VFszsm (62‘_61) - —f')a-
Tox, NpoTeKaoullil Yepes KOHTAKT, j= —p,.
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In. 10. CesepxnposoarmocTb

Bsenem onpeneneHue

i _ 2 2
6= (0,—6,), =5 Vow, ~ =
Ilpu p, ~p, noayyaem
j=1j,sind,
dd _Ey—E, _qV _ 2V (10.96)

@ ik

rie V—-pa3HOCT‘b MNOTEHIIHAJIOB, MPHJOXEHHAsT K KOHTAaKTY.

6, b, QUL 10.26.
¥

J},MH i Kormaxme: e
% Cxema ¢ ABymA
g 6; KOHTaKTaMHu.

TIpeanosoxKUM Tenepb, 4TO Mbl cOOpand cXeMy, [OKa3aHHYIO
na ¢ur. 10.26. Ecnn 6=0,—0, u 8 =0,—0;, To noiuei TOK,
NpOXOJIAIIKI Yepe3 BCIO CXeMy, PaBeH

fromn = Jo (sin 8 4-sin &"). (10.97)
Jasi BHyTpeHHell uacTH cxXeMbl, ofpasywolulell CcBepXmpoBojsLlee

KOJ/Ibll0, uMeeM VO = (1/A) (mv+qA/c) TaKk 4YTo H3MeHeHHe (haswl O
npu o6xo,1e KOJIblla DABHO

2nn=6’—6—{—5§%(mv—]—%}\>-ds.

Ho ecau CBEPXnpoBoaAmee KOJAbUO H KOHTAKTbl AOCTATOYHO TOJI-
CTele, TO CKOPOCTH V MaJja, H

2n =8 — 8- 99A ds =98'— 6+f (10.98)
(24

e ¢ = S B.dS —noTok uepes KoJbloO.

VY paBuerue (10.97) MokHO TNpeacTaBHTL rpaduyuecky, sameyas,
uTo

iuo:m =Im jn (eié—{—efé’)_

XapaxkTep nosejeHusi j uajmoctTpupyerca Ha dur. 10.27. [Ipu wue-
6OJbILOH pPa3HOCTH TOTE€HUHaso8 O H 8 MOTYT 3aBHCeThb OT Bpe-
MeHH, HO pasHocTb &' —§ sBjsiercd (GYHKUHEH JHIIb NOTOKa yepes
Ko/blo. [1pu 3ajaHHOM [OTOKE uepe3 KOJAbLO MAaKCHUMaJjbHOE 3Ha-
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§ 12, Npyraa touka 3penus

UEHHE jp;y MOXKHO ONpPEJEJHTb C NOMOIMIBIO NPOCTOrO TeOMeTpHue-
CKOro IOCTPOEHHA, KOTOpoe paer

8’ —6 . ep
T—Q]OCOS%;—. (1099)

jmakc=2j0cos
Ha ccHoBanmn 31oit GopMy/sbl MOKHO NpeACKas3aTh, YTO 3HAYEHHE
Jmaxe AOMKHO TEPHOAHYECKH MEHSIThCS B 3aBHCHMOCTH OT @, KaK
noxasano Ha ¢ur. 10.28. Paccrosuue Mexay noc/ef0BaTe bHEIMH
MaKCHMyMaMH paBHO OY€Hb MaJlOd BeJHYHHE I[I0TOKa, IMOPAAKA

our. 10.27.

JHDJIH 51
% X

Tox f; B KoMIIeKcHOM

0 TJI0CKOCTH.

10-"Tc-em®. Muoraa gefictBUTENbHO HaB/I01a€TCA  3aBHCHMOCTb,
nojobuas usobpakenHoi Ha ¢ur. 10.29. [To cpasuenHio ¢ dur. 10.28
KpuBast Ha ¢ur. 10.29 umeer cienywomue TpH 0COBEHHOCTH:
1. Macmrra6el rpadukoB He COBNAajaloT.
2. C pocTOM @ OCLUHJIANMH 3aTyXaioT.
3. Ilpn yBenuyeHHH @ TOKH CTPEMSTCSi K HEKOTOPOMY OTJIHYHOMY
OT HYJS 3HAYEHHIO,

J OUT. 10.28.
maxe

IMpenckasuiBaemoe

TeopHeH NnepHOAHYECKOe

>  H3MeHeHHe MacuMaJib-

[4 HOrO TOKA fyake.

OnucanHblfl Bbllle 5KCIEPUMEHT aHAJOTHYEH H3BECTHOMY B ONTHKE
3KCMEPUMEHTY IO HHTepQepeHUMH Ha ABYX wmeasx. Ecaw mesan
HMEIOT KOHEUHYIO MHPHHY, TO HabJlofaeMas B ONTHYECKOM 3KCIle-
pPHMEHTE HHTEHCHBHOCThL HHTEP(EPEHLHOHHEIX MaKCHMYMOB OmMpeje-
JasieTcss JHPPaKkIHMOHHOH KapTHHOH OT OJHOM 1eJH H A GOJNbLIKX
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fn. 10. CsepxnposogumocTs

yIJOB OCUM/IALUMK 3aTyxawT. B waimem 3kcrnepuMeHTe u3-3a HaJH-
YHS MATHHTHOLO MOJIs, IPOHHKAIOIETO B 30HY KOHTakKTa, (assl §
i 8’ He OQHOPOAHBI MO TOBEPXHOCTH KOHTaKTa. Benuuuna Heoawo-
POAHOCTH O BAOJb KOHTAKTA COOTBETCTBYET INHDHHE MHIEJH B ONTH-
UeCKOM 3KCHepHMEHTe ¢ IByMsA MIeJAMH, H 3Ta HEOJHODPOIHOCTb
NPHBOJAHT K aHaJOTHYHOMY 3(deKTy.

WA~

12

JMaIf C

OUT. 10.29.
DKCnepUMeHTa bHOe H3MEHEHHE fyake-

OrauyHoe OT HYJ/si NpeJesnbHOe HHXKHEe 3HaueHHe, K KOTOpOoMy
CTPEMHTCSI TOK TMOCJe 3aTyXaHHs OCLMJAUHA, O0YC/IOBJIEHO TeM,
YTO CKOpOCTb V 3JEKTPOHHOI Mapel He paBHa Hy/o. B cxewe,
u3o6paxkeHHo#l Ha ¢ur. 10.30, BepXHAA M HHXXHsIA YaCTH HE SKBU-
BaJIEHTHH ADPYT APYry, NO3TOMY HHTerpaJ 95v-ds He JOJIKEH ObiTh

pPaBeH HY.TO.
Onucs , ™~
: /é‘aypxnpwodﬂa/(

SHI. 10.30.
CxeMa CHCTEMBI ,,C IBYMS IHEJAMH®.

EcyM MarHUTHBIYL HOTOK Yepe3 KOJbLO CO3JaETCH COJEHOHIOM,
MOMEHIEHHBIM BHYTPH KOJbLA, TO OCHUM/JSALMM HE 3aTyXaloT, Tak
KaK M4rHdTHOE ToJie He NpOHHKaeT B ofJacTh, Ile TeyeT TOK. Ta-
KHM 00pa3soM, H3MEHeHHE ( NPUBOAHT K HM3MEHCHHIO fy,... ITO
MOKa3blBaeT, YTO HMEHHO BEKTOP-IOTeHLHaJ A HeNnoCPeACTBEHHO
BJUAET Ha JABHKEHHUE 3jeKTPOHOB. OOBIUHO AJ5 ONHCAHUS JBHKEHH
YacTHIL BBOAUTCA noJsie B, mocko/ibKy OHO omnpejaeJisieT CHJbl, KOTO-
pble ZeACTBYIOT B TOH TOYKE MPOCTPAHCTBa, TAe AaHHbIE 4YaCTHIH
HaxozATcs. B Hauwewm ciayuae Takyio poJib HTpaeT BeKTOP-MOTeHIHall.
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§ 12. Opyras TO4Ka 3peHus

PaccmoTpuM cxemy, H3o6paxkenHylo Ha ¢ur. 10.31, rae MOxHO
NponyckaTb TOK uepe3 HHKHUH CBepXNPOBOJHMK. Ecin Humxuuii
CBEPXNPOBOJHHK TpeACcTaB/asfer cOO0H CJAOXKEHHYI BIBOE HJEHKY,
TO MaruMTHOE IoJe B KoJblle He Bo3Gyxpaercs. Ho tenepr K pas-
HOCTH (a3 §— &' Heobxoaumo A06aBHTL 4JIEH

m m . m .
g [vds =g fids =2 {ap-as.

Koutyp HHTErpHpOBaHHS MPOXOJAHT IO HMKHEH 4acTH CBepX-
NpoBONHHKA. M3MepsAs 3JeKTPHUYECKHH TOK, HeOOXOAMMBIH A4
obecrieueHHs1 3aJAaHHOIO CJABHUra MakKCHMYMOB OCHUJIJAALMH, MOXHO
Ha#iTU BEJIHUYHHY m/ﬁpsq. HanomuuM, uro A =pg/m.

D)

OUTI'. 10.31.
Ta xe cucrema, uto ¥ Ha ¢ur. 10.30, Ho HrxHsS
NJIEHKa CJ0XKeHa BIBOE.

MoKHO OCYWIeCTBHTb H JAPYrofl 3KCIepHMEHT: HMeHHo, Gyjem
BpamlaTh cxemy, noxasanHyioo Ha ¢ur. 10.30. Ecan b— nekoTophiit
BEKTOP, TO €ro NPOHM3BOAHAs O BPEMEHH, H3MEDeHHAs B CHCTEME
KOOpJHHAT, Bpallaiomelicad ¢ yrJjoBoll CKOPOCTbIO @, PaBHa

db db
<W>Bpam= —‘F—-‘(l) >< b

Hanpumep, eciu MoJ0XKEHHE YacTHIB ONpeAe/IsieTcsl BEKTOPOM F, TO

(v) — (& =V—OXT,
ppam dt /spam

AVppan AVggau
(a)Bpam = ( dt ppam = —® X (V)Bpam =
dv dr
=7 0 X'EZ‘—OJX (v)npam=

=a—0X[(V)gpam F OX ] —OX (V)0 =
=a-2 (V)ypay X O—@ X (@XT).

[Tpene6peras ujeHamMH BTOPOro NOPsAKa MO ©, HAXOIHM, YTO BO
BpawaloLleiics CHcTeMe KOODIHHAT NosaB/Aserca AobaBounas sdgex-
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I'n. 10. CeepxnposoanUmocTts

THBHAfA CHIla
v ¢
21 (V) gpam X © = z(-l;‘ﬂ X qumc.
Taxum ofpasom, sbdekTHBHOE MaTHHTHOe NoJse ecth B = 2meac/y.

Bo3spaiasick K KBaHTOBOMEXaHMUYeCcKOH 3ajaue, HAXOAHM 4YTO
9T0 3pQPeKTHBHOE MarHUTHOE MOJe [PHBOJHT K TMOSIBJACHHIO e -
THBHOTO BeKTOpa-MoTeHuuana A B raMHiabroHHane, IIpH 3TOM B Ha-
LIeM 3KCIIEPHMEHTE ¢ BPALLAKLIAMCH KOJbLOM Mbl 6yaeM Habao1aTh
H3MEeHEeHHE MAKCHMaJbHOTO 3HAUCHHs TOKa IPH U3MEHEHUH YIJI0BOH
ckopoctn. C NOMOWLbIO 3TOTO 3KCTIEPUMEHTA MOXKHO U3MEPHTH Be/H-
YHHY g/m.

CxXeMbl OIHCAHHOTO BbIIE THMNA MOTYT HMETh CaMble pas/iHuHbIE
npumeHeHHs. [Tocko/bKY CKOPOCThL HX cpafaThiBAHHS O4Y€Hb BeJUKA,
TO CYIECTBYET MHECHHE, 4TO OHHU MOUYT OBITb HCMOJL30BAHBLL A4
JEeTeKTHPOBaHHS! PaAMOCHTHAJOB IO KoJeGaHHAM MarHHTHOTO I10.15.
Bosee BeposiTHO, 4TO 3TH yCcTPOficTBa Ha#AyT MNpHMEHeHHe A5
H3MepeHHs cjabblX MATHHTHBIX [OJeH ¢ MOMONIbIO INPOCTOro
[oJcyeTa 4YUCaa MaKCHMYMOB B OCUH/JHPYIOHIEM ToKe. Bo3MOHO,
YTO OHH MOTYT OBITb HCIIOJIL30BAHEL B YCTPOHCTBAX, MO3BOIAIOMIUX
OJJEPKHBATh [OCTOAHCTBO MaTHHUTHBIX MoJeH (HJIH, CKOpee, [oTo-
KOB) C OY€Hb BLICOKOH CTeNeHbld TOUHOCTH. BeposTHO, OHH OVAVT
[OJIe3HBl B 3JeMEHTax MaMATH BLIUHCAHTEAbHBIX MalldH. Bo3moskHb
TaKHe CHTYyallud, TI'le OHH MOryT OBITh NPHMEHEHBl KakK JaTYyHKI
HalpsXKeHHus; 1Jd 3TOr0 HeoO6XOAMMO MpH MOCTOSIHHOM noge B
ONpefeaaTh H3MEHEHHE MHJIOMIAJH KOJibLA.
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CaepxTeKyyecTb

§ |
Beepnenue.
Mpupona dhazosoro
nepexona

B xuakom renud He* npu rtemneparype 2,18 K npoucxonurt
$a3oBblil epexoj, KOTOPHI MOXKHO [POAEMOHCTPHPOBATh 3(eKT-
HbIM o6pasoM. Ecau HopmaabHBIl XHAKUH Tejuil, H3BECTHBIH Kak
He I, oxmaaute BAoab JHHHH xHnenus Ao 2,18 K, To kuneHue BHe-
3aMHO NPEeK pallaeTcs, XUAKOCTh YCIOKanBaeTCsl H BO3HUKAET HU3KO-
TemneparypHas MoiHdukauus xuakoro rejus—reani I1 (He II),
KOTOPBIl He KHMHT. DTOT BHE3alHHIH MNepexo] MOXKHO Hab/onath
Takxke, H3mepss TemjaoeMkocTb (¢ur. 11.1). dopma KpuBoil Temo-

4

! ! 1 ! !
! 2 b 4 5§ TR

QUr. 11.1.
TensoemkocTb reqinst BOJIM3H TeMIEpaTypHl
nepexoja.

€MKOCTH HanoMHuHaeT GyKBY A, UM 1o3ToMy a30Bbli nepexox mpu
temneparype 2,18 K HasbiBalor A-ToukoH. Y JHesnbHas TeNJ0EMKOCTb
no ofe CTOPOHBI OT A-TOYKH ONIHCHIBAeTCA CJACAYIOUEH SMNUAPUIeCKON
dopmyJaoit [cM. onpenenenue (1.9)]:

a-
0= }+b1nc< | T—Ta | ),
a<
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Fn. 11. Ceepxrexyuects

rae NMOCTOAHHAS @ OTHOCUTCA K oGjactu Temneparyp T > T (He )
M ac—K obaactu T < Ty (Hell). dror pesyabraT 10 cux nop He
YAaJoCh NOJYYHTb TEOPETHYECKH, M OH OCTaeTcs ONHOH H3 He-
PEIIeHHBIX 3a7a4 TEOPHH cBepxreKkydecTH. IIpH OYeHb HH3KHUX TeMm-
nepatypax TelJOeMKOCTb IIPONOpIHHOHAAbHA T3, 3Ta 3aBHCHMOCTH
uMeeT cBoe oObsacnenne. PasoBas guarpamMma rejusi B6H3U A-TOUKH
noxkasaHa Ha ¢ur. 11.2.

QHr. 11.2.
&
X —
[N
S
.§[ I
A -moyra
! ! | !
7 2z 3 4 5 DaszoBasi gnarpamma reaus
BOJTH3H TeMNepaTy pal
LK nepexoia.

CeorcTBa KuIKOro reausi. JKupkuil requil Huxe A-TOUKH, T. e.
Hell, unu ,cBepxTekyumi“ resui, wuMeeT pPSA 3aMeyaTe/bHbIX
CBOHCTB. ’

1. Kak yxe ormeuasocs, He II He kumuT (XOTH MOXeT Hcna-
pATbCA). ITOT (AKT MOXKHO OOBACHUTHL, Npeanofaras, 4TO TeI.1o-
nposoaHocth He Il craHoBHTCH 6GeckoHeuHol.

2. Bonee 3aMeuaTesbHBIM CBOMCTBOM, ueM OOHApy)KeHHas Gec-
KOHEYHasi TeIlJIONPOBOJAHOCTSL, ABJsieTcA (NPH onpefeseHHBIX YCI0-
BHfX) HyJeBasg BASKOCTb, HJM cBepxTekyyectb Hell. Bnlio
TIOKa3aHo, YTO NP CKOPOCTH, Jexauled HHKe HEKOTOPOH KDPHTH-
yeckoit V,, Hell nporekaer Ges Tpenus uepe3 ToHKHE KalH/IAPHI
v weqn P, Tlpu sToM BesnyMua KPUTHYECKOH cKopocTH V, naske
BO3pacTaer ¢ yMeHblIeHHeM JAuamerpa kanuaaspa. Oanako uHsme-
PUTh BSI3KOCTb 'MOXHO HE TOJbKO MOyTeM HabJioNeHHs TeueHus
KHIKOCTH MO Kanu/AIapy. Ecam B Banuy ¢ xuikum Hell nowme-
CTHTb UIHJ/HHAP H Bpalath €ro, To NPOHCXOAHT Neperaya UMIy,/Ibca
OT BpaILAWIerocs UMJIUHAPa K Te/HIO; 3T0 MOKAa3bIBAET, YTO IIpH
HEKOTOPHIX 3KCNEPUMEHTAJIbHLIX YCJOBHAX BASKOCTb He pasHa HYJIO!
ODKClIePUMEHTH! M0 H3MEPEHHIO BA3KOCTH MOKHO Ka4eCTBEHHO 0Gbsic-
HHUTb, eCJd Tpeamosioxuthb, uro Hell cocrout u3 cBoeoBpasuoit
CMecH JBYX XHIKOCTeH: OXHA MXHIKOCTb HMEET HYJEBYIO BA3KOCTH.

b Slenenue csepxrexyuectd y He Il Gwto orkporro I1.J1. Kanuueii B 1938 r.—
Ilpum. nepes.
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§ 1. Bsegenune. Mpupoga dalzosoro nepexona

H IIJIOTHOCTb Pg, APYrasfi—HOPMaJbHYIO BA3KOCTb H ,IJOTHOCTE" p, 1.
CienoBaresbHO, yepe3 KalHAAADbl NPOTEKaeT KOMIOHEHTA ¢ HYyJae-
BO# BSI3KOCTBIO, 4 C BPAaWIAIOWUMCH LHJHHIPOM B3aUMOaeHCTBYeT
HOpMaJ/bHasl KOMIOHeHTa. [Ipu 3TOM 1J5 06bsCHEHHs HADMI01aeMbIX
pe3yJbTaToB HeOGXOAMMO MDPEJNOJIOKHUTb, YTO OTHOWEHHE 0,/0,
ABAsieTCA QYHKUHEH TemiiepaTypsl.

QUr'. 11.3.
A B
BT P, +0, Ty +AT
Tepmomexannyeckuit
Hell Hell .

3. Tperbum 3ameuarenbHbim cBoHcrBoM Hell siBasercs tepmo-
MeXaHHuyecKHIl 3pdeKT, HAH 3¢hheKT (QOHTAHHPOBAHHA, C KOTOPBLIM
CBfI3aH MEXAaHOKaJOPHYECKHH 3(deKT.

Paccmorpum asa cocyaa ¢ Hell, coennHensibie TOHKHM Kanui-
JasipoM (¢ur. 11.3). Bynem noazepxuBath NJIOTHOCTb 0 M Pa3HOCTD
TemMrneparyp B o60HX COCYAaX NOCTOSHHBLIMH. TOrga BO3HHKAET MOTOK
CBePXTeKyyeH KOMIOHEHTH yepe3 KamuAJASD, KOTODBIH Mpojpo.-
JKaeTcsl QO Tex MOp, NoKa yBeauuyeHHe jgaBJeHUsi AP He CTaHOBHUTCSH
paBHbiM AP =psAT, rae s—yjaedbHast 3SHTPOMNHUA. DTO sBJEHUE

OUI'. 11.4.

Tening —4—= Hell

Sbdext doHTAHHPOBAHUA.

YI3MeHEHHUs JaB/eHHS, BBI3BAHHOTO M3MeHEHHEM TeMnepaTyphl, Ha3bi-
BaeTcsi TepmomexanuueckuM s¢xpextoMm. Ecam oauH H3 cocydos
npeicTasiaser cofoil y3kyw TPYOKy, TO yBe/JHUeHHE [AaBJCHHSN
NpUBOAHT K MOsABJeHHI0 (oOHTAHA KHJAKOro renus (qur. 11.4).
Ecan mexny cocyiami Ha ¢ur. 11.3, pasHocTb jJaBaeHull B KOTO-
PBHIX TIOJAePIKHBaeTcsl NOCTOSHHOH, BO3HHKAeT MOTOK MacCchl oT A K
B, 10 cocyn B HaunHaeT OXJaxaaTbCA. DTO sIBAEHHE HA3BLIBAETCH
MeXaHOKaJopHuecKHM sdpexTom. Ec/aim paciimpUTh ABYXKUAKOCTHYIO
MoieJb H NPelNoJ/OXKHTh, YTO CBePXTeKydasd KOMIIOHeHTa objander

L TIpuynna, MO KOTOPOH TePMHH ,MJIOTHOCTH® Mbl B3#/JH B KaBbliKH, CTaHeT
ACHOH I03JHee, ’ o ) )
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Fn. 11, CsepxTexyuectsb

He TOJILKO HYJEBOH BSI3KOCTBIO, HO H NIEPEHOCHT HYJEBYIO 3HTpO-
NHIO, TO TEPMOMEXAaHHYEeCKHH H MeXaHoKaJopHuecKui adpekThl
yaaeTcst OOBSCHHTB KaK KauecTBEHHO, TaK H KoJHuecTBeHHo. Ha-
npHMEp, OXJaxIeHHe cocyla B npu MexaHokasopHUYeCKOM atexTe
TOYHO COIJIaCyeTcf C OXHJAeMBIM Ha OCHOBaHHH MNpPENNOJOXEHHS,
4yTo MOTOK MacChl HMeeT HYJEBYIO 3HTPONHIO H, CJeJ0BaTe/bHO,
HYJIEBYIO TeMmnepaTypy.

CyulecTBOBaHHe CBepPXTeKYYyero MOTOKAa JXHJAKOCTH C HYJEBOH
SHTPONHEA H HY/eBOI Bf3KOCTbHIO OOBSICHAET TaKXkKe aHOMaJ/bHO
BHICOKYIO TenaompoBojHocTs He I1.

BOJBIIMHCTBO IPYTHX ,CBepxrTekyuyux“ cBolictB He Il momxer
6biThb 00BSICHEHO Ha OCHOBE ONMCAaHHBIX Bbiue addgexToB. Hanpu-
mep, xupkuil He II, naauteii B naboparopHelll cTakaH, HayHHaeT
[OJ3TH BBEPX 110 €ro CTEHKaM H BBIJIHBATLCA uepe3 kKpal. 1o
NPOJIOJ/KAETCH [0 TeX IOp, IIOKa CTaKaH He ONOPOKHHTCS (HpH
YCJAOBHH, 4YTO TeMIepaTypa rejHsi Bce BpeMfA HHXe A-TOYKH). 2TO
BeChbMa CTPaHHOE MNOBEJAEHHE MOXKHO OOBSCHHTL B paMKax oOblYHOH
(U3HKH HCIapeHHs] C YyYeTOM OECKOHEeYHOH TelJONPOBOAHOCTH H
nyneBo#l Bsaskoctu Hell.

Ecan 6ui B crakaH Oblja HaJuTa jawobasi HOpMaJbHad XKHAKOCTb,
TO BCJI€JCTBHE BaHJepPBaaJbCOBCKOTO MNPHUTSKEHHS MEXKAY MOJIEKY-
JaMH JKHJKOCTH U CTeHKaMH CTaKaHa Ha cTeHKaX J0J:kHa OGbijia Obl
0o0pa3oBaThCA TOHKAS MNJIEHKA, TOJIHHA KOTOPOH yMeHbIlaJach Obl
C BHICOTOH. ©OnHakKo BO BcexX KHUJAKOCTAX, Kpome He II, o6paso-
BaHHIO NJIEHKH NPENATCTBYET CYLIeCTBOBaHHE HeGOMbUIOH, HO KOHey-
HOH pasHOCTH TeMnepaTyp, a CJejoBaTesJbHO, W JaBJeHHH Mapa Ha
CTEHKE H B KHUAKOCTH. Ec/JM CTeHKa TelJee »KHJIKOCTH, TO Oyner
NPOUCXOAUTL HCIIapeHHe IJIEHKH, €CJH jKe CTeHKa XOJIojHee, TO
6yier Habuonathcsi o6pa3oBaHHe Kamnesb, NaJaloOUX Hasal B XKHJ-
kocts. B He 11 u3-3a aHOMa/JbHOH TENJONDOBOLHOCTH HE MOXKET
BOSHHKHYTb Kakas-nu00 pasHOCTb TeMmIlepaTyp, I03TOMY MJEHKa
6yJleT NOJ3TH MO CTEHKEe W IepenossaTb yepes KpaH crakaHa.

HeyxkuakoctHas teopus Jlanpay. Kak Mbl BUJAETH, 5KCNEPHMEHTHI
110 OMpejesieHHI0 BA3KOCTH, a TaKiKe TepMOMeXaHH4ecKHH addexT
MOTYT ObITb NPUOGIMIKEHHO OOBACHEHB! C MOMOILBIO IBYXKHUAKOCTHOH
mozean xugkoro He ll. deHoMmeHoJorHueckas TeOPHS, HCNOJL3Y-
ouias JABYXKHUAKOCTHYIO MOJIe b, Obl1a npeasoxkeHa B 1940 r. Tuccoi®
¥ B HEeCKOJbKO jApyrofi dopme B 1941 r. Jlangay [4—6]. ITockonbky
teopust JlaHzay ocHoBaHa Ha GoJjee r1yOOKOM NOAXOAE, MBI OCTa-
HOBHUMCS Ha ero (opMYyJHPOBKe.

[Mpeanonoxum, uro Hell cocrour H3 mHpeanbHOH KHIKOCTH,
obpasymoomeii ¢GoH (M HMEUEell HYJICBYIO 3SHTPONHIO H HYJEBYIO
BSI3KOCTh), U BO30Y:KAEHHMH HEKOTOPOro THIa, KOTOpble IoKa GyleM

1) Hekoroprle uaen Tuccsl HagoxkeHw B paborax [1—3].
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§ 1. Bsepenue. Mpupoaa casosoro nepexoga

cuuTaTh (QOHOHaMH. IJra mnpocras THIIOTe3a O0O0bsicHseT GoJblluoe
yHcio cBepxTekyuux cBofictB. (Takasa Moze/b B HeKOTOpo# cre-
OeHH AaHa/JOTHYHA MOJesnd TBePAOrOo TeJNa Kak HemoIBHXKHOM
pemeTky —@ona—u (oHoHHBIX Bo3OyxaeHHH.) Bosbyxaenus, co-
[JacHO TOYKe 3peHud Jlangay, fBJSIOTCA HOPMAJLHONH KOMIOHEHTOH.,

Bo-nepBuixX, TennoeMKocTb ,(pOHOHHOI'O ra3a“ NMpOomopluHOHabHa
T® npu HU3KHX TeMmIeparypax, 4TO COTJIaCyercs € 3aBHCHMOCTBIO
Ha ¢ur. 11.1. Bo-BropniXx, NpPH TeUeHHH HIEAJbHOH XKHIKOCTH IO
Kanuaasapy GOHOHBI TOPMO3STCs H3-3a CTOJNKHOBEHHH €O CTEHKAMH
Kanunaasipa. Cienosate/ibHo, Yepe3 Kamu/a/aap NPOXOLHT HIeasbHasi

PrlP
1

A -mouxae
! J 1 . H

0 ! 2 g
K

OUr. 11.5.
Peayabrar sxcnepuMeHTa AHIPOHUKOLIBHJH.

KHAKOCTL, He coiepikaumas Bo3GYXJEHHH H ofJajgamomas M0o3TOMY
HyneBo#l sHTponHed. JIBYXKHAKOCTHAA MOJEJAb IOATBEPKAEeTcH
TAKKE TOHKHMH 3KCIEPHMEHTaMH, MOCTaBACHHBIMH AHIPOHHKO-
wsuan [7]. Mamepsinca nepwon KPyTHAbHBIX KoJjeGaHuil CTONKH
6JIM3KO pacroJioXkeHHHX AHCKoB B BanHe ¢ He II. Ha ceepxre-
Kyuyl0 KOMIIOHEHTY 3TH KojebaHUs HE BJAHAOT, a GoHOHHI (H Ji00ble
apyrue Bo3Oy:xAEHHS]) 3aXBaThIBAOTCA JHCKAMH, ©0OYyCJIOBJHBAas
M3MeHeHHe MOMeHTa HHEepHHH, KOTOPOe MOXKHO H3MepHTb. ITHM
cnocoGoM y1anoch U3MEPHUTb ,MJOTHOCTR® p, HHepUHAJbHOH, UJu
HOpPMaJ/bHOH, KOMIOHEHTH KHAKoCTH (dur. 11.5).

M3 HBYX:KUAKOCTHOH MOJE/H CJELYET, 4YTO JBe KOMIOHEHTHI
MOryT KoJsebarbcsi B nporuBodase TakMM oOpasoM, yTO IMoJHas
njgorHocts He Il B so0oit Touke OyjaeT MOCTOAHHOH, HO Pa3HOCTb
HJIH OTHOUIEHHe NJOTHOCTEH cBepXTeKyuel W HOpMa/abHOH KOMIO-
HeHT OyjeT MeHATbcsA. OAHAKO MJOTHOCTbL BO3OYXKACHHN ABJsAETCH
¢GhyHKIHEH TeMIepaTypsl; caef0BaTeJLHO, IPH H3MEHEHUH OTHOLIEHHS
P,/0 NOJIZKHA MEHATHCA W Temmeparypa. DTo BeieT K MNOSBJAEHHIO
HOBOI'O THNA pACHPOCTPa SAMMHUXCA KoJaeOaHUH, H3BeCTHBIX IOJT
Ha3BaHHeM ,BTOpoil 3ByK“. BTopoil 3ByK npeicraBasieT coGofl Tem-
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Fn. 11, Ceepxrexyuectsb

nepaTypHble BOJHLI, KOTODbe Jerue BO3GYAHTH ¢ TOMOIIBIO TelJio-
BbIX HMITYJ/bCOB, Y€M HMITYJbCOB JIaBJEHHA.

Cornacno teopuu Jlannay, BTOpo#l 3ByK MOXKHO paccMaTPHBaTh
Kak BOJIHBI MJIOTHOCTH B (poHOHHOM rase. Ecau ckopocth (OHOHOB
86ausn T =0 paBHa ¢ (¢, pasymeeTcsi, CKOpPOCTb NePBOTO 3BYKa),
TO M3 OOBIYHOH TEODHH DacnpocTpaHeHUs 3BYKa CJEAyeT, YTO CKO-

pocTb BTOPOIO 3BYKAa ¢, AOJ2KHa OBITb paBHA c/V'3 npy T—0
(cM. rtaxkxke ra. 9, § 2). Tucca cBaA3wBaj BTOPOH 3BYK ¢ KoJeGa-
HUSIMH CBePXTeKyueH KOMIOHEHTBl, a He HOPMaJbHOH (QoHOHAaMH),

G A

|~ A -mourx
1 1 ! i /1 b
1 2 J
TR
OUT. 1l.6.

CKOpOCTb BTOPOIO 3BYKa.

B pe3y./bTaTe uero OH IpHIUE] K BBIBOAY, 4TO CKOPOCTb BTOPOrO
3BYKa ¢, A0JKHA CTPeMHThcs K Hymo npu T —0. B Teuenue nexko-
TOPOrO BpPeMEHH CYLIeCTBOBAJH INPOTHBOPEUMBbIE MHEHHsA MO 3TOMY
BONPOCY, HO 3aTeM 3KCIePHMEHTaJbHO Oblja J0Ka3aHa ClpaBelJi-
BOCTh BechbMa TOYHOro npeickasanus Jlagay o ToM, 4TO ¢, cTpe-

mutest K ¢/} 3. (DakTHuecKM NpPH OYeHb HH3KMX TEMIEpartypax,

menbinx 0,5K, cs>c/l/3.) HMcTunHas 3aBUCUMOCTL CKOPOCTH
BTOPOro 3ByKa OT TeMIepaTyphl npeicrasjeHa Ha ¢ur. 11.6.
YroGnt OObACHHTL XapakTeD KpuBOH Memady A-Toukodh u 1K,
HeO6X0AHMO NpPeANOJIOKHTL, 4YTO, MNOMHMO (OHOHOB, CYLIECTBYIOT
M apyrue Bo3OyxKAeHHs. JlaHJay BSMIHDHYECKH MNOCTPOHJ CIEKTD
BO30Y:KJeHUH, mnoKasaHHBIA Ha ¢ur. 11.7; nosivee 3TOT CnekTp
6b11 nosyueH H TeoperHueckd Y. TIpy oueHb HH3KHX Temmeparypax
cpeaHsaa AHHA CBOGORHOro npotera (OHOHOB CTAHOBHTCA 6O0JIbIUOH,

1 Cnektp 3MeMeHTapHBIX Bo36yxJennll yKa3aHHOrO THNA TEOPETHYECKH BIep-
poie Obi1 noaywen H. H. Boroaw6oBeim [20] aasi Mofienn cjabo HexieasbHOrO
603e-rasa, OTKY1a C/IEf0BaJ BHBOJ O €JMHCTBE CreKTpa ¢OHOH-POTOHHLIX BO3GYyK-
Jenill.— [lpum, nepes.
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§ 1. Beepenwe. MNpupoaa c¢azozoro nepexopna

MO3TOMY BO3SHHKAWOT TPYAHOCTH C H3MEPEHHeM CKOPOCTH BTOPOTO
3BYKA.

[1py HH3KHX TeMIneparypax Heprus Bo3OYXKIEHHH OMHChIBaeTCsH
dopmyaoli  E(P)=cP n B030yXIeHHs ABIAIOTCA (QOHOHAMH.
B o6aacty MMNyJbCOB BOAH3H P,

(P—Py)?

rae A-—Hekoropas mnocTosinHas ¥ p—asddexTHBHAA Macca. Jlannay
Ha3BaJ 3TH BO3GYKIEHUS ,pOTOHAMH.

EFL.

' /- Pormonst

CoroHs!
L ! 1

! [T
5, Pumnymc)

PUT. 11.7.
CnexTp Bo36YKIeHHSI (POHOHOB H POTOHOB.

JByxkUIKOCTHAasi Mojenb Jlaugay Moxer OLITh HCIOJL30BaHa
1S KOJIMYeCTBEHHBIX OLEHOK, €CJH PACCMOTPETh CTATHCTHUYECKYIO
MeXaHHKY (OHOH-POTOHHOTO rasa.

CBo6ojHast 2Heprus onpejessieTcs BbIpaKeHHEM

~E (p)yikgTy _d%p
F=k T(ln I—e 8Ty 9P _qp 11.1
5T | In( iy (1L.1)

v

QueBHIHO, UTO HH3KO3HEpreTHueckue BOo30YKACHHS (QPOHOHBI) H BO3-
OyxA€HHS C HMIyJbcaMH, OJH3KHMH K P, (POTOHbI), AT Hawu-
Goablunil BKJag B uHTerpat. OjHaAKo NpH TeMmepaTypax, MHOPO
menbiinx 1 K, Bkaaag or ¢doHoHoB npeobsanaer. Boime 1K npeot-
JajaeT BKJaj OT POTOHOB.

Cpennsisi 3HePrHs M yjeJpHas TelJ0eMKOCTb, O0yCJOBJeHHan
dononamn (E = Pc), onpejensiorcs caenywoumum obpasom. Cpeanee
3HayeHHe uHcaa GHOHOHOB ¢ 3Heprued E paBHO

e~ B (nE)

o
A
n%ﬂ " 1 1
«
2,

= “BE = TPclkpT .
o~ B (1E) PE 1 PksT
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n. 11. CeepxrexyuecTs

Toraa noayuaem

«©
E (P 4nP2dP _ 4x*RAT" _ 167 kBT
bomow =\ PerkgT _y (gmhyr 18R T TN sk
0

(11.2)

TennoemkocTs, o6ycaoBaeHHas pOTOHAMH [E =A--(P—P,)*/2u],

paBHa
2u'/2P A" keT 3 [ kgT \2] —am.T
[1+ 5 +T(T> ]e 5T, (11.3)

o = 37,1 3
pot (25{) /2kB/2T /2ﬁ3

YroGbl NOHATH 3IKCIEpPHMEHT AHADOHHUKOLIBHJAN H (H3HUECKHI
CMBIC/T NJIOTHOCTH Q,, HeEOOXOXHMO PaccMOTPeTb CTAaTHCTHUECKYIO
MeX4aHHKY IBHXKYLLErocsi (pOHOH-POTOHHOro rasa. [lo-Bunumomy, a4
3TOro Ipouie BCEr0 MPEeANOoJOXHThb, YTO CBEPXTeKydas KOMIIOHEHTA,
sBasowascs ¢GoHoM, IBHKeTcs co ckopocTelo V. Torza smeprus
B030Yk/JIeHNHA (DOHOHA HJHM POTOHA OINpene/]sieTcss BBIPAXKEHUEM

E=E(P)+P-V,. (11.4)

ITonobHOe ke BhIpaxKeHHe GBLJIO MOJYYEHO AJs CBEPXIPOBOLHHKOB.
3T0 COOTHOIIEHHE MOXKHO HOJYUYMTH cjlenyiomuM obpasoM. Ilpenmo-
JIOAKHM, UYTO KPOIIeYHbIA AEMOH, MNONaBMIHH B XKHIKOCTL, YAapui
rno He# n BLI3BAJA Bu3DyKACHHE ¢ uMmnyJbcom P. Tlpu sToM cKopocTh
BCEeH JKHAKOCTH yMeHblIaeTcs Ha BesauuuHy P/M, rne M —wmacca
JKHIKOCTH, cocTaBadwouell ¢oH. Ecayu Teneps »KHAKOCTb ABHMKETCSA
co cKopocTeio Vy H B Heli umeeTcs Bo30GyxIeHHe, TO paHee OHa
JOJ>KHa Obljla HMeTb CKopocTe V--P/M u obaazate Toll aHepruef,
Kotopas ywJ/Ja Ha cosjgande Bo3OyxuaeHus. Ilosnnasi sHeprus, cie-
JoBaTebHO, [HOMKHA OblTb paBHa (M/2)(V,+-P/M)z+4 E(P) =~
~ (M/2)V24-P-V,+ E(P). DHeprus :KHIKOCTH, ABHXKylleHcs Ges
Bo30y:kAeHHd co ckopocteio V., paBua MV%/2. ChaegosaresbHo,
3Heprus, HeoOXOoAMMas ANA CO3JaHHst BO3OYXKAEHHA B KHAKOCTH
0e3 W3MEHeHHs ee CKOpPocTH, paBHa £ (P)+P-V,. Ilpumenss remneps
OOLIuHble METONLl CTAaTHCTHYOCKONW MeXaHHKH, HAaXOAHM, YTO cpenHee
4HCJ0 (POHOHOB € UMIYJbcoM P paBHO

1

Ne = S TE® TP VoAsTT=1 (11.5)
Tlonsasa naoTHOCT, MMIOYJbCa, OueBHAHO, paBHa pV,+<P)>, rae
P dsp
® =§ exp [(E-P-V,)/kaTI—1 (2ah)p
_ _gp(P-Vs) -y asp
eaT (58T 1) (onhys
- (Uanens Gonee ricokoro nopsiaka no V)= —p,Ve.  (11.6)
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§ 2. Ceepxrexyuecrs. PaHHue Teopun

Ilo onpexeJseHnio

E/k gT
0, = g. p? e da3p (11.7)

J 3k (%8BT 1) (onhys

JIpyruMm cJOBaMH, COIJIaCHO TNPHHATOH 3JeCh TOUYKE 3peHHs,
f, ABJAAETCA YCJOBHOH BeJHUYHHOH, BBEJIEHHOH 1O ONpeAe/]eHHIO, a
He KaKoH-1H60 KOHKpeTHOI mJjoTHocThio. I3 Beipamenus (11.6)
BHAHO, uYTO (p—p,) V=0V, TAe p,—IJOTHOCTL CBepXTexkyuefl
KOMIIOHEHTHI,

Kak u B ra. 10, § 9, MBI MOXKeM paccMOTpeTb cJayudail HeyCTOH-
UYHBOTO COCTOSHHSA, MUHUMU3HPYSA E— T8 npu ycJoBuH, uTO cpeHee
sHayeHyue MMIyJbca 3ajaHo. JPYruMH CJIOBAMH, MOXKHO PacCMOTPeTh
apeiid Bo3by:xkjaeHHH. B sToMm cayuae moJsiyuaeM pacrpejesieHue

1
"~ exp{BIE(P)—P-V,+P-Vg]}—1"

tre P>=-—p,(V,—V,).

§ 2
CeepxTekyuecTs.
PaHHue Teopuu

B npeawrayuieM naparpadge Mbl BHIAEJH, YTO ABYXKHAKOCTHAS
Teopus JlaHzay W 3MIHPHUYECKH [OJIyUEHHBIH CHeKTpP BO3OYKAeHUH
(¢ur. 11.7) o6BACHAIOT 3HAYUTENBHYIO YACTh CBEPXTEKYUHX CBOHCTB
x)uakoro reand. Takum oOpasoMm, 4Js ray6OKOro NOHHMaHUS sBJe-
HUsI CBEPXTEKYUeCTH HEOOXOAHMO TEODETHUYECKH BBLIBECTH CHEKTp
BO30YXKJAeHHHA H, KOHeyHo, 00bsCHUTb (a3oBblli nepexoix. B uacr-
HOCTH, MBI JOJIKHBI OOBSICHUTE CJejylolLiee:

1. IloueMy B KXHAKOCTH NPH HH3KHX 3HEPrHsIX CYUIECTBYET Tax
MaJo THIOB BO36YxAeHUH? (DTO CBOHCTBO fABJISETCA CAMBIM BarKHbIM
JJI51 CBEPXTEKYy4ecTH.)

2. IloueMy cnekTp Bo3OyXACHHH HMeeT TaxkoH BUA?

3. Ileuemy npoucxonut $azoBbil nepexon?

4. JlaTb KOJHUeCTBEHHOE ONHCAHHE Mepexona.

da3zosblii  nepexon. Joxancem, wmo ceepxmeKyuecms He 06BAC-
HAeMCA KBAHMOoBol eudpodunamurori. X0Tsi OTBET Ha BONPOC, NOUEMY
npoucxoaut ¢asoBbll mepexox, Oblsl H3BecTeH Yxke aaBHO [8,9],
sTa npobJeMa UMeeT BecbMa HHTepecHYIo ucropuio. CorsacHo Teopuu
koHjeHcauuu bBose—3inmresina (ra. 1, § 9), udearornowd 603e-ras,
UMEIOIIHHA MJIOTHOCTb XHAKOTO Teflusl, NOJIKEH HCNBITHIBaTh Pe3kuit
nepexosq npu 3,2K, T.e. mpH Temmeparype, BechMa OnaH3KOH
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In. 11. CeepxrekydecTts

kK A-touke (2,18K). JKuakuit He! noguunsercs cratHcTuke Bose,
HO, KOHEYHO, HE HABJAETCS HJACaJbHBIM Ta3oMmM. Tem He Menee B
TeyeHHE J0JTOr0 BPEMEHH NpeANoJarasoch, 4TO Nepexo] B A-TOYKe
siBjsieTcsl cBoeoOpa3HOH KoHAeHcanued DBose—fniurefiHa, H, Kak
MBI TTOKaxkeM TOo3jHee, 3TO JeHCTBHTENBHO TaK.

Oxnako B 1941r. Jlampay npejsoxun Kak 6yaTto Obl apyroe
o0bsicHeHHe nepexoja. [lo/b3ysicb KBaHTOBaHHEM ypaBHEHHI THA-
ponuHaMukH, JlaHZay BbIBel CHCTEMY KOMMYTALHOHHBIX COOTHO-
ueHM# A/ ONeparopoB MJIOTHOCTH M TOKa, H3 KOTOPBIX, KaK Ka-
3a70Ch, CJIe0BA/IC CYIIECTBOBaHHE SHEPreTHUeCKOH ImieaH, ¢OHO-
HOB, POTOHOB M T. A. 3TH BeJHuHHB Jlaugay He BBIYHCJISAIL.
Ecan, oaHako, MOPeANOJOXUTh, YTO KBAHTOBAas THIPOJHHAMHKA
JaeT CIeKTpP BO36YykJeHHH, TO BIOJHE IIPaBAONOLOGHBIM MpPECTaB-
JisieTcsl IONYIIEHHe, 4TO M BCKO CBEPXTEKyuecTh, BKJ/odas (asosili
riepexon, MOXKHC OOBSACHUMTL HA OCHOBE KBAHTOBOH THIPOJHHAMHKH.
BoJsee Toro, NocKo/bKy KBaHTOBas THAPOAMHAMHKAa COBCEM HE YuH-
TLIBAET CTATHUCTHKH (B TOM BHAe, B KakoM ee passBusaa Jlangay),
TO #3 CIpaBeldJHBOCTH Meroja Jlanaay caenoBaso Gbl, uto Hes?,
Kak u Het, ucnuiTeiBaeT (a30BHA Nepexol, U NO3TOMY KOHIEHCAlUA
Dose —JfiHwTefiHa He sBAsieTcss NPUYHHOH Nepexoja.

TaxkuM 0o6pa3oM, B Te4eHHE HEKOTOPOro BPEMEHH CYLIECTBOBAJIO
IBa pa3/HyYHbIX [10JX0Aa K OOBACHEHHIO (a30BOro Nepexoja B HJ-
KoM reaun. To obcroaTesbeTBo, 4To B He? He oGHapy:kuBaeTcs
nepexoi npH JOCTHXEHHM Bce 6oJlee HU3KHX TeMrepatyp, BO3-
6yx1aa0, BO3MOXKHO, COMHCHHE B CIIPaBeAJHBOCTH THUNOTe3nl Jlaw-
nay. OnHako, KaK s JyMal, MHe yAajoch J0Ka3aThb, YyTO KBaHTOBad
THAPOAHHAMHKA He NpeACKAa3blBaeT CMEeKTpa BO3GYKIAEHHH, KaK 3TO
paHee mnoJjara’iu JlaHnay M ppyrue uccgepoBarenau. OOmHiE metorn
JOKa3aTeJIbCTBa COCTOHT B CJEAYIOIEM.

PaccMOTpUM XKHUAKOCTh B JaTpaHXKeBOH CHCTEME KOOPIHHAT. 3To
O3HA4YaeT, YTO COCTOSIHHE IKHJIKOCTH OINHCHLIBAETCS CMELIeHHAMU
R(ry, t) ans xampaofl yactuun. Koopnuuara r, onpejesser nosoxe-
HHE uacTHLbl B MOMEHT BpeMeHn {=0 # BBOAHTCH A/ HYMepaluu
YacTHLL, Tak 4ToObl X MOXKHO OBIIO pasynuatTh. JIBHKeHHE KaxKaoH
YaCTHILLl OIHCHIBAETCH KBAHTOBOH MEXaHHKOM, M, NMOCKOJbKY YacTu-
bl PasJUYHMbl, KBAHTOBOH CTATHCTHKOH MOJb30BATLCH HE HAJO.
Jlajlee MOKHO YCTAaHOBHTb COBOKVITHOCTH KOMMYTAIlHOHHBIX COOTHG-
IeHHA B MOKAa3aTh JOCTATOYHO NPOCTHIM MYTEM, YTO HMEETCsi 3HauH-
TeJbHOE UYHCMO HH3KOJeXKaIlHX BO3OYXAEHHH (T. e. OTCYTCTBYeET
sHepreruyeckas mesib ¥ T. 4.). Tenepb MoxHO IpeofpasoBaTh KOM-
MYTallHOHHEIE COOTHOMIEHHS! 1J/1S1 JlarpaHXKeBOH CHCTeMbl KOOPJHHAT
K 9{/1€POBO# cHCTeMe KOOpAHMHAT. B si#ijepoBofi cucreMe  KoopauHat
OJIOTHOCTb, CKOPOCTb M APYTHE BEJHUYHHB ABJASIOTCA QYHKUHAMH 7

1 HepasHo 06Hapy)eHO HECKONBKO THIOB (ha30BLIX MEPEXOJOB B CBEpPXTEKyuee
cocTosfiHHe B (epmu-xuaKocTd He? [23 24].— Mpum. ped.

364



§ 2. CsepxrekydecTe. PanHue Teopun

¥ {, rae r-—(UKCHpPOBaHHAA TOYKa B NpocTpaHcTBe. B pe3ysbrare
OKasblBaeTcst, 4YTO IOJYyuYeHHBle TaKHM 00pa30oM KOMMYTalHOHHbIE
COOTHOlUlIEHHS1 B 3HJIEPOBOH cHCTeMe KOOpPAMHAT B TOYHOCTH COBIMA-
al0T ¢ COOTHOWIeHUAMH JlaHnay!

CnejoBaTenibHO, KBaHTOBasi THApPOAMHAaMHKa Jlanpay Jno/kna
MPHBOAHTB K MHOXKECTBY HH3KOJeXKalHX BO3OYKAEHHH, TaK 4TO 3Ta
Teopusl He 0ObsACHsSeT cBepxTekyuecTb. Ouubka JlaHaay cocTout B
TOM, UTO, HESIBHO Npejrosaras pasjJH4UMOCTb YacTHL, OH npeHebper
pdeKTaMH KBAaHTOBOH CTATHCTHKH .

Teopus cBepxTeKyyecTH. Tenepp HaM XoTesochb Gbl OOBACHHTL
CBEPXTEKYUeCTb U3 TepBBIX NMPHHIHUIIOB, paccMaTpuBas cucremy N
atomoB He* ¢ IJIOTHOCTBIO O,. JIBYXUacTHYHBIA MEeXAaTOMHBIH MOTEH-
uHas npuBeleH Ha ¢ur. 11.8, oTKya BHAHO, YTO aTOMBI T'e/lHs MOXKHO

[ OUr. 11.8.
0
x S
3 PN
= ] { | {
2 1 Z 3 4
g -5
§ o
NS ol Meorcamonroe paccmoarue, A JlpyxuacTaunbii

MEXKAaTOMHbIH MOTEHI HAI.

paccMaTpuBaTb Kak TBepible mapukd auamerpoMm 2,7 A. [Tocko.b-
Ky NpH HOpPMaJbHOH NJOTHOCTH HA KaxKJbld aToM MPUXOAHUTCA OOb-
eM 45 A®, aToMbl B JKHJAKOCTH HE IIJIOTHO NIDHXKATHl JAPYr K APYTY.

[Ipexnae Bcero BO3HHKaeT Bompoc, rnovemy He* ocraerca KUAKHM
npy T =0 m0pdH HYJEBOM BHelIHeM JaBJeHHH. Ecau BBIYHCIHTD
MOTEeHINAJbHYIO SHEPrHi0 AJS peLIeTKH, COCTaBJeHHOH H3 aTOMOB
reusi, U JOOABUTb K HeH KUHETHYECKYI0 JHEPTHIO HYJEBBIX KOJe-
Ganuil, TO Mbl MOJYYHM [OJHYH B3HEPrHIO HYJEBLIX KojebaHHIl,
KoTopas wuMeeT npubAU3XTENbHO NpaBUJbHOe 3Hauexnue. OpHako
KHHETHYeCcKass HJIH KoJjebartesbHAs 3SHEpPrUsl OKa3blBaeTCs CTOJb
6osbllOf, 4YTO aMIIHTyAa KoJjebaHUH MO NOpPSAKY COBMajgaer c
nocTosiHHOU pelneTkd. [TosToMy pelleTka ,1AaBUTCA® H3-3a 00JIBIIOH
aMOJIUTY AL KoseGanuil. 3a uckiwouyeHveMm He?, e cyumectByer apy-
THUX BEINEeCTB, KOTOPBblE HMEJH Obl CTOJb BHICOKOE OTHOLUEHHE KHHe-
THYECKOH 3HEPrHH HYJEBHX KoJjeGaHuil K NOJHOH 3Hepruu. 10

U [loc/1eoBaTeNbHbI BHIBOA YPABHEHHH THAPONMHAMHKH CBEDPXTEKyueHl KHI-
KOCTH. HCXOAs H3 ypaBHeHH ABH)KEHHS CHCTEMBI TOXKIECTBEHHHIX GO3e-yacTHU, AaH
H. H. Boromo6ossim 8 pabore. [21). — [Tpun. nepes.
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Fn. 11. Ceepxrekyuects

0o0yCJ0BJEHO TEM, 4TO Macca aTOMOB TeJHs OYeHb MaJja (H, CJjefo-
BaTeJbHO, yacToTa KoJe6aHHH HX OYeHb BeJHKA), a HX BHELIHSSA
3JIeKTPOHHasi 000/I0YKa 3alo/JHeHa, BCJACACTBHE UYETO MeKATOMHLIE
CHJIB! MaJibl.

§ 3

Onpegenexune BONHOBOW hyHKLMM
W3 MHTYUTUBHbIX COOBPAXEHU.
OcHoBHOe cocTOsiHWE

O6patumcs tenepp K HauGosee BaxkHOMYy cBofictBy He II, xo-
TOPOE COCTOUT B TOM, YTO YHCJO HH3KOJEXKAIHX BO3GYKIACHIILIX
COCTOSIHMI OueHb Ma.j10. BMecTto Toro utobsl M3yuaTh TaMHJILTOHHAH
CHCTEMBI, Mbl BOCIOJL3YEMCSA PACCYXKIECHHSMH ,HA Majblax®, T. e.
OyAeM TMO0Jb30BATHCS AHAJOTUSMH ¢ GoJjiee NPOCTHLIMH CHCTEMaMmH,
pHCOBATh CXeMbl, Jie/1aTb Pa3JHYHBIE BECbMa NPaBAONOLOGHbIE Mpei-
TIOJIOXKEHHS, OCHOBaHHBIE Ha (PU3UUECKOH HHTYHUHH, H MNONLITAEMCH
TaKHM 00pa30M MOJYYHTh KaYeCTBEHHYIO KapTHHY XapakTtepa pelie-
Huil (BoHOBBIX GyHKUHH). Kak 6yaeT nokasaHo, 3TOT KauecTBEHHLIH
0JXOJ OKa3bLlBaeTcsl BeCbMa YCIEWHBIM. .

QUI'. 11.9.

©)

Y

2,7

QD) O 61
Kondurypanus atomos
requst B TPEXMEPHOM
MPOCTPAHCTBe.

PaccMoTpuM  BOJHOBYIO  (DYHKLHIO  OCHOBHOI'O  COCTOSIHIISI
¢ (R, R,, ..., Ry), rne R,—paauyc-sexrop i-ro atoma. Kaxkzaas co-
BOKYNHOCTh 3N uuces (N —paauyc-BeKTop) O6yzeT Ha3mBaThesd
LKOoHbUrypauueii“, koropasi MOxeT OwTb H300paxeHa N TOukaMmu B
TpPEeXMepHOM POCTpPaHCTBe, MpeACTaBJISIIOUUMY 10/102KeHHst N aTOMOB
reaus (¢ur. 11.9). Kaxnaas xoHbHTypauus XapakKTepHU3YeTCs aMii-
JIUTYJIOH, WJM 4YHCJIOM (p, KOTOPO@ BEJHKO I/ BEDOATHBIX KOH(-
rypaiuii ¥ MaJjgo JAJsi MaJIOBEPOSATHHIX KoHburypauu#. Paznnuue
MeXJy ABYMs KOHHrypauusiMu, ckaxkeM A 0 B, MBI MOXKeM OIucarth
CJIOBAMH, T'OBOPS, YTO aTOMBI ,JABHFalOTCA* U3 Konourypauuu A B B.
BripaxeHnue ,,ABHTaloTCA* He NMOApPa3yMeBaeT KakoH-j1u60 AMHAMHKH.
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§ 3. Onpepenenne BONHOBON GyHKLUM

Yro Tenepb Ml MOxeM ckaszaTb O QyHKIHH @? Ipesxkae scero,
fnockoabKy Het aBasierca 6ose-sfiHIITEAHOBCKOH KHIKOCTBIO, QyHK-
UHA ¢ Jo/xHa OblTh cHMMeTpuuHa. MHade roBops, mepecranoska
ABYX uacTHIL He MeHsieT ¢. Jlajee, Kak M JJIA CTALHOHAPHBIX CO-
crosinuit 6o/ee NPOCTHIX Goze-chucTeM, GYHKUMA @ IeHCTBHTENbHA
H He uMeer ysjoB. IIpyrumu cjoBaMu, QYHKHHS ¢ BCEr1a MOJOXKH-
TeJibHA.

YToG6b MOKa3aTh, YTO GYHKUHIO ¢ MOXKHO BHIGDATh AeHCTBHTE/b-
HO#l, paccMoTpuM ypaBuenue Ulpepunrepa aaa ¢:

—E S+ X Vi |e=Ee.

<<y

OueBnano, ©* yAOBIETBOPSIET TOMY K€ YPABHEHHIO; CJIEN0BATEbHO,
760 @, JHGO @+ @* ABJAETCA HEHYJEBBIM NEfCTBHTEIBHBIM perwe-
HueM ypaBHeHus [lpeamurepa nnas sHeprum E.

Ecnn uMeercs HECKOJIbKO BLIPOMKICHHBIX COGCTBEHHbIX byHKLuil,
TO BhIGEPEM CHayasna OJHO pPelleHHe, HCIOJAb3yeM €ro Ajs MocTpoe-
HHA JeHCTBHTENbHOA COGCTBeHHON (QYHKLUHH @,, 3aTeM paccMOTPHM
NPOCTPAHCTBO BHIPOKAEHHBIX COOCTBEHHBIX (DYHKUIHE, OPTOrOHAIBHbIX
K @, W NOBTOPHM npolenypy. Takum cnocoGoM Mbl CMOMKEM MOJY-
YUTb COBOKYNHOCTb JEHCTBHTE/IbHBIX COGCTBEHHBIX GYHKUH{ 14
s"epruu E.

N

a g

QUr'. 11.10.

BosyoBasi dyHxuus ¢ ysmaamu.
OTcloma BHAHO, YTO BCErAa MOXKHO HANTH pewsende ¢ GoJsiee HH3KOH sHepruefi.

HUro0bl mpojeMoHCTPHPOBATh, 4TO (GYHKUHMS ¢ He ofpalaercs
B HYyJ/b, €CJH OHa COOTBETCTBYeT HaMHHU3lleMy COOGCTBEHHOMY 3Ha-
YEHMIO SHEPTHH, Mbl MOKaXKeM, KaK HaxoAUThb QYHKLHIO AJas Gojee
HU3KOMl CpefHell 3Hepruy | x>, ec/n u3BecTHAa PYHKUHUA @ C y3JaMH.
[TockoabKy | x> nMeeT HauHU3IIEE BO3MOXKHOE 3HAYEHHE B OCHOBHOM
COCTOSAHHH, TO OTCHJA ClAejyeT, YTO 3aJaHHas (YHKIUHs ¢ HE SIB-
JseTcsl BOJIHOBOH (yHKIMeH OCHOBHOTO COCTOSIHHS M 4YTO (yHKUHHA
OCHOBHOIO COCTOSIHHS He uMeeT Vy3JOB. [lpeAllosoxKuM, 49TO MEI
3aUKCUPOBaNH BCe apryMeHTHl ¢, KPOMe &, W NycThb (YHKUHSA
Q (X1, %y, - -, &, ...) =D (§) umeeT BUA, NOKasaHubIi HA Qur. 11.10, a.
[TocTpoum TOrAa HOBYHW BOJHOBYI (YHKLHIO, Kak [OKAa3aHO Ha
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Fn. 11. Ceepxrekyuects

¢dur. 11.10, 6. D10t BONHOBOH (PYHKUHH COOTBETCTBYIOT T€ K€ CaMble

3HA4YEeHHd
dg\? dp \? 2
@) &) o
a, NOCKOJIbKY 3HEPIHA MOXKEeT ObITh 3anuMcaHa B BHJIE
(172m) ¥ (vi9)2 - S Vg?]| dVR
[ oHgR ”( D)) w]

Ey=— = ;
N [ ¢2aVR | o2 R

. (11.8)

HOBAsl BOJHOBAA (QYHKLUUS OTBEYAeT TOH K€ 3HePTHH, UTO H IIPEKHAN
¢byHkuna. Tenepb MOXHO MOHH3UTbL 3HEPTHIO, CIVIAXKHBAs BOJHOBYIO
GYHKIIMIO, Kak nokaszaHo Ha ¢ur. 11.11, T.e. MOXKHO CYLIECTBEHHO
yMeHbIIUTh (V) BOAU3H y3/1a QyHKIUH, He yBeJHUYHBAas CHJIBHO ¢,

OUr. 11.11.
CraakeHnblH BapHAHT BOJHOBOH (YHKLHH,
n3o6pakennoi Ha ¢wmr. 11.10, 6.

Orcioga ciefyer, MeXAy NPOYUM, UYTO COCTOSIHHE ¢ HaWHHU3leH
sHeprueidl He BbIpOxkAeHO. Ec/n 6bl 0HO OBIIO BBIPOXKAEHO, TO Ml
MorJy Obl TPH TOMOILH ITOAXOAfALero Bubopa Ko3(hppHUUEHTOB ¢, U
¢, CKOHCTDPYHPOBaTb BOJIHOBYIO (hYHKLHIO

= 19, + Py

KoTopas umesaa Obl y3Jbl H, CJeR0BaTeNbHO, HE oTBevana Obl Hau-
Huslweil Bo3MOXXHOH 3Hepruu. Takum o6pasoM, MBI MOXKeM BEIOpPATh
BOJIHOBYIO (YHKLIHIO COCTOSIHHSI € HaWHH3WeH SHepruedl aeHcTBH-
TeJbHOH M BCIOAY HEOTpHLATeJbHOH.

B coorBetctBuM ¢ ¢ur. 11.8, aToMbl resins MOXHO paccMaTpHBaTh
Kak M[ouTH TBepjable wiapuky. CiegoBare/]bHO, aMIIHTYAA Ji060i
Koudurypauuu {(cM., Hanpuamep, ¢ur. 11.9}, KoTopas cogepKHuT ABa
nepekpHBAOMUX APYr Apyra aTtoma, oueHb Masa; OyneM Has3bIBaTb
ee wnyseBoil ammiautTynod. Kak nokaseiBaer Breipaxkenue (11.8),
BHEPrusi CTAHOBHTCH OOJBLIOH, KOrJa CYMIECTBYIOT G0JbIIME Tpaiu-
enutel ¢QyHRnHH . CienoBatesibHO, HaM HYXHO, 4TOGhI BOJHOBAA
(YHKIMSA OCHOBHOTO COCTOSIHHA (¢ MEHSJIACh KaK MOXHO MeJJIeHHee.
Pacemorpum Teneps ¢ur. 11.12, rae NpoucXonuT ,ABHAKEHHE" aTOMa,
NOMEUYEHHOT0 KPECTHKOM, B TO BpeMsl KaK BCE€ OCTaJbHbIE aTOMbI
oCTalo1Cs Ha cBoMX Mecrax. OYHKUHS @ 1Js KOHDUrypauuu 6 A0JKHa
OLITb OYEHbL MaJsoil; B INPOTHBHOM CJydae NOsSBHTCS 60/bLIOH rpa-
JHEHT TIPH TepeMenieHUH OTMEYeHHOro aTOMa Ha MaJioe PacCTOsIHHe
3 KoHburypauuu 6 B KoHburypauuwo 6. JpyruMmH cjoBamH, KOH-
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§ 3. Onpepenerme BONHOBOM PYHKLMK

¢urypauuu, B KOTOPbIX [Ba aTOMa pACIOJOMKEHBl OJU3KO APYT K
APVTY, OYeHb MaJIOBEPOATHH, M HauboJee BEPOATHLIMU KOHbHTypa-
LHUAMH B OCHOBHOM COCTOSIHHM SBJISIOTCA TakKHe, TJe BCE aTOMbl
pacnpenesieHsl IpHUMepHO paBHoMepHo (dur. 11.12, a).

Takum o6pa3om, MB OPHXOAHM K BHIBOAY, uTO YHKUHA @
SIBJASETCA CHMMETPH4HOH, AeHCTBUTEJBHOH, BCETrJa NOJOMXKHTEJBHOMH,
UMeeT HauboJbllee 3HAYeHHe TIPH PABHOMEPHOM paclpeaeseHHH

e

o | N

o_0 |® o0 |
o ©

O
o O

a 0 8

OUTr. 11.12.
Koundurypauus, B KOTOpoH 01HH aTOM ,,ABHKETCA®, TOTAA KAK OCTaJbHEE OCTAICTCS
Ha CBOMX MECTax.

dTOMOB H HaHMeEHBIIIee, KOTJa aTOMbl COIIpHKAacawrcs. drum Tpe-
OOBaHUAM YAOBJIETBOPACT CJICAYIOILEE BbIpaXKEHHE N4 BOJIHOBOM

¢GhyHKUHH:
¢ = exp [—;gm} :g F(ry), (11.9)

Tjle r;;—pacCcTosiHie Mex1y (-M H j-m atomamu. Oyukuua F npu-
GMKeHHO H300paxeHa Ha ¢ur. 11.13. Bua ¢dyukuuu F npoussonen;
HalpuMep, €€ MOXKHO alNpOKCHMHDOBATh, KakK Ha ¢ur. 11.13,
MPOCTHIM BEIpaxenueM F =1 —a/r;;. [ToCKONbKY ¢ BhipakaeTcs yepes
€AMHCTBEHHYIO (QyHKIHMIO I/, BOSHUKaeT eCTeCTBEHHbIl BONPOC, MoueMy
Obl He BOCINOJb30BAThCS BAPHALMOHHBIM NPHHUHIOM IS CHpejeJe-
uusa F. TpyaHOCTb 3TOr0 METoja COCTOMT B TOM, YTO HHTErpaJ no
BceM 3N repeMeHHBIM He yJaeTcst BLIPA3UTEH B IIPOCTOM BH,le yepes F.

OTMeTHM, 4TO BBHIY OTCYTCTBHS BhIPOXKJIECHHS OCHOBHOTO COCTOS-
HHs OHO fABJAETCA CUMMETDHYHBIM COCTOSIHHeM jJusa Jo6oit MHOTO-
YAaCTHYHOM CHCTEMBI C TOMK/IECTBEHHBIMH YaCTHUAMH. 3TO JOKAa3bl-
BaeTCs CAeAYIOWHM 06pa3oM. [1ocKoIbKY raMUJIbTOHHAH HHBAPHAHTEH
OTHOCHTE/IbHO NEePecTaHOBKH P TOXKJECTBEHHBIX YacCTHL, TO QyHKUUA
¢ (PR) Tak:xe 20JKHA ObITh BOJHOBOH (pyHKUHEH OCHOBHOTO COCTOSA-
HUdA, ecad ¢ (R) aBaserca TtakoBol. Ho, MOCKOJMBKY BHIPOXKIAEHUE
OTCYTCTBYET, JOJIXKHO BBHIMOJIHATBHCS COOTHOLIEHHE

¢ (PR) = ap¢ (R).
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Tax xak ¢yuxuua ¢ (PR) Bcerga noJoxure/1bHa 1 qeHcTBHTE IbHA
(stuMn cBoficTBamy o06/anawT Bce GyHKuUHH @), To =1, Ciue1oBa-
TeJIbHO, QYHKLUHSA @ NONHOCThIO cuMMmerpuuHa. (Hanomuum, uto sra
GOYHKIUUSA MOXKET He YLOBJIeTBOPATH TPEeOGOBAHUAM CTATUCTHKH HYACTHIL
U 1T03TOMY He OyJeT pelleHHeM 3ajaui.)

F r OUl. 11.13.

Bua oyukunun F,
a r Bxogsuen B (11.9).

Bo3GyxaenHble cocToanna. OGbscHeHue caepxTexkyuyecTH. ITo/b-
3ysach aHaJjJoruefl ¢ Gosee npocThbiMH CO3e-CHCTEMAaMH, HAX0AUM, 4YTO
BOJIHOBASl (PyHKUUS NePBOrO BO30VIKICHHOTO COCTOSIHHUSA P AO/KHA
MMeThb OJHH y3ea H ObiTh cHMMeTpHUHOH. [lockoabky ¢GyHKUHA ¢

Bcerja IOJIOKUTEJNbHA H S(ptp d¥R =0, ¢ynxunsa P 101KHA HMETb
NOJIOXKHUTENLHbIE 3HAUEHHsT AJS OJHOH IIOJIOBHHBI KOHQUrypauuil H
OTpHlATe/IbHblE 3HAUEHHs JJd APYrod moJoBHHBH. [lokaxkeM Tenepb
OCHOBHOE TOJIO}KEHHE TEOPHHU CBEPXTEKYUCCTH: eQUHCIMBCHHbIMU HU3KO-
JeXKAalUMU BO30YKAEHUAMH sBAAOTCA (GoHOHBI. POHOHBI MpEJCTaB-
Js110T o000 BO30YKIEHHBIE COCTOSIHMA /Il BOJIHBI CXXATHA, HJH
COCTOSHHS, OOYCJIOBJIEHHBIE MaJbIMH CMELIEHHSIMH Ka)KJO0ro aroma,
NPHBOAAIUMH K HM3MEHeHHI0 IIJOTHOCTH. YUToOH (OHOHBI HMeaH
HH3KVIO 3Hepruro Bo3OYyxkAeHUH, GIYKTYaUMH IJOTHOCTH JMOJI2KHBI
NPOUCXOAUTh Ha 0O0JIbILHX PACCTOSIHHAX; APYTHMH CJOBaMH, (QOHOHL!
JO/UKHBI MMeTh Gosibline IJMHBI BOJH. LleHTpasnbHas mnpobJema
Tenepb —OOBACHATL, MOYEMY HHUKAaKHe ADYTHE COCTOAHHS, KDOMe
3TUX (OHOHOB, He MOTYT HMETb CTOJb K€ HH3KYIO ZHEPruio BO3-
6y XKIeHHUil.

BosHoBast ¢yHKIHNSA P, KOTOpas 10 NPEANOJONKECHHIO He BJAeTCS
(DOHOHHBIM COCTOSIHHEM, JOJKHA ObITh OPTOrOHaJbHA KO BCeM (o-
HOHHBIM COCTOSIHHSIM, @ TdKXKe K @. DTO O3Hayaer, 4yTO (YHKIUHA P
JIOJI)KHA MEHATHCS OT IIOJIOXKHTEJBHBIX 3HAYEHHH K OTPHUATE/IbHEIM
NIPH TaKHX H3MeHEeHHAX KOHOUTYyPallHi, KOTOPHIE HE MEHSOT Kpyi-
HoMaclitaGHOe 3HauyeHHE MJAOTHOCTH. Ecam ¢yHKuHsA P JOJKHA
OIIMCBEIBATH COCTOSIHMA C HH3KOH 3Heprue#, TO H3MEHEHHe Y OT
TOJIOKUTEJBHEIX K OTPHIATebHBIM 3HAYEHUSAM A0/KHO NTPOUCXO/UTh
OueHb MEJJIEHHO, T. €. 3TOMY M3MEHEHHIO JOJ/KHLl COOTBETCTBOBATH
6oJ/blIMe «IepeMeleHHsA» arTomoB. Ho H3-3a TOro, uTO YacTHUH
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§ 3. Onpepenenne BONHOBON yHK UMM

TOXIECTBEHHBl U TNOAUMHAITCS 003€-CTATHCTHKE, TaKoe «Iepemelie-
HHe» 0Ka3blBaeTCsl HeBO3MOMHBIM!

[TponuTupyeM paccy:KieHHs, NPHBeJeHHble B Hameld padote [8].

®yuKHus | UMeeT MaKCHMa/bHOE MOJOMKHTENLHOE 3HAYeHHe s
HeKkoTopoil KoHdurypaunu aromos. Hasosem 31y koudurypaunio A,
a TIOJIOXKeHHs! aTOMOB B JaHHOH KOH(GHUrypalun —o-TOJOKEHUAMHU.
Mbl NnOKa3aaM paHee, 4TO B O-MIOJIOXKEHHUAX AaTOMBI JAOJUKHBL OBITH
PAacroJIoKeHbl JOCTATOYHO JaJeKo JPYyT OT APyra, TakK 49TO OHH He
nepexpoBaloresi; 6oJjee TOro, HX IMJIOTHOCTb paclipelefeHdst Ha
6O IbUIMX PACCTOAHMAX AOJKHA ObITh IPHMEPHO OAHOPOAHA. AHa-
JOTHYHO TY KOH(HTypanuio, AAs KOTOPOH ) DPUHHMaer CBOE Hau-
Gosblliee OTPHUATENLHOE 3HAYEHHE, Ha30BeM B KOH(HTypauueil u
MOJI0KEHHs AaTOMOB B Heil —P-IIOJIOKeHHAMH. Mbl XOTHM, uTOOBI

QUrI'. 11.14.

[Be roudurypaunn (M3o6parkeHHble
CIIOWIHBIME ¥ TYHKTHPHBLIMH KPYXKKaMi),
BO3HHKAIOWHKE MpPU GOJIBIIOM NepeMelieHH

aTOMOB, H300PaXKCHHOM IJIHHHBIMH
crpeskamu [8].

B cuay HepasAHYHMOCTH aTOMOB 3TH iKe
goudurypaui MOTYT GbITE MOJYYeHb! DpHU
ropasfo MeHblleM MNepeMelleHHH aToMOos
(KOPOTKHE CTPEJIKH).

KoHdurypauus B Bo3MOXHO GoJbute orsuyanack oT A. [las storo
HY?KHO, 4TOObl repexoj oT A K B OBl CBsA3aH C BO3MOKHO 0OJbUINM
YHCJIOM INepeMelleHuil aroMoB Ha GoJabline paccTosiHus. Muaue
Gyaer MeHATbCS CJHUIIKOM OBICTPO OT IMOJIOXKHUTE/IBHBIX 3HAYEHHI
K OTPHIATeJbHBIM, BOJHOBAs (GYHKUHSA OyJeT umeTh GOJbLIOH rpa-
AHeHT M 3HePrus 3TOTO COCTOSHHA He OyAeT J0CTATOYHO HHU3KOii.

[MonbiTaemca AOGHTLCH TOTO, YTOOBI AJS NepPexoia H3 KOH(QHTY-
pauuu A B B mpebosasoce Gounblioe nepemeilenre atomoB. CHauasla
MO2KeT MOKas3aThbes, 4TO 3TO MpocTo cletatk. Hanpumep (dur. 11.14),
BO3bMeM HeKOTOpLIe aToMsl B Kondurypauuu A B JeBOH uacTH cocyla,
cojleprKallero XKHAKOCTh, NMEePEMecTHM HX uYepe3 Bechb COCYJ B INIPO-
THBOMNOJIOKHYIO Y4acTh, U HA30BEM I1OJYUHBLIYIOCST KOH(HTypammio B.
OfHO H3 BO3Pa)KeHHUH MNP 3TOM COCTOMUT B TOM, 4TO IIPH nepeMe-
LEHHH aToMa M3 OJHOH 4YaCTH cOCyAa B APYIYIO CJ/eBa NOSBJSIETCS
ABLIPKa, a CripaBa BO3HHUKaeT JHUWHUH aToM, T. €. MPOHCXOAUT H3MEHE-
HHe MJOTHOCTY YacTHil. UTo0m H30eKaTh TAKOH CHUTYaLHH, Mbl MOXKEM
cebe MpeJCTaBUTh, YTO B TOT K€ CAMbIH MOMEHT APYroil aroM Obii
nepeMelled CrnpaBa HaJjJeBO, a BO3HHUKIIHE JBLIPKH H YIJOTHEHHH
aTOMOB OblJIM BBIPABHEHH ¢ TIOMOLILIO HeGOJBIIOH HepecTPONKH He-
CKOJILKHX COCeZHHX aroMoB. Takoe IepemelleHHe JBYX aTOMOB,
OJHOrO C/jiéBa HalpaBo, a JAPYroro clpaBa HaJ/JeBO (KaXKIOTO Ha
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paccTosiHHEe NOpsjKa pasMmepa BCEro cocyja), siBAsSETcS JeHCTBH-
T€JIbHO GOJILIIHM NIepeMelleHHeM, TaK 4TO0, Ka3aJioch Obl, KOH(HTY paumy
B u A 10/XKHBI CHIBHO OTJHYATBCH APYr oT Apyra. Ho Ha camom
Jese 3TO He Tak.

ATOMBI HYXHO CUMTaTh TOXKAECTBEHHBbIMH, H aMIJIHTYAa (BeJH-
YHHa BOJHOBOH (GYHKLIHH) He [OJ/DKHA 3aBHCETh OT TOTO, KakKol
aToOM 3aHHUMaeT JaHHoe noJsoxeHue. DyHKUUA P He MOxKeT H3Me-
HHTLCA, €CJH IPOCTO NOMEHSATh aToMbl MecTaMH. IloatoMmy Gosiblune
nepemMelesisi aTOMOB MOTYT OLITh NpOBeleHH B 1Ba npuema. Ilepe-
CTaBHM CHauaJa NoJAJexalHe NnepeMelieH o aToMbl B &-110JI0KeH S,
HaxXoAfIHNecss ONMKE BCEro K KOHEUHBIM II0JIOKEHHSIM, B KOTOpbIe
NOJIKHbI NONAcTh aToMbl B B-kKouburypaunu. Ilpu stom ¢yHKuns
He MeHfercs, TaK KaK BCe aTOMHI OCTalTcs B TOH xe camoil KOH-
¢Gurypauuu B o-I10J0XKEHHAX. 3aTeM OCYLIECTBHM INepeXox K KOH-
¢urypauuu B; oH ocyiecTBaseTC s HeGOJIbIIHM epeMellleHHeM aTOMOB:
cMelleHne J060ro aroMa He I[IpeBbIIAeT MOJOBHHB MeKaTOMHOTO
paccrosiuus. I1pu 310M HeGOJIbLIOM NepeMenteHHH GYHKIHUSA P A0KHA
GbICTPO H3MEHSATLCA OT MOJIOXKUTEIbHHX 3HAUeHHH K OTPHUATENLHBIM,
H TI03TOMY 3Heprusi He MoxeT OblTb MaJgofi. IlockoabKy BoJHOBasi
(GYHKIHA He MeHseTcst INpU TepecTaHOBKE aTOMOB, HEBO3MOXKHO
NOoJyuuTh KOH(pUrypauuio B, 3HauHTeNLHO OTJHYalmyocs or A.
ITpu stom BooOule He MOTYT MOSABHTHCA HUKAaKHE HH3KO3SHEPreTH-
ueckHe BO30yxkKIeHUs1 (Kpome (OHOHOB).

B cayuae GOHOHOB MBI pacCMaTpHBaeM KOHQHUIYPAUMH, B KOTOPHIX
Np¥ HU3MEHEHHH 3HakKa P MeHseTcA MNJOTHOCTb paciipejleseHus.
MaMeHenne MJOTHOCTH He MOXKET ObIThb MOJYYEHO C IOMOUIbLIO Iepe-
CTaHOBKH aTOMOB. MMeHHO No3ToMy yuer G03e-CTATHCTHKH HE BJAHAET
Ha (QOHOHHEIE COCTOsIHHA. HO OHa IPHBOJUT K TOMY, YTO 3TH COCTOA-
HUA OKa3biBAOTCS €iHHCTBEHHBIMH HauGosee HU3KO JexalluMH COCTO-
STHHSIMH CHCTEMBI, TAK UTO TENJIOEMKOCTb CHCTEMBI CTPEMHTCS K HYJIIO
IpH CTPeMJIEHHH TeMIepPaTypel K HYJIO COrJacHo 3akoHy [ebas,
T.e. Kak T3 B 3TOM COCTOHT OCHOBHOE NOJIOXKEHHE, HeoGXO0LUMoe
A5 NOHHMaHHs CBOHCTB »kHjAKoro reaust [8, 10, 11].

$ 4
DOHOHBI M POTOHLI

Brlle Mbl BBesH INPEANOJOKEHHE, YTO KPYNHOMACIITa0HbIE H3Me-
HeHHUs NJIOTHOCTH TPEACTAaBJSAIT COO0H JNJIUHHOBOJHOBLIE (POHOHBHI.
CnpaBel/IMBOCTh 3TOTO YTBEPKIEHHS MOXKHO [IOKasaTh CJEIYIOUHM
obpasoM.

Beexem mnjoTHocTb xuunkoro reausi p (R). ®ypbe-pasnoxenue

e {R) umeer BHj
e (R)=2Dique~ R,
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§ 4. DOHOHbLI U POTOHBI

TaK 4TO AJ51 T'aMHJbTOHHaHa N0JYy4YaeM BblpakeHue
1 .
H=Y = (qk+C’K"qx). (11.10)
K

DTOT raMUJbTOHHAH ONHCHIBAaeT cucTeMy 3N He3aBHCHMBIX TapMOHH-
UYECKHX OCUMJJIATOPOB (HOPMAJbHBIX KOoJebGaHHH), Kamnoe U3 KOTO-
PBIX MMeeT uyacToTy w==KC. Kaxjias Moja KBaHTOBaHa, TaK u4TO
ecan K- Mona Bo3byxaena a0 smeprud Ex=hKC(n+1/2), T0
B COOTBETCTBHH C OOLIENPHHATON TEPMHHOJOIHEH Mbl GyJeM roBo-
[HTb, 4TO BO30yxKJeHO n ¢oHOHOB ¢ sHepruefi KC. BoJanosasa
GbyHKUIMSA OCHOBHOTO COCTOSIHHS CHCTEMbl HE3aBHCHMBIX OCHMJAAATO-
POB HMeeT BHI

1 9K 1 < 9K
x:IKIeXP —5 e |=ep| =5 S e |- an
K

Huskoaexauemy Bo36yxAeHHOMY COCTOSHHIO AJsi 0JHOrO GOHOHA
¢ uMnyabcoM K cooTBeTCTBYeT GhyHKUHA

/1 9k < 1 9k
XK:eXp\—7 W gk eXp —?ﬁ :qKX' (1112)
K’ K

Oanako B c/ayuae »XH/IKOTO TejdHsa 7y He ABJSETCH NPaBUIbHOH BO.I-
HOBO# (pyHKUMel OCHOBHOIO COCTOSIHMs, NOCKOJbLKY OHa He oOHa-
PY/KHBaeT HYXKHOTO MOBeJeHHs Ha MaablX paccTosHusaXx. Hanpumep,
H3 ee BHJa He CJelVeT, 4YTO HEeBO3MOXKHO NePeKPHTHE ABYX aTOMOB
u T. 1. IlpeimoaoxkuM, 4yTo ¢ $IBJASETCH NpaBHALHON BOJIHOBOM
(yHKLHeNl OCHOBHOrO COCTOSINHSA, KOTOPAs YUUTHIBAET KOPOTKOJEHCT-
Bywine koppeasnud. Toraa mo anagsoruu ¢ (11.12) npasuisnas
BOJIHOBasl (DYHKUHA HU3KOJekKallero BO30YXKAEHHOrO COCTOAHHS g
3aNuChIBaeTCsl B BH,1e

Y = g’ (11.13)

[Ipu 3TOM peub HAET O AJIHHHOBOJHOBHIX (UIYKTYauMaX MJIOTHOCTH,
xorja snauenue K Mamo. IlockoabKy omepaTop naotHoctd p(R) =

= Z 8 (R —R;), noayuaem
gr={ o (R)eRaR =M. (11.14)

u, cornacio (11.13) u (11.14), BonnoBass ¢yHKuHs Aasi ¢oHOHA
C MaJblMH 3HaueHHAMH K HMeeT BH]

¢K=<;e"K'Ri)¢. ’ (11.15)
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B ﬂeﬁchmeanocm MbI JOJI2KHBIL Obl;id OBl 3amUCcaTh MJOTHOCTL
B BHJE
Y : :
o (R) =2 (gxsinK-R+gxcosK- R),
K

Torja Bmecto (11.10) umenu Onl AAA raMH/JbTOHHAHA

1y

H:; ("—; i;) + CK (g +9'%

On1Ho4aCTHYHLIMU BO36OYKIEHHBIMA COCTOSHUSIME SBJAAIOTCH Pk = kP

1 yx = gk¢. Torga cocrostue Pk - (P TaKxKe npeactan.sier co6ol oj-
Y .

H0hOHOHHCE COCTOSIHAE, €r0 MOKHO 3aHCaTh B BH AL [Z, exp (IK - R,-)J ¢,
{

Cootnowenue (11.15) moMoraetr Ham INOHATL, HOYEMY HEBO3MOMKHO
NpejcTaBUTh [BHXKEHHE OTJe/IbHOIO aTOMa B KUJAKOM TeJHH Kak
B020 YK/ IeHHOE COCTOSIHHE He(POHOHHOIO THIa ¢ HU3KOH 3Heprueit. Boa-
HoBas (yHKUHS TAKOro Bo36y:xieHHA uUMmesa Obl BUL [exp (iK-R))] ¢,
T. e. 6blia Obl HecHMMeTpHUHOH (yHkuueHd. CHMMETPH3yd 3Ty QYHK-

unio mpocTefiiinM 06pa3oM, MosTyyaeM Beipaxkenue | Y exp (iK -R,.)} P,

L
KOTOpOE NpejCTaBaseT yxe QoHOHHOe BO30yxkaeHue. MoxHo, o1nako,
NOJYYHTb CHMMETDHU30BAHHYIO BOJHOBYIO GYHKIHIO [Z exp (iK-Ry) | ¢
i J

U B cJayvae, Korza BesquuyuHa /K uMeeT NOPAAOK MeXATOMHOIO
paccrossaus a. COOTBeTCTBYIONAA 3TOMY BO3GYK/I€HUIO SHEPT st PaBHA
ﬁsz h2

om " oma® !

4yTO oueHb GJH3KO K 2HeDTHH BO30yXKJAeHHS POTOHA.

PotoHrl. Bo3Gyxknenus GoJiee BbicOKoil aneprud. Kax Mbl BuIe.H,
BO30yXKIeHHsl ¢ HHU3KOH sHepruefl He()OHOHHOIO THIIA HEBO3SMOMKHLI.
Jipyrumu cjoBaMu, He MOTYT CYHIECTBOBATh 0OJbILIHE NepeMelleHHs
4TOMOB, KOTOpBIE He MeHSJH Obl NJAOTHOCTH KUAKOCTH. [losTomy
[ONLITaeMcs NOCTPOHUTH TAKYI0 BOJIHOBYIO (YHKUMIO 1, KoTopas
MeHsisa 6bl 3HAK C MJIOCA HA MHHYC He 3a CueT H3MEeHeHHs MJOoT-
HOCTY; HpPH 3TOM TaKoe M3MeHeHHe JOJIKHO IPOHUCXOAHTH HACTOAbKO
Me/1eHHO, HACKOJbKO 3TO BO3MOXKHO, H JOJKHO OBIThH O00YCJOBJCHO
TO.TbKO MepeMeIeHHeM aTOMOB Ha MaJible PacCTOAHUA.

[osioKUM ONsITh, 4TO KOHQHTypanuu A COOTBETCTBYET MaKCH-
MaJbHOe II0JIOXKHTEJbHOe 3HaueHue (GYHKUHH P, a KOHQHUTypauuH
B—naunboabliee (Mo MoAy./0) oTpularesbHoe 3HaudeHue . Iloso-
JKEHHS aToOMOB B KOHpurypauusx A u B Gynem Ha3bBaTb COOTBeT-
CTBEHHO «o- U B-nonoxennsMu. [lepexon w3 KoHUTypaLun A B KOH-
¢urypaumio B J0/KEH INPOUCXOMHTb TOJBKO IyTeM HeOOJbILOro
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§ 4. DoHOHEI U POTOHLI

CMellleHHsl KaXXAOTO H3 aTOMOB H B TO K& BPeMs B LeJOM MpPHBO-
JIHTb K MaKCHMaJbHO BO3MOXKHOMY H3MeHeHHIO Kouburypauuu. Kaxk
HAM M3BEeCTHO, «-MOJIOXKeHHs] B KoHpurypauun A JOMKHB GbITh
paBHOMEPHO pachnpeje/ieHs] B MPOCTPAHCTBE; TO K€ OTHOCHTCA H
K P-nonoxkenusiMm aTtoMoB B B-koudurypauun. M3 stux yeaoswuii
cjelyer, 4TO C-NOJOKEHHS JOJKHBI HAXOAHUTbCSH MexXAY PB-nosomxe-
HHSIMH, KaK NoKasauo Ha ¢ur. 11.15.

QUr. 1t.1d.

@ &
& o

Kondurypanns, 8 kotopoit
B-tiosoxenns naxoparcs
MCIKAY OL-NOJOMKEHHSMH.

[TpeanoaoxuM BpeMeHHO, YTO KaxK bl aTOM Haxo1uTest Jinbo B o-,
6o B B-noqoxenun, v obosmauuM uwepes N, u Ny ulci0 aToMoB
B KaxjaoM u3 nonoxeuuil. Torpa ¢yukunsa ¢ =(N,—Ny) ¢ umeer
HanfosabLlee NOJOXKHUTEAbHOE S3HaueHHe Aasi KoH(urypauun A, pa-
1bo/bluee OTPHLATE bHOE 3HAUYCHHe JJIA KOHQUTypaluli B U ILI1aBHO
MEeHseT CBOe 3HaueHHe INPH Mepexole or KoHurypauwuu A x B.
Maremaruuecki QYHKUHIO | MOXKHO 3allHCATh B BHSE

xp:[};ﬂka]w. (11.16)

rie mbl Beean ¢yHkuuio f(R,}, Koropas, no onpejielenuio, pasua
+1 nas kcopaunar R; B a-nogoxenusix u —1 naa R; s B-nogo-
KeHusX. JJasi NpOMEXKYTOUHBIX NOJOXKEHHH (T.e. A5 NOJOKEeHHH,
Korga R, naxoantcs Mexay a- u [B-nonoxkeHusMu) GynKoHa P
6yAeT MJAaBHO MeHATbcs, ecaH ¢yuxuus [(R;) nnaeHo meusercs
B uHTepBane or -+1 go —1.

Bocnoap3yemca Tenepb BapHalUOHHBIM MPUHLUMIOM JJISi HaXOX-
nenus Hauaydwel ¢yukuud f(R), eciu

w=§f<R,~>cp=Fq>, F=i2i<Rf>. (11.17)

CpeznHee 3HaueHHe 3HEPIHH, KOTOpoe HeoGXOLHMO MHHHMH3HDOBATH,
Bblpakaercs uepe3 HHTerpad

3 Er2my | vy BV P P] d*NR

<E>=S[‘

. 11.18)
(lvpa®vr (
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Fn. 11, Ceepxrekyvects

Ecan Y= Fg, T0O 3TOT HHTerpaj Moxer ObITb 3amHcaH B BecbMa
ofiweM BHJE (OPH YCJIOBHH, YTO QYHKUHA ¢ AeAcTBUTeNbHA H o6pa-
uiaercsl B HyJb Ha OECKOHEYHOCTH), KOTOPBIH NpEICTaBJAET ompe-
neJeHHblil uHTepec. 3aMeHsst P Ha Fo B (11.18), nmoayuaem

<E> :{Z{% [S | F* (V@) (V) d*¥R S (F*v,@) @ (V,F)d* R +-

+ S (FV.@) @ (V,F*) d* R +S ¢*| V. F | dsNR] +
+SV|F;2cpzdsNR}.{g |FPo*dV R} ™. (11.19)

Buinosdsis B nepBoM usieHe B npasoi yactH (11.19) unrerpupoBamue
o yaCTsIM M COBepllas MNOACTaHOBKY H¢=FE p, OKOHUATEILHO
noayuyaeMm
2 (h2/2m)| v;F [2 pyd® R
g=(E>—E,=-'

: , (11.20)
{171 pyd™R
rie
: ‘
ov(Ry, ..., Ry)=¢*(R,, ..., Ry). (11.21)
Q@yHKUUA Oy, OYEBHJIHO, ONHCHIBAET BEPOATHOCTL JaHHOH KOHGHTY-
pauuu, & ABJfAETCsl 3Hepruedl Bo3by:kiaeHHss U E —3IHeprus OCcHOB-
HOIro COCTOAHHA.
BosBpamascs K npobjeMe KHIKOTO ejus, Mbl JOJKHbBI MOJCTa-

BHTD F:Zf(R[) u Muuumusuposats (11.20), urofel onpesenuts

14
Hauayuwuil BoOop ¢yHkouu f. 3HameHarte b Boipamenus (11.20)
OpHHEMaeT BHJ

(IFPova R=ZZ (M RITR) [Fox LT aRy| SRR~
=0, { I*(R)[(R,) g (R, —R,) &R, &°R,, (11.22)

rjae
008 (R, —R,) = X X { 8 (Ri —R,)  (Rj— Ry) o d**R".
i

31ech (YHKIHS ¢ HOPMHPOBAHA TaKHM 00Pa30M, 4TO S oy d3VR =N —
YHCJ10 aTOMOB, (,—IMJOTHOCTH YHCJ/d YacTHIL B OCHOBHOM COCTOSIHHH
u ¢ynkuus g(R;—R,) onHcniBaer OTHECEHHYIO K euHUlle 00beMa
BEPOSITHOCTE HAXOXKJAEHHsi aroMa B Todke R,, ecsm apyroil arom
Haxoaurcs B Touke R,;. Uucauress Boipaxenus (11.20) moxker Guith
3alHCcaH B BHle

) S%!W X pwda‘VR=po—§,—Slvf(R)|2d3R. (11.23)
4
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§ 4. MOHOHLI U POTOHBI
Bripaxenue (11.20) Tenepnr MOXXHO mepenHcarth CJ/eLYOWUM 06pa3oM:

d2i2m) § 1v F(R) 2R
&= .
§ 1 (R F(Ro) g (R, —Ro) &R, 'R,

(11.24)

UroGel onpelenuTs MHHHMYM g, nojoxxuM Oe=0; B pe3syasTare
NOJYYHM HHTErpo-aiuddepeHntalpHoe ypaBHEHHE

_Eﬁ;— sz(R)=aSg(R—R’)f(R’)d3R'. (11.25)
Pewenne ypasnenus (11.25) nmeer Bug f (R) = e R". CaegoBaresbHo,
w=<§.e““‘f> @ (11.26)

H
8:%' rae S(K)=Se“"‘*g (R) d°R. (11.27)

@yunxuua S (K), npencrasiasiomas coboil dopmpakTop A pacces-
HUS HEHTPOHOB B JKUJIKOCTH, MOXKET ObITb ONpejejeHa 3KcHepu-
meHTaabHo (dur. 11.16). Corsmacno (11.27), ona sBJaserca ¢ypbe-

S(K)
10 ! i, 1 L TN !
’ 7 2 3 7 5 N6
a5t K A1
0

OUr. 11.16.
PeayabTarsl 9KCIepHMEHTAIBLHONO OompejeneHust dopmparropa
LJA DACCesiHHst HeHTPOHOB B KHIKOCTH.

o6pasoM ¢ynkuun g (R), koropas onpefesnseT OTHECEHHYIO K €IHHUIE
ofbeMa BepOATHOCTh OOHAapY)KEHHsl aroMa Ha paccTofHHH R or
JaHHOTO aTOMa B KMAKOCTH B OCHOBHOM COCTOSIHHH.

IToCKOJIBKY COCTOSIHUS ¢ PAa3/IMYHBIMH UMIYJ/IbCAMH OPTOTOHAJ/bHBI
ApYT ApYTY, TO BhIpaxkeHue 171s sHepruu (11.27) okasniBaercs crpa-
BeJJINBEIM He TOJMbKO 11 3HaueHWi K BO/AM3H POTOHHOTO MMHHHU-
MyMa, HO M B HEKOTOPOH OKPecTHOCTH 3TOH TOYKH. XOTs MpH
BeiBoie (11.27) mpeanonaranock, yro K~2n/a, rie a—MexaTroMHoe
paccrosiHue (T. e. 4To K BEJHMKO), ITOJYYEHHOEe BBIpAXKEHHE CcIpa-

BeAAHBO jaaa Bcex K, moxa \p:[Ef(R,-)](p ABJISeTCA JOCTAaTO4HO
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In. 11. Ceepxrexyuecrts

xopomieilt BosiHOBoH ¢yHkuueli. Kak Bujpno u3 (11.15), ana manux K
dyHRIHA Y= [Zf(R,-)] ¢ onucelBaeT (POHOHBI M SABJIAETCS OYeHb
i

xopomteii BoiHoBo#l ¢ynkuueii. CrejoBatensHo, Beipaxenus (11.26)
n (11.27) cnpaBennusrl A7is Bced obnacth snadenuil K. [Noabsyscs
BbipaxenueMm (11.27) u ¢ur. 11.16, MBI MOXeM NOCTPOHTH QyHK-
nuw & (K).

MunumyMm ¢yuknun e (K) Jexut BOAH3H 3HaueHHi K~1/a,
M BO3Oy:xKJIeHHS B 3TOH 06JacTH SBJAIOTCA POTOHAMH.

f QUr. 11.17.
40 - .
Teopus PeanMana
30 I -
LS ,/
S NN Ve
S 20 Soeet ) IRemEDUMEHM
8
¥ 0t 4
i  Wpronst Pormons!
] 1 1 P ;
> DKCnepUMeHTAbHbII
0 L0 40 ‘5;.,0_ U TeOpeTHYeCKUH CIEKTPhI
Hmnynsc (sonwosoe Hucno, A7) BO3GyxpeHus [4].

VIHTepecHO OTMETHTb, 4TO CHEKTP BO30YxkIEHUH, H300parKeHHbIH
Ha ¢ur. 11.17, moxeT GEHITb H3MepeH HelOCPeACTBEHHO 110 MOTepsaM
SHEPrHH HEHTPOHOB NpPH paccesiHHH ¢ INepenauell mmnyabca 7K.
J1s1 KaX[oro yryia paccesiHHst CYLIECTBYET MHHHMaJbHOE 3HauyeHHe
nepejnaBaeMolt 3HeprHH, KOTOpPOe M SIBJIAETCS 3SHeprHeH OJHOYACTHY-
Horo Bo36Gyxxaenus & (K)¥,

&5
PoToHbi

HarnsaHo poToH MOXKHO NpeACcTaBHTL cefe Kak Ipynny jeref,
KaTawuuxcsa ¢ ropxu. ,Jopkofi“ asasercs yacth AB Ha ¢wur. 11.18.

CkaTHBIIKCH C TOPKH, JeTH CHOBa BO3BpallaloTcs Ha Hee, oberas
ee KPYIroM.

Uactb, onuchBawllas oOpaTHBIH INOTOK, He BKJIOYEHa B po-
TOHHYIO BOJIHOBYI0 ¢Qyukuuio (11.26), sanncanHyio B BHAE

w:(;et‘me‘)%w, (11.28)

1 Q6eyxaeHHe BKCNEPHMEHTAJbHBIX Pe3Y/JIbTaToOB MO HSMEPEHHIO CNEKTpa BO3-
Oy:XJeHHH B KHAKOM Ie/IHH COAEDHKHTCS, HanpHMep, B pabote [22].— [Tpum. nepes.

378



§ 5. PotoHbi

HO ee MOXHO MOJYYMTh cJeAyiomHuM obpasoM. Bosbyxienue, no-
CTPOEHHOE B BHJE BOJIHOBOTO NaKeTa POTOHOB ¢ BOJHOBOH (yHK-
uueli (11.28), saABnsieTcs JIOKa/aHM30BaHHBIM BO30YXJAEHHEM. ITOT
JIOKaJHM30BaHHLIH BOJHOBOH TMakeT He ABHXKETCH, TaK Kak rpymnmno-
Basi CKOPOCTb POTOHHOTO COCTOSIHHS PaBHA HY/O, KaKk BHAHO H3
dur. 11.17 (rne de/dk =0). C 5THM JOKANH30BaHHBIM BO30yKJeHHEM

0= "‘O\ QUT. 11.18.
O
%AO
CBf13aH HMITYJbC AK. Ecim BBIYHC/IHTD KBAHTOBOMEXaHHYECK VIO

NJOTHOCTb TOKA j AJA POTOHA, TO Mbl OOHAPYXHM, 4TO OHA He paBHA
HYJIO:

O

OB

< Ny

CxemaTHUeCKOoe H306pakeHHe
IBHIKEHHS B DOTOHE.

\O

O <«—0O

j5=0. (11.29)

Takum o6pa3oMm, moJydaeM KapTHHY paclpejefeHHs TOKa, [OKa-
saunyo Ha ¢ur. 11.19. M Buaum, uto j==0 B JOKaNH30BAHHOM
obsacte U j=0 BHe 3TOH 006/1aCTH. DTO NPOTHBOPEUUT YPABHEHHIO
HlpenuHrepa, Tak Kak TOK JOJ/XKeH COXDaHATbCH.

OUI. 11.19.
J=0
BoJsiHOBOH makeT pOTOHOB.

YKasaHHYI0 TPYJAHOCTh MOXKHO OBGOHTH, BBOAA MelJ/eHHbIH obpar-
HBIH [IOTOK 4YaCTHL /a9 BOJHOBOI'O IlaKeTa, KaK I[10Ka3aHo Ha
¢ur. 11.20. UroObr OTPasHTh 3TO MaTeMaTHYECKH, HYXKHO HCIPaBUThb
BosHOBYIO ¢yHKuuto (11.28), sanucab ee B Buge

:{;exp(ix-k,-+§f<kf—k,)]}%CH (11.30)

H BpIOpaB HauaywiuMm obpasom ¢opmy ¢yuxkuuu f(R;—R;). ITocse
BapbHPOBAHHs HAXOJUM HaMJyullyio ¢opMy (GyHKUHH:

: R;—R
w=ZezK-Ri< +a ZlRi_R,fF)(‘"’C“' (11.31)

Boayoraa ¢ydkuus B 3T0i (opme coxpaHsferT NOTOK.
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rn. 11, Ceepxrekyuects

Kak BuaHo u3 ¢ur, 11.18 u 11.20, poTon moxox Ha KJacCH-
yeckoe KoJblo awiMa (¢ur. 11.21). Hmeercs, onnako, omHo OT/M-
ype. JHIMOBOE KOJBIO JBHXKETCS, B TO BPeMs KaK POTOH, KaK yxe
OTMeuaJoch paHblie, NOKOUTCA. IToCKOMBKY ABa BHXPS, MMEIOHIHX

QUI. 11.20. OUr. 11.21.
CoxpaHenue TOKa. Poron (mo ¢opme poToH
HaloOMHHaeT KOJbUO AbIMA).

NPOTUBONOJOXKHOE Bpallenue, npursirusaworcsa (dur. 11.22), cyme-
CTBYeT M IPYyroe Ba)kHOe pasjHuue: AJA KOJbIA JbMAa 3TO NMPHTs-
JKeHHe KOMIEHCHPYETCst MOTOKOM NPOXOASIIero uepe3 HEro BO3-
IyXa, TaK 94TO KOJBIIO He CXKHMaerca B TOUKY. POTOH e, MOCKOJ/BKY

, OUI'. 11.22.
. \
{ \_/
Tlomox ~— Ilea KosBHA ABIMA,
6osdyxa T BpALIAOMHUXCS B
N IPOTHBOMOJAOKHBIX

/\ HanpasJaCHHUAX.
/ﬂ\ Takue KONbIA NPHTATHRAIOTCA

ApYr K Apyry.

OH TIOKOHTCH, CKHMAercsl, TaK UTO ero JHAaMeTp YMeHbIaercs [0
ATOMHHIX Pa3MepoB.

Korga atoMm B mojoxenun A ua ¢ur. 11.18 nepexogut B mo-
JOKeHHe B, cucTema BO3Bpallaercs B NMepBOHAYaJbHOE COCTOSHHE.
310 Hajaraer onpejeseHHbe YCJOBHA Ha BequunHy K B unene
exp (iK-R;). Umenno, K oxkasbiBaeTca nopsifika l/a, rae a—cpejnee
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§ 6. Kputnuecras ckopocTs

paccTosHMe MexJy aromaMu. Jrta BeqununHa K coraacyerca ¢ no-
JIOXKEeHHEM POTOHHOTO MHHHMyMa Ha kpusoil Ha ¢ur. [1.17. Takuwm
oGpa3oMm, POTOH 006JajaerT ornpeieJeHHBIM HMITYJIbCOM H CKOPOCTbIO,
KOTODBIE TIPHOJHKEHHO COCTABJAIOT

p:—z—, v=£—1. (11.32)
Korga B cucreme Bo3HHKaeT 0oJiee OJHOro pPOTOHA, OHM Ha4YHHAIOT
B3aUMONEeHCTBOBATEL. DTO B3aUMOAEHCTBHE CTAHOBUTCH CYULECTBEHHBIM
NpH BHICOKMX TeMmnepaTypax. Jlaugay u XaJaTHUKOB BHIYHCJIH/IH
3aTyXaHHe MepBOTO M BTOPOrO 3BYKa HA OCHOBAHMH KHHETHUECKOH
TeOPHH, NPUHKMAs BO BHHMaHHe paccesinue (OHOHOB Ha (POHOHAX,
(DOHOHOB HAa DOTOHAX U POTOHOB Ha POTOHAX Y.

$ 6

Kputuueckas ckopocTb

OnpejfenuM 3HEPrUi0, HEOGXOAUMYIO /18 CO3JaHHA BO3OYKICHHA
¢ umnygabcom p. Tlpeanmosoxum, d4To Teno Maccofi M, umetouiee
ckopocTh V, coszaer Bo30yxKIeHHE, MOcje 4Yero mpuobperaer CKo-
poctb V'. CorJlacHO 3aKOHY COXPaHEHHs HMNYJbCa, MOJyuaeMm

MV =MV’ +p,

TaK YTO HOBOE€ 3Ha4YcHHE KHHeTHQECKOﬁ SHEPTUH TeJaa PaBHO
Lymver—Lyyr vt 2 (11.33)
2 2 2M ’

O603HaYuM SHEPTHIO Bo30YyxkIAeHHS depe3 & (p). BosbyxkaeHue MOKeET
BO3HHKHYTb TOJBKO B TOM CJydae, eCJH

T MV*> = MV 4 (p),

TaKk 4TO

2
e(p) <V-p—am @ V-p, (11.34)

ecau M 0CT4TOYHO BeJIHKO.

CaejfoBaTe1bHO, KPHUTHUYECKAs CKODOCTb, HeoO0XxoiauMas A Co-
3JaHHs BO3OYKAEHHS, ONpeje/IsieTcs HAKMOHOM KacaTeJbHOH K KpH-
BOil e (p), KaK moKazaHo Ha ¢ur. 11.23.

KpuTHueckasi CKOPOCTb, NOJYyYeHHas TakuM 06pasoM, COCTaB-
aser npumepHo 60 m/c.

1) JleranbHoe COCYXKIeHHe M CCLUIKM HA paGoThl npHsejeHbi 8 Knure {12].
(Cm. rtakxe [13].—I[Ipun. nepes.)
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Fn. 11. Ceepxrekyuects

Mbr morsnn Obl CKa3aTh, YTO CBEPXTEKYUeCTb IeJHsf KakK pas d
OODBACHSIETCH OTCYTCTBHEM BO3GYXKJIEHHS NPH MafiblX BO3MYIIEHHUSAX.
XoTsl KayecTBEHHO TakKoe O0bsCHEHHE I[IPelCTaBJAfeTCA YIOBJAETBO-
PHUTEJNbHBEIM, HA CaMOM JeJie OKa3LIBaeTCs, UYTO BO30YXKIEHUS BO3HH-

(P)

Kpumuveckoe yenosue
p)=vp

)3

QUr. 11.23.
OnpejeseHse KPHTUUECKOH CKOPOCTH.

KpuTuyeckas CKOPOCTh ONpeNeseTcs HAKAOHOM KacaTeJbHOH
K KpuBo# € (p)

KawT Npu ckopocTaXx okoJao 1 cm/c. TlosTomMy HaM Heo6XOZHMO
[epecMOTpPeTh Hall BBIBOJA M HAaHTH NMPHYHHY TOTO, MMOYEMY B KUA-
KOM TeJHH BO30yXKIEHHS MOI'YT BO3HHKATb HPH CTOJb MaJjblX CKO-

poCTAX.
s 7
Bessuxpesoe
CBEpXTeKyyee TeuyeHue

Ecau Bca Macca KHIKOrO reiusi ABHKETCs CO CKOpocThio V, To
BO/IHOBASE (QYHKUHSA CHCTEMBbI HMEET BH[

P =exp <;%2 V-R,-)(pm. (11.35)

Cnenyer o6paTuTb BHHUMaHHMe Ha DasjMYME MEXAY BbIParKEHHeM
(11.35) u porouHoit wmau GoHoHHOH BosiHOBOH dyHkumnei (11.15).
[Tokasaresp skcnonentsl B (11.35) MOXHO nepenucars CJ/eyiomuM
o6pasoM:

I .
P~Ru.M=NmV-<wLR,->=mv-zR,-, (11.36)

rae P—umnyabc Bcel cucTembl, R, ,—KoopauHata uestpa Macc
H N -—4HCJIO 9acTHI B CHCTEME.

Kax u npm o6CyXA€HHH CBepPXIPOBOJIHUMOCTH, IMPeAOJONKHM,
4TO NPH HEOJHOPOJHOM paclpeie/IeHHH CKOPOCTH /JBHIKEHUS KHUJ-
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§ 7. Bessuxpesoe ceBepxTexyyee TeueHwe
KOCTH BOJIHOBas q:)yHKHPIH HMeeT BHJ
Y =exp [igemo]%c,, (11.37)

rie 3aBHCHMOCTb moJjsi ckopocrelt V(R) or kKoopamHathl R ompe-
nensterca Qynkuuell 0 (R) cornacHo COOTHOIIEHHIO

V(R)=—nﬁ7V6(R). (11.38)
Kak caenyer us (11.38),
VXV (R)=0,

TaK 4TO JBHXKEHHE B OJHOCBA3HOU cHCTeMe SIBJAETCH 6€3BI/IXpeBbIM.
Ecau cucrema AByCBdA3Ha, TO IHPKYJAALHsA BEKTOpa V B cucreme

QUT'. 11.24.

Uupkyaauusi BekTopa V
B JIBYCBSI3HOH CHCTeMe.

MOKeT He PpaBHATLCH HYJI0, Kak 3TO nokasano Ha ¢ur. 11.24.
TMonoxum
0 =ko.

Tpu TakoMm BriGope 8 ckopoctb V (R) nepneniukyJ/sipra pamuycy,
a ee BeJHYHHA paBHa

ke

V=5

mr?

npuyYeM £ MOMXeT NPHHHMAaTh TOJbKO I[eJible 3HaueHHusdA, KaK 3TO
caefyeT u3 TPeGOBaHHs OZHO3HAYHOCTH BOJIHOBOH (YHKIHH':

0=na,

|v|=%n, (11.39)

ﬁ
fv.as=2n - n.
m
Enuuuieil KBaHTOBAHHS SBJAETCH BeJHYHHA
2n % =2r.1,56-10~* cm?/c.

1) KpanToBaHMe BHXPEBbIX JMHHUI Gruto Bnepseie npenoxeno Oucarepom [14].
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in. 11. CeepxrekyyecTto

KaxkoBa kuHerHyeckasi 5Heprus 3Toro noroka? EcaH p,— NJOTHOCTB
JKHAKOCTH (uucjo aToMOB B 1 cM®), TO KHHeTHYeCKasi SHEpPruf
(1ns n=1) paBHa

b
1 £\?2
EKHH=7SpOm <m> onr drlL, (11.40)
a

rae a ¥ b—paauycel, nokasaHuele Ha ¢ur. 11.24, n L—rosmuHa
cJ05i HHAKOCTH B cocyje. CrenoBatenbHO, sHEpPrus BO30YKAEHHS
OJHOTO BHXPfA Ha €IUHHLY JJIHHB paBHa

pon%h’l(%)z 10-%In (%>9pr/cm, (11.41)

I7e MBI BOCMOJNB30BANUCh 3HAUEHHEM 0, = (3,6) "2 A% = (1/45) A3, Ecan
npede6peub aTOMHOH CTPYKTYPOH M CUMTaTh, 4TO KHUAKOCTH IPei-
cTaBjsieT COGOH KJIAaCCHYECKYIO KHAKOCTb ¢ [OBEPXHOCTHHIM HAaTs-
JKeHHeM, TO NpH 06pPa30BaHNH BHXPDEBOH HHTH H3-32 NOBEPXHOCT-
HOTO HATSKEHHS N0KHA BO3HUKATH [10J10CTh, PaJHYC KOTOPOH, Kak
MOKa3biBaeT OlleHKa, cocTaBJaser Bcero Jumb 0,4 A. DTo o3Hauaer,
YTO MNOJIOCTh NPAKTHUYECKH HE BO3HHKaer.

SHepruto o0pa3oBaHUsi BHXPEBOH JHHHH MOXHO OLEHHTH, ofpa-
masck K cootHowennto (11.41). Byzem cuuraTh Ipejies UHTETPH-
poBanust ¢ B (11.40) BelMuMHOH nOpPsAAKa MEXATOMHOTO pPaccCros-
HHSl, TAK KaK Ha pAaCCTOSAHUSIX INOpAJAKa MEXKaTOMHBEIX [PHHATOE
BHIPAXKEHHE JAJISi CKOPOCTH TepseT CMBIC/ (CJAeIyeT YuecTb TaKiXke,
4TO B UEHTPEe BHXPs MJOTHOCTL MaJa). [/ TOYHOTG onpeleseHHst
BeJIHYUHBEl @ HaM nOTPeGoBafoch Obl PEIIHTh CJOXKHYI0 KBaHTOME-
XaHHyecKyio 3ajgauy. B OGoJbLIMHCTBE NPAKTHUECKH HHTEPECHBIX
c/yvyaeB OTHOIIEHHE b/a OueHb BEJHMKO, a €ro JorapudM cToJb
BeJHK, YTO MaJi0 3aBHUCHT OT TOYHOCTH BuI6opa a. ITosTomMy Mbl
He O6yJaeM TNBITaTbCsl [POBOJAUTbL TOUHBIE BBIUHCJIEHMHA, a BhibepeM
3HayeHHe a OJHM3KHM K MeXaTOMHOMY paccroanuio. MoxHo, Ha-
npumep, cyuratb a=4,0A.

$ 8
BpaweHune ceepxTekyyein
xupkoctn

PaccMOTPHM COCTOSIHHE BDALIAIOWErocsl KHAKOTO TeJHs B CO-
cyae (¢ur. 11.25). ITpaxTuueckd 3TO COCTOSIHME MOXKHO IOJYYHTb,
eclH BHayaJje B COCYJe HaxOAUTCsA TBePAbIA TeJauH (Opu AaBJACHHH
6oJee 26 at™ B6au3u 0 K). CHauasa npuseseM BO BpalleHHE COCY]

4 Cwm. pabory [8].
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§ 8. Bpauwernne csepxTekyuei HUAKOCTH

C TBEPABIM TeJiHeM, a MOTOM CHHMEM BHellHee JaBJieHHe, YToGb ero
pacniiaBuTh. B pesyibrate sTOrOo XHAKHH renuii 6yner Bpamarbcs,
IIpHYeM €ro MOMEHT KOJIHYeCcTBa JABHXKeHUs OyJAeT PaBeH TOMy 3Ha-
YEHHIO, KOTOpoe OblJI0 MepBOHAYaJbHO COOOLIEHO TBEPAOMY TeJHIO.
KakoBo KoHeuHoe cocrosinue reausa? Hac uHTepecyeT Hauuusiee
5HepreTHUECKOe COCTOsIHHE BPallaloUerocsi TeJus.

JA8 CHCTEMBI C 3Q00HHbIM MOMEHIMOM KOAUHECMBA OGUNCEHUS KW-
HeTHYecKasi 3HePrus MHHHMAaJbHAa B TOM CJy4yae, KoOrja YrJjoBas
CKOPOCThL BpalleHHs ® IJIOCTOsIHHA AJs Bcell kuaxkoctd. OpHako
3TO JBHMKEHHe HE siBJsieTcs Ge3BHXPEBHIM, TaK Kak VX V= 2® u a1
COOOLIEHUS BpameHus Jo0od MaJjoll yacTH XKHAKOTO Tejust Tpe-
Gyercs s3aTpara Gosbllofi 3Hepruu [cM. (11.41)]. Ecim npunsars,

QUT. 11.25.

Bpamaromuiics
COCYA C reJiHeM.

4yTO BpalleHHe >XKHIKOrO TeJHs NPOHCXOIHT TaK e, Kak H TBep-
J0T0 Tesa, TO Mbl MOJYYHM Da3yMHOE 3HAuYeHHe AJIsi SHEPTHU Bpa-
I'eHUsl, OJHAKO MLl He MOXKeM CUYHTATh Trejuil TBepAbIM. DHEPrus,
HeobGxomumas 1A o0pa3oBaHHA KECTKOH CBS3H MeXIy aTOMAaMH,
CyulecTByolilefl B TBEpPAOM TeJie, OUeHb BeJHKa H ee CJelyeT YyuH-
THIBATh, €CJAM MBI XOTHM BBIYHCJHTH 3HEPTUI0 OJHOPOJAHOTO Bpalle-
HUsl, TIPY KOTOPOM BO BCeX 4acTaAX cHcTeMmbl V xV,=40. Cnpasef-
JIHBOCTh 3TOTO 3aMeUYaHHsl MOXKHO IIPOBEPHThH Ha MPOCTOM IpHMEpe
CHCTEMBI H3 JBYX aTOMOB B IIOJIe TaPMOHHYECKOro IOTeHLHaja.
3Heprus Bo3OYXKAEHHSA ONHOTO aToOMa paBHAa

ho—h )/ £

Ho ecan 6bl aTOMBI MOXKHO OBLJIO KECTKO COEIHHHTH APYr C ApY-
roM, TO 3Heprusi Bo3GYxKJAeHHsi cTaja Gbl paBHOI /i (k/2m)'/>. o,
Kasanoch Obl, 03HAYaeT, 4TO HAJAHYHE CBSI3U CO BTOPLIM aTOMOM
NOHHKAET Hepruio Bo3by:xaeHus. Ilapajokc, ofiHako, paspellaercs,
€CJHM Y4YecTb, 4TO Kakas-TO IHEPrUs 3aTPayuBaeTCsl Ha COeJHHeHHe
aToMOB APYL ¢ apyroM. Ec/id sHepPrusl cucTeMbl HMeeT JHLIb KO-
HEYHOe 3HAYeHHe, TO MOYTH BCS KUAKOCTh JOJAKHA HAXOJAUTHCA
B OCHOBHOM cocTtosnuu. OTclofa cleayer, YTO NOYTH BCIOLY JOKaJb-
Hoe 3HAyeHHe MOMEHTa KOJIHYeCTBa [BMKEHHSI PaBHO HYJO, T. €.
V X V=0; uCKJWYeHHe COCTABJSIOT JHILIb HEKOTOPhIe 0o6jacTH pas-
priBoB. Ilpeanoso:KuMm, yTo MOMEHT KOJIMYECTBA ABHKEHHA NEpeHe-
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Fn. 11. Ceepxrekyyects

cutess Bo3OyxpaeHusimu. Muave roeops, B KHIAKOCTH Jaxe HPH
temneparype 0K umetorcss Bo30OyxKAeHUA, HanpHMep POTOHBI H ¢o-
HOHHI. UHcJO d THUO BO30YXKAEHHH MOXKHO ONpefenTb, Haxofs
MHHUMYM 3SHEepPrHd NpH 3aJaHHOM 3HAUYEHHH MOMEHTa KOJHYecTBa
aeuxeHns. OjHaKo 475 cocyla CaHTHMETPOBHIX DasMepoB, Bpa-
ILAIOLIEr0Cs CO CKOPOCTBIO OKOJIO 1 paj/c, 3Ta 3Heprus OKashiBaercs
rmoutn B 10* pas GoJblle 3HeprHU¥ TBEPAOrO Te/a, BPAallaoMerocs
¢ TOH ke yIJ0BOH cKOpocThio. I103TOMYy MBI JOJIKHBI OTBEPrHYThb
TaKylo MOJeJb.

CaenoBaTelbHO, YTOOBI NPH TAHHOH YrJOBOH CKOPOCTH IOJYYHTh
COCTOSIHHE CHCTeMHI C 6oJiee HH3KOH sHepruell, HeoOXOIUMO HccJe-
JloBaTh MOJie CKOpPOCTeHd, KOTopoe uMeeT paspeiBbl. Kak Oblio mo-
Kasano B §7, WUPKYJIALNSA BEKTOPA CKOPOCTH MOXKET ObITh OTJIHYHA
OT HYyJIs, €CJH B LEHTPe COCyJAa C KHMJAKOCTbIO HMeeTcsl cBoGOjpHAs
0J10CTh. [103TOMY MOXKHO TNPEeNJIOKHUTH Clelyiolllee pelleHHe: XKHA-
KOCTb 00pasyeT BOKPYr IOJOCTH BHXPb C MOCTOSIHHBIM 3HaueHHEM
LUPKYIA1UHM, Kak obcyxpatocs B § 7. IIpd sToM CKODOCTH H3Me-
HsieTCs1 o0paTHO HPONOPUHOHANLHO PaAnyCy, NPUHHUMAA CTOJbL (O0Jb-
liHe 3HAYEHHS BOJIM3H LEHTPA BUXPH, YTO CTAHOBHUTCS BO3MOXKHBIM
o6pasoBaHue CBOGOJAHON OT KHAKOCTH NOJOCTH 33 CYeT LeHTpobex-
HBIX CHJI. DHEPrHs TAKOTO COCTOSIHHSI BCE JKe€ elle OCTaeTCs 3Ha-
YKTeNbHO 60Jblle KHHETHUECKOH 3HEePTHU TBEPJOro Tesa, MOCKOJbLKY
B 3TOM cCJydae CKOPOCTb BMECTO TOro, 4TOObl YBeJHYHBATLCSA IIPO-
[OpIMOHAJABHO pagdycy (Kak B TBepIOM Tese), YMeHbLIaeTcs C yBe-
auuenvem paauyca [em. (11.39)]. Tem He menee sHeprusi B Tako
MOZE/IM Ha HECKOJbKO MOPSAJKOB HUKEe, YeM B PacCMOTPEHHOH Bhille
MOJeJ/IM HeNpephHBHOrO M0JiA CKOpocTell ¢ BO3OYXKACHUAMH.

QUI'. 11.26.

Hecxkoubko BHxpef,
BPALIAIOMHXCS B OLHOM
HanpaBJIeHHH.

TTocko/abKy MBI JONYCTHJIM BO3MOXKHOCTbH CYLIECTBOBAHMS Pasphl-
BOB CKOPOCTH V, MOXHO HOAYMaTh O TOM, KaK NOJYYHTb COCTOSIHHE
c Oosnee HH3KOH sHeprueli B sroM cJaydae. [Ipeamosoxum, uro
B XKHAKOCTM HMEETCS He OJMH BHXPb B LIEHTPE COCYyJd, a HECKOJBKO
Buxpeii. Hanpumep, npeanosokuM, uTO, XpoOMe LEHTPAJLHOTO,
HMEeTCsl ellle HEKOTOPOe YHCJIO BHXpeH, pacHoNIOKEeHHBIX IO KPYry
paanycoM R/2 (R—pamuyc Bcero cocyza), NpHYeM BCe 3TH BHXPH
BpalaioTcs B OAHOM HampaBJIeHHH, KaK II0Ka3aHo Ha ¢ur. 11.26.
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§ 8. BpaweHne csepxTeKyuel >MAKOCTM

Ecan uneno Buxpefi Ha paccTosHHH R/2 OT UEHTpa JOCTaTO4HO
BeJHMKO, TO TaKOe COCTOAHHE MOXKHO DacCMarpiBaTh Kak BHXDPeBYIO
NIOBEP XHOCTb, Ha KOTOPOH TaHTeHIHaJbHAas COCTABJAIOUAA CKOPOCTH
MOKET MEeHATbCA CKauKOM [IpH Nepexoje ¢ BHYTPEHHeH CTOPOHEI
NIOBepXHOCTH Ha BHEIUHIOW, KaK MoKa3aHo Ha ¢ur. 11.27. Beiurpoim
B 3HePTHH, BO3HHKAOMKI 32 cueT GoJjiee BHITOLHOIO pachnpeieseHus
CKOpOCTE€H B 3TOM cJayyae, MOKeT € H3OLITKOM KOMIIEHCHPOBATh
JOINOJHUTENbHOE YBeJIHYEeHHE SHEPTUH, HeoOXOoAuMOoe /LIS CO3JaHUs
HOBHIX MOJIOCTeH (M, KpOMEe TOTO, IIeHTpaJbHBIH! BHXPb He JOJKeH
OLITh CTOMbL GOJBLUINM H 06/AafaTh CTOJNb OGONBLIOH 3Hepruei).

OUr. 11.27,
I
i
S ;
X |
g 0 |
5K |
N |
S5
+
S 3
3 Paspri
& ! - TaHreHIHaNbHOI
R/ cocTapJsiolel
Paccrmonrue om yeHmpa CKOPOCTH.

[Tpononkaa yBeaHYHBATb YHCJIO BHXpeH, MBI CKOPO OOHApYKHM,
YTO 3HEPrUs CHCTEMBI BCerja MOXeT ObThb yMeHbIIeHa 3a cuerT obpa-
30BaHHA GoJibliero yuciaa Buxped. OJHAKO CYUeCTBYeT ONpeseseH-
HEIH mpefnes AJs PocTa HX 4Yucaa. B cuay yca0BHS KBAHTOBaHHUSA
BUXpell HalMeHbllee 3HaueHHe UPKYJASUHM 15t BUXPS PaBHO 2mhi/m.
[TosTOoMYy 3HeprHusi IOCTHraeT HAHMEHBIIEro 3HayeHWs, KOrja BO Beeli
JKUIKOCTH ofpasyercsi HOJblIoe YHCJIO BHXPEBBIX JHHHH C HaHMeHb-
IIHM 3HAUYeHHeM LUUDKYJAAUHH (MBI OyleM HasblBaTh HX ,CAHHHUYHbIMH
BUXDEBLIMH JIHHUAMHU®), paclpefeseHHbIX ¢ TIOYTH PABHOMEDPHOH
nJjotHocTeio. Bee quHum nmapaanesbHbl ocd BpauleHHs. [TocKoabKy
pPOTOP CKOPOCTH paBeH LUHPKYJIALHH Ha eIHMHHLY I[IJoUlaiH H paBeH
2w, To (cor.aacHo TeopeMe Crokca) mosyuaem

20 -2 =2,1-10% JHHHHA/CM?, (11.42)
ok

rie ®—CKopocTh B pag/c. Jast ckopocTH =1 paj/c JHHUH pac-
N0JI0KEHH Ha paccTosHusaXx npuMepHo 0,2 MM Apyr oT Apyra, Taxk
YyTO pacrpefesieHHe CKOPOCTH SIBJISEeTCH NPAaKTHUYECKH OJHOPOAHBIM.
Oueprus, cBsi3aHHasi ¢ OJHOH BHXPEBOH JHHHeH, onpeje/sercs
¢dopmyaoit (11.41). Buibupas a=4,0A u b=0,2 MM H NOJbL3YSCH
tdopmyaoit (11.42), ans nonHoO# 3HePruM BHXPeBbIX JHHHA Ha enH-

HULY o0beMa MNOJYYHM

p,0h In (%) = 14p,0h. (11.43)
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n. 11. CeepxrekyuecTs

CiejoBaTe/IbHO, NOJIHAA SHEPrusi BHXPeBBIX JAHHHH 1Js Bpauiamo-
me#ca KUAKOCTH, TOJMUIMHA CJ0S1 KOTOPOH B cocyle paauycom R
paBHa ejHHHUe, cocTaBaseT 14p,0hnR?. KuneTHueckas 3Heprus
Bpallaiollerocsi TBEPIOTo Tesa pajHycoM R ¥ €iAHHHYHOHA TOJILIMHBI
paBHa mmp,R'»*/4. OUeHUM OTHOLIEHHE 3THX ABYX BeJHYHH:

h
mR2w”
(snauenue 10~® mosyueHo npu R=1 cM m o=1 pag/c). dan
MakpPOCKONMHYEeCKHX OOpa3NoB, HCHNOJb3yeMBIX B J1a6opaToOpHBIX
VCJIOBHAX, JAONOJHHTEJbHAs 3Heprus, HAaymas Ha obpasoBaHHe
Buxpell, Masa. OHH BO3HUKAIOT, €CJH TBepAbH rejud Bo Bpamaio-
IeMcs cocyje pacil/laBHThb, CHSiB BHellHee JaBJjeHue. IIpu 3Tom
pacnpefeseHde YrJaoBOH CKOPOCTH OyJeT JHIIb HEe3HAYHTEJbHO

OTJIMYATbCS OT OJHOPOAHOI0, a IIOBEPXHOCTD KUAKOCTH OyJeT uMeThb
napabonHueckyio ¢opmy.

4 14 ~10"? (11.44)

§ 9
Coobpaxenus,
noaTBepXpatoLmne
CyLLLeCTBOBAHUE
BUXPEBbIX NMUHUMA

[IpeANoONOKHM, UYTO KHUAKHH TeJHH pasjeseH Ha BepPXHIOW H
HHXKHIOIO YacTH ¢ ITOMOMIbIO TePeropojKH, NpHYeM BepXHAS 4YacTb
ABHKeTca co ckopocthio V (dur. 11.28); npu 3ToM npexpnoJaraer-

Jeuxcymuiica ._..K.—-* exp (L']L;L vz Ri) xPor
eenuit i
HenofsuscHsii
eemuil 1 xgPgg
OUI'. 11.28.

[ToBepxHOCTh, OTAEAAIOWAS ABHKYIHHCA KHAKHA reauft
OT HeNOABHKHOTO (IpejnonaraeTcsi, 4YTO TPeHHE OTCYTCTBYeT).

€5, 4TO TPEeHHe OTCYTCTBYyeT. B BepxHefl yacTd BoJHOBas (QyHKLHsA
XKHUAKOCTH COJEPKHUT JOMOJHHTEJbHBIA MHOKHTEb

exp <l %VZR,W .
‘ /
Ecau y6path pasfensioulyio neperopoaky, TO NOABHTCH JOTOJIHHU-
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§ 9. CywecTsoBaHWe BMXpeBbIX NUHMA

Te/ibHAs MOBEPXHOCTHAsi CBOOOAHASl 3SHEPTHS HJAM NOBEPXHOCTHOE
HaTsKeHHe Ha MOBEPXHOCTH pasjiena. OfHAKO BBHAY NEPHOLHYHO-
CTH BOJIHOBOH (yHKUHH B TOuKax, rae exp (im/h)v-R=1, rpasiua

N N T

s
N\, / \, Vs
Mt S [T08EpTHOCITIHOE HALITIANCERULE
omeymsyen

QUr. 11.29.
PaspbiBbl TOBEPXHOCTH pasjeda.

pasjzesa W NMOBEPXHOCTHOE HaTsKeHHe OYAYT OTCYTCTBOBaTh. Pas-
Jensiomlasi [oBepPXHoCTh u3o6paxeHa Ha ¢ur. 11.29, rae Bokpyr
pPa3pLIBOB BO3HHKAET UUPKYyJsiuus. Tenepb eCTeCTBEHHO BO3HH-
KaeT BONPOC—KAKOBH HaWJyulllHe pasmepel 00J4acTH pas3pniBa’?

e n” R N

SUr. 11.30.
Buxpesbie aHHHH.

Brluc/lenHs MOKashBawT, 4TO 00J1aCTb DaspeiBa MpeACTaBJsieT
coboll He weJab, KaKk H3o0paxeHo Ha ¢ur. 11.29, a aunu0, Tak 41O
[OBEPXHOCTh pasjesaa HMeeT BHJ, INOKasaHHbH Ha ¢ur. 11.30.
TaxuM 06pasoM, ¢ [OMOIIBIC NOACOHBIX PACCYKACHHH MOXKHO NPHI-
TH K BBbIBOAY O CYLIECTBOBaHHH BUXDEBLIX JHHHIL.

PaccMoTpHM Tenepb, Y4TO NPOH30MJAET, eCJH XKHUIKOCTb BLITEKAer
H3 OTBEDPCTHs B pe3epByap Cc MNokosmelca »KHAKOCTbIO. Ecau te-
ueHHe Ge3BHXpeBOe, TO Mbl HMEEeM KapTHHY, IPeACTaBJEHHYIO Ha
¢ur. 11.31. Okoso KpaeB OTBEPCTHS BO3HHKAIOT OUYeHb GOJIbIIHE
CKODOCTH H pasBHBaloTcA GoJsblude ycKopeHHA. TedueHHe OOBIYHBIX
KHAKOCTeH, HampHMeEp BOJbl, HOCHT 3HAUUTeJBHO GoJiee CJONKHBIH
xapakrep. Jlas rpyObHX OUEHOK NpPEAIOJIOXKHM, 4YTO OTBEpCTHe
vUMeeT BHJ JJHHHOM y3KOH IeJH M Y4TO KUIKOCTb BHITEKAET B BHIE
CTPYH, LIMPUHA KOTOPOH B NepBbIA MOMEHT paBHa LIHPHHE OTBEPC-
TUs, 4 CKOPOCTb UMeEeT TaKyIo ke BeJHUYHHY, KaK U B MOABOAsLIEH
TpyGe. Toraa npu BHIXOJe KHMIKOCTH M3 OTBEPCTHA BO3HHKaer
KapTHHA THIA NMoxkasaHHOH Ha ¢ur. 11.28. OcHoBLIBasick Ha TeX xe
paccysKJeHHsIX, KakK H paHpllle, Mbl MOXKEM OXHIATh NOSABJEHHSA
BUXPEBBIX JHHHH, NokKasaHHelx Ha ¢ur. 11.30 mam ¢ur. 11.32.
Huterpupys 1o KOHTYpPY, H300pa)KeHHOMY TNYHKTHPHOH JHHHeH,

noJydaem s onhs
19
V,:gS‘V-dr:n{——\.
\m )
rJe 7 —4YHC/I0 BHXPEBBIX JHMHHIl Ha AjMHe KOHTypa (. Hucsio BHX-
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'n. 11, Ceepxrekyuects

pell Ha eAMHHUY IJHHBI JUHHH TOKa paBHO

vV mV

(2nh/m) ok (11.45)

C kaxjo#l BHXpeBOH JHHHEeH CcBfi3aHa oNpejesieHHasl 3HEprus.

OUT. 11.31.
BespuxpeBofi MOTOK K3 OTBEPCTHS.

Cornacno (11.41), sHeprus, NpHXOAAWASCA HA €IHHHIY IJIHHRI
BHXPEBOH JINHHH, MOXeT ObiTh 3anucaHa B BHIE

~np§m<%>, (11.46)

rie p—TJOTHOCTb XHAKOTO renns, d—uMpuna CTpyu Ha ¢ur, 11.32
N a—pacCcTOsiHHe Mex1y aToMaMH, paBHOe INpHMepHO 4 A, kak

OHI. 11.32.
BuxpeBble JHHHH B XKHAKOCTH, BHITEKaiouieh
H3 OTBEpCTHS.

6blJI0 MPHHATO B KoHue § 7. BuUXpHM JOJIXKHB JBHTATBCS CO CKO-
poctbio, paBHOR V/2, T. e. cO CKOPOCTBIO B MeCTe PACHOJIOXKEHHS
uenTpa BHXpsA. TakuM o6pasoM, 3Heprus, HAyUlas Ha CO3JlaHHe
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§ 9. Cyuiecrsosarne Buxpesbix AMHMN

BUXpell B eIHHHUY BPEeMEHH Ha eIUHHIY [JIMHbI LIeJH, ONpeje-
JsieTcsl TMPOM3BENeHHEM YABOGHHOro 4ucsa Buxped (11.45), ckopo-
CTH HX JBHxkeHHs V/2 u sHepruM ofHoro BHXpsA (11.46) u okasw-

BaeTcs paBHOH \ £
Veim d
Emp=§n—ﬁnp;1n(;>- (11.47)

Uro6el BHXPEBLle JUHHH MOTJH 06PasOBBIBATHCS, KHHETHYECKas
SHEpPrHs CTPYH Ha eNMHHIY JIMHBI LIETH JOJKHA ObITh GOJblue,

O
— 00 O%

yem smeprus (11.47). OrHeceHHas K eldHHIE [JIHHB LUEJH KHHE-
THUecKas 3HePrus IOTOKa, BRITEKAIOIEro U3 OTBEpPCTHA B €AUHHLY
BpEMEHH, paBHa

QUr. 11.33.
[IpeBpamenne BHXPEBEIX JMHHR B POTOHHL,

E

2
nm‘oxa:m%“/d. (1148)
Uro6rpl HAHTH KPUTHUECKYIO CKOPOCTh, IPHpaBHsieM 3Heprud (11.47)
u (11.48):
v—iln(i (11.49)
* " dm a/’ :
[Ipn cKOpPOCTH NOTOKA, NpPEBBIMAIONIEH U,, €r0 HEPrus AOCTATOYHA
Aas obpasoBanusi Buxpell. Ecam ansa rpy6o# OLEHKH MOJOXHTb
d=10"3% cM, tak yro In(d/a)=06, To nomyuum

v, =100 cm/c. (11.50)

JKcnepUMeHTaJbHOE 3HaueHue NPUMepHO paBHO 20 cMm/c.

PacxoxIenue 3THX BeJUYHWH NOKA3blBAET, YTO HCIOJNbL30BaHHAA
HaMH MOJe/b SIBJSIETCH CJMIIKOM MPOCTOH.

CyumecTByeT CBsI3b MeXIYy BHXDEBBIMH JHHHAMHM H POTOHA-
M. HauaB ¢ BHXpPeBHIX JHHUH, NOKa3aHHHX Ha ¢ur. 11.32, mnl
MOXKEM [IPOCJENNTh, KaK OHU MOCTEIIeHHO f1peo6pasyloTcs B POTOHEL
(dur. 11.33). BuxpeBoe KoibLO MOxKeT pasOHTbCA Ha ABA KOJblA
MeHbliero pasmepa. IIpy 3TOM POTOH MOXHO paccMaTpHBaTh Kak
MaJleHbKOe BHXDPEBOE KOJIbllo, KaK 3To obcy:xkiasoch B § 5.

HmMetoTest sKcllepUMEHTaNbHBIE [10Ka3aTeJNbCTBA CYLIECTBOBAHHUSA
BUXPEBLIX JIHHHII; CM., Hanmpumep, paborhl [156—17].
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¢ 10
A-nepexop,
B XWOKOM renuu

Eciu nam usBecTHa ¢ynkius E (p), T.e. 3aBHCHMOCTb SHEPTHH
BO30YXKIEHHHA OT UMOYJbCA, TO Mbl MOXEM BBIUHCJAHTbL CTATHCTHUE-
CKYI0 CYMMY H HafTH TeN/JOeMKOCTb CHCTEMbI, [pejmoJgaras, 4YTO
BO30yXKJEHHA SABJASIOTCA HE3aBHCHMBIMH. DTH PacyeTsl MNPHUBOAAT
K KPHBOH 3aBMCHMOCTH TeIJIOEMKOCTH OT TeMIepaTyphl, KoTopas
corjlacyercsi ¢ 3KCNePHMEHTaJbHOH KPHUBOH B 4acTH, NOKA43aHHOH
CIJIOMIHON JAuHWeR Ha ¢ur. 11.34.

¢ ®UT. 11.34.

ol

1
/
/I \

7
/

B

TennoeMKoCTh KUAKOTO
reJus.

Ha yuacTke, nso6paxennom
g CIJICIIHON JinHHMeH, Teopusa
0 T corJiacyeTcsl ¢ 3KCIePHMEHTOM.

OHaKO 3TOT NOJAX0J He OGBACHSET CYLEeCTBOBaHHE (a30BOTO
repexoja, MOKA33HHOIO TYHKTHPHOH JuHHeH Ha dur. 11.34, no-
CKOJIBKY B HeM HE YYHTHIBAETCA B3aHMOAEHCTBHE MEXKJYy YacTH-
LaMH.

Has obnacti BOJK3H (asoBoro mnepexoja H3ydYeHHE CIEKTpa
E(p) Mano 4ro pnaer, W IIO3TOMY MBI HayHeM O0OCYXKAeHHe 3TOH
npo6JeMbl 3aHOBO C NOMOILBIO JPYTOr0 METOZAA.

Hcnonbsys meron HHTerpana HO TPAaeKTOPHSAM, NPHXOJMM K
YPaBHEHHIO

e“5F=%Z S S DX, DX,. . . DXpdX,. . .dXyX
p ——

xl.(O):xl.
xl-(U)=pxl-
( 1 d mx; ]
xexpd —ﬂ’ [ZT+ 3 V(x,.—x,.)] du}}. (11.51)
\ 0 i i<i

Kaxk Owi10 nokaszasHo B ria. 4, § 1, IpH JOCTATOYHO BBLICOKHX TeM-
nepaTypax YYHTBIBAIOTCH TOJIBKO TOXKJAECTBEHHBlE I€PECTAHOBKH;
OpH 3TOM MBI NOJyYyaeM NPHOJIHKEHHO KJ/AacCHYECKYIO CTaTHCTHYe-
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§ 10. A-nepexon B >makom renum
CKYI0 CyMMY rejus. B sToM cayuae ,10CTaTOMHO BEHICOKHE Temme-
. u

paTypbl 03HaYalwT, YTO HHTErpas (1/h) S(m}cz/Q) UMeeT G0o.buIoe
[}
3HavenHe njs x (0) —noJsoxeHua ofHore atoMa H x (U)—rnoaoxe-
uus gpyroro aroma. Ecam d-—cpeinee MeXaTOMHOE pacCTosiHHe,
u

TO BeJMUHHA X B CPelHeM paBHa d/u W MHTErpam (l/ﬁ) S (mx2/2) no

0
NOPS/AKY BEJHYHHBI paBeH mkgTd?/2h*. Tlpu temneparype T3>2K
mkgTd?
exp <—~—2ﬁ2 >> 1,

H TIepecTaHOBKH He MOTYT MrpaTh CYULeCTBEHHOH pOJIM B BBIpa:Ke-
auu (11.51). Jdas muakux rtemneparyp T (Goapuiux sHavenud U)
TepecTaHOBKH OKasblBAlOTCA CyllecTBeHHbiMH. Bosee toro, npubiu-
KeHue, B KoTopoM QyHkuus V [x; (u)—x;(u)] cuntaercs He3aBHCH-
MOH OT u AJas Haubo.ee BaXKHBIX TPAaeKTOPHH, CIpaBelIHBO JHilb
B TOM cJyuae, Korja BenuuuHa U Mana, Tak 4YTO KOOPAHHATHI
x (1) ~ x(0) nawOT cymecTBeHHbIH BKJIaA B HHTErpa/ IO TPAEKTOPHH.
JIns HU3KUX TeMmepaTyp x(u) MOXKeT CHJBHO MEHSTbCS, CyllecT-

BeHHO He yBeJuuuBas x°(u), W moaToMmy V (x;—x;) MOXKeT H3Mme-
HATbCS BAOJAb TPaeKTOPHH.

UTo6Ll ONMHCaTh A-Nepexof, Ml JOJIKHB pasobparbCsd B TOM,
YTO MPOMCXOAUT MPH HU3KHX Temmeparypax. Kaxaylo TpaeKTopiio
B MHTErpaje MOXKHO HarJsjHO MpPEeICTaBUTb cebe Kak JBHKEHHe
OMnpejiesIeHHOA YacTHUbI KHAKOCTH H3 OJHOH TOYKH MPOCTPAHCTBA
B apyryto. Ilpu 5ToM MepeMeHHYI0 U MOXKHO DaccMaTpHBaThb KaK
BpeMsi, a X;(4)—KaK KoopjiHHATy i-f YacTHILBI B MOMEHT ,Bpeme-
un* u. Ecam npu 3TOM repeMemleHHH 4YacTHIbl BeJHYHHA X, (¢)
CTAHOBMTCS CJHLIKOM OOJbINOH MJAH NOTEeHIHAJ V NPHHMMAET CJHIL-
KOM OoJibIHe 3HaYeHHs, TO AAHHAS TPAEKTODHS JaeT JHIIb MaJsli
BK/aj B uHterpad. Ilorenuman V [x;(u)—x;(«)] cravoBurcs 60.b-
MM, ecJHd B MOMEHT ,BpeMeHH“ u 4YacTHUBl i M j OKas3hIBATCH
6aH3KO APYr K Apyry. KoHeuHo, Mbl He YTBEpKJaeM, 4T0 X;(u)
NeBCTBUTE/IbHO SIBJSIETCH KOOPJIWHATOH HEKOTOPOTO aToMa B peaJib-
HBLII MoMeHT Bpemend. Ho Taxo# crmoco6 ONHCAHHS IIO3BOJISET
5((eKTHBHO HCNO/b30BaTh PU3HYECKHE HHTYHTHBHBIE IPEACTABJCHUS.

PaccMOTPHM MePecTaHOBKY, B pesy/bTaTe KOTOPOW YacTHIA H3
noJoxkeHuss A mepeMeriaercss B INoJoxeHHe B, B TO BpeMmMs Kak
yacTHIA H3 NONoXKeHHs1 B mepemelnaercsi B KaK0e-TO TPeTbe IM0J0-

xenue (pur. 11.35). PaccMoTpuM BKJIaJ B HHTErpaJ (l/ﬁ) 2 S (m)&z/Q),

CBsI3aHHBIH C NepeMelleHHeM gacTHubl A.
Korpa uwactuia A mepememaercsi B IOJIOKeHHe B, oHa J0/XKH&
KaKuM-TO o0pa3oM H30ekaTb INepeceuyeHHs C APYTHMH YacTHLAMH,
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Fn. 11. CeepxTekyuecrts

HanpuMep ¢ dactuuefl €. Urobel nonacth B moJjoxenne B 3a Bpe-
Ma 4, yacTHna A JOJKHA JBHTaThCs JOCTATOYHO OBICTPO, Tpeo-

JoseBas 310 paccrosiHHe. CKOpoCTh X 4acTHUBl A BeJHKA W MOXKeET
3HAYHTEJIbHO YBEJHYHThCH, ecau uyactuua A Gyger o6XoAuTh uac-
tuny C, 4ToObl ¢ HeH He CTOJKHYThcsl. [103TOMy MOXKeT oKasaThes
BhITOHee, uTo0b uactHna C BEITAJKHBa/Jach B CTOPOHY C MYTH
yactuubl A. TlpeanosioxuMm Ternepn, 4To paccrosiune or A no B
pPaBHO r M YTO HA 3TOM NYTH HMeeTCs A HaCTHI, KOTOPHle JOMKHBI
OLITH BBITOJKHYTHL B CTOPOHY. HHcsi0 # no nopsaiky paBHO r/d,

O O O ®UT. 11.35.
0O
0000 %0
Ie )
O O @ OOO O B pesynm?;gm}?&o;;c?ﬁ
@ O OfHA yYacTulla
O o _ O nonoents A B noTONR e

O O O O B, a apyras uacruua— us

O noJio:keHus B B Kakoe-to
O O TPeTbe MOJIOXKEHHE,

TIe d—MexaToMHOe paccrosiune. Kaxkjaas wactuiua, gexkauas Ha

TPAEKTOPHH [BHXEHHs, JOJKHA MEPEMECTHTLCH Ha PACCTORHUE

nopsigka d’, 4ToObl He 0Ka3aThbCs CJHIIKOM OJH3KO K yacTuie A.

Uactuua A Haxoputcs BGAM3M yacTHIE C B TEYeHHE BpPeMeHU

nopsaaxka u/n, tak uto uactuna C B TeYeHHE 5TOr0 BPEeMEeHH JOKHa

IBUrathcsl €O CcKopocTelo d’'/(u/n); NpPH 3TOM BKJaJ B HHTerpas
u

(1/h) SZ (mx}/2) oKasblBaeTCs PAaBHBIM
g

LY EA
of \uin) n= 9fy °

CnenoBarensHO, 1 4acTHL AaiyT BKJAJL, PaBHLIH
md®n® _ m (d’ >2 r?
ohu  2m2\d /) B

Bkaax or nmepememiennst camoii wactuunl A pasen mr?/2h*B. Cie-

IOBaTeJbHO, YyuYeT B3aHMOJNEHCTBHS UYacTHLL CBOJAMTCH K 3aMCHe

MHOXKHTeIs  exp (— mr¥/2h*B) Ha exp (—ymr¥2*B), rae y=

= - (d'/d)?.

B nmanprefmux pacderax Mel Oyaem @oJaraTh, 4TO Y HE 3aBH-
cuT of r M B. Kak nokaswBaloT NpuBeleHHBE PAaCCYXKAEHHS, TaKoe
ApeAloJIOKEeHHe He ABJseTcA CJHIIKOM HepasyMHBIM. OTMETHM,
OJHAXO, 4TO AJS NepeMelieHHH nopsiaka d He Tpebyerca GoibiLHX
nepeMeleHHA JPYrHX 4acTHL, TaK 4YTO Y MOXeT ObTh MeHbUIe iJs
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§ 10. A-nepexosn B MAKOM renum

Manblx r. B Tom cayuae, Korla CcKOpPOCTB OCOGEHHO BeJHKa,
TaK»Ke MOXEeT 0Ka3aTbCsi, 4YTO YacTHUE BBIrOAHeH npofitu uyepes
06/1aCTb OTHOCHTEJIbHO GOJIBIIMX 3HAYEHHH INOTEHUHAJSA, YeM Bbi-
3BaTh ObICTPOE nepepacrnpejesnesue 1pyrux yactuu. CaexoBatesbHO,
BEJHYHHA Y ONATb MOXKET OLiThb MeHblle. OfHAKO MBI He 6yjeMm
YYHTHIBATh 3TH JETaJH.

Y1no6Ho onpegesnuth sQheKTHBHYIO MacCy m’ COOTHOLIEHHeM

my=m',

TOTJa BBLIYHMCJEHHBIH BBIIIE BKJAJ4 MOXKET ObITh 3aNMHCaH B BHIe
exp (—m'r*/2h*8). Taxum 06pa3oM, C TOUKH 3pPEHHS METOAa HHTer-
PHPOBaHHA IO TPAEKTOPHAM 4YACTHUA B KHIKOCTH Bener cebsi no-
Jo6HO uacTHLEe HAeajbHOTo rasa ¢ Mmaccoll m'v,

Mbl NPHXOAHMM K BaXKHOMY BBIBOAY, 4TO B3auMOAeHCTBHE Mexay
YACTHLAMH HOCHT CKOpee ,KHHETHUYeCKHH®, ueM ,OTeHIHAJbHbII"
xapakrep. KHHeTHueCKoe B3auMojleficTBHe MeHsieTcsi Kak r%/B, B TO
BpeMsl KakK MNOTeHLHaNbHOe —KaK 7f (3TO MOXKHO IOKa3arb, OleHH-
Bas BKJ/aj MOTeHUHaJa B MHTErpaj 3a CYeT TPaeKTOPHH, KOTopble
NPOXONAT yepe3 06JacTH ¢ GO/IbLIHM 3HAYEHHEM [OTEeHUHAJa).

Takum o6pasom, craTHCTHYECKast CYMMa B c/Jyuae HH3KHX TeM-
nepatyp NpHHHMAaeT BHUJ

_ 1 ’ 3N/2 !
e ﬁF:WT;S(E?fiTB) exp <—'2;:—26'§i:(ki—PRi)2>x

xp(R;, Ry ..., Ry)dR,d°R,. . .d°R,,. (11.52)

[Tocnennnit MHOKHTENb 0GYC/IOBJIEH BKJ1a0M NOTEHUHAIBHOH 3Hep-
THH HayajbHOH KoHburypaumu. Bua MHoxuTens (m'/2nh*B)sN/2 ne
BIIOJIHE OYEBHJEH, TaK KaK HeJOCTATOYHO SICHO, KaK HU3MeHeHHe
5(eKTHBHOM MacChl B HHTerpaje O TPAEKTOPHH MeHSeT HOPMH-
poBKYy HHTerpaja. Bosee Touno 6bls10 6Bl 3amucath HOPMEPYIOULHIT
MHOXKHTE/b B Buae Kp(m'/2rh*B)*N/2. [1s 1poCcTOTH MBI He 6ynem
vunTeiBaTh K. MHOXHTENb P, OUEBHAHO, MaJ AJS TeX HauyajbHbIX
KOHQUIypauu# (COBmajaioliiX ¢ KOHEUHBIMH KOH(HTY pauusmiu),
B KOTOPBIX aTOMbl MepeKkpeBalOTCcsi. Hanpumep, MOXKHO HalesiThbCA
NOJIyYHTh  KAyeCTBEHHO MpaBHJIbHBIE pe3yJbTaThl, BhIOpaB p =0
B TOM cCJydae, Korja Jiofble JBe YacTHUbl C KOOPAHHATAMH R
OKa3blBAIOTCA Ha pPAacCTOSIHHM, MeHbiueM b (rae b= 2,6 A), u no-
Jaras p=1 Bo Bcex oCTaJbHLIX CJAyYasix.

[lepecTaHOBKH 4YacTHL MOXKHO HArJISIAHO NpPeICTAaBUTb B BHJE
MHOTOYIOJIBHHKOB €O cTpeikaMu. Hanpumep, na ¢ur. 11.36 noka-
32HO HECKOJ/IbKO LHKJ/OB eIMHMYHOH IJIMHB (YaCTHUBI, KOTOpHIE He
[IePEeCTaBAAIOTCS); ONHH LHKJA AJMHOH 2 W [Ba LHKJA AJINHOH 3.

D Iloaywennsie Bbillle pe3ynbTaThi TMPHMEHHMBl TOJABKO fJst 603€-YaCTHIL.
Gepmu-uacTHUb BeAYT ce6s Me-APyromy.
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n. 11. Ceepxrexyuects

Taxum o06pasoM, cyMMa IepecTaHOBOK 2 B (11.52) cBomuTCcsa K
P
CyMMe MO BCeM BO3MOXKHBIM KOMOMHALMAM MHOIOYIOJILHHKOB.

TTokaxeM Tenepb, KakK OLEHHTb BolpaxeHue (11.52) gas temme-
paryp, OMH3KHX K Temneparype nepexoza'. Ilpu Takux Temnepa-
Typax MHOTOYIOJBHHKH, Y KOTODHIX JJHMHA CTODOHBl M pPEBbILIAET
cpejiHee MeaTOMHOe paccTosinne d, MalT Maablfl BkJax. [Tostromy
MOKHO [PERNOJIOKUTb, 4TO AJHHA CTOPOH BC€X MHOTOYT'OJILHHKOB,
BKJaJ KOTOPBIX CYIIeCcTBEH, HMeCT BeJHUMHY nopsaika d.

O O O O QUTr. 11.36.
5Ca O
O O 0O

o C D 0 O
O
o7 0004 0

O ITepecTaHOBKH HacTHL.

O O Haobpaxken OfHH LUK/ AJAUHOH 2
4 Ba UHKJa AJHHOH 3.

Juaa sagausof koHpurypauuu atomoB (R,, R,, ..., Ry) orpa-
HUUMMCS YUYeTOM TOJIBKO TaKHX IepecTaHoBOK, JJs KOTOPhX R; u
PR; umetorT 6s1u3kue 3HauyeHHs. [Ipm 3TOM H3-33 Ha/IHUYHA (QYHK-
uHH p BKJaj B HHTerpas (11.52) paer Juiup Takoe pacnpeieseHue
aTOMOB B I[POCTPaHCTBe, KOTOpoe OJH3KO K 0ojHOpoAHOMY. Pac-

CMOTpHUM CyMMY
Sewp [ =g D R—PRY
P i

3HauuTeNbHBIE CABUCH KOODAMHAT aToMOB R;, NPH KOTOPHIX CO-
XpaHsieTcsi OJHOPOJHOE pacnpejeneHue, NPHBOAAT B pe3yJbTaTe K
nepecTaHOBKE BCEX aTOMOB H II03TOMY OCTaBJsiiOT Oe3 H3MeHeHHH
3aMHCAHHYIO BhIllle CYMMY, KOTOpas MEHsieTCs JHIb Npu He(oJb-
lwuX ciBurax koopaumHar R;. Bausuue zeGoabmmx capuros R;, Ko-
TOpLIE He NPHUBOAAT K IIepecTaHOBKE aTOMOB, MOXKHO Y4ecCTb, 3aMe-
usas R;,—PR; cpennuM MexaroMHBIM paccTosinueM d. [losTomy nns
BCAKOFO OJHOPOJHOTO pacIpeliejieHHsi aTOMOB Mbl MOXKEM 3aMEHHThb

CyMMY ,
3 exp [—%Z(Ri—PRiﬂ
P i 1

1) BoJsiee mogpoGHoe H3/0XKeHHE CM. B nepBol H3 pabor [10].
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§ 10. A-nepexosn B KMAKOM renmm

ciaeaywomeil BeJTHUHHON:
g2
S exp (),
- 2h2

rae Z’—cyMMa 0 BCeM NepecTaHOBKAM Ha XKecTKo# pemerke,
D

A8 KOTOPBIX COOTBETCTBYIOL[HE MHOIOYTOJNBHHKH TOCTPOEHBI U3

JMHHHA, coeluHSIOmMUX GAMKaHIIuX cocenelt, u n (p) —noJsiHOE YHCIIO

CTOPOH B COBOKYIIHOCTH MHOTOYTOJBHHKOB, OINpefeNeHHOH Nepecra-

HOBKO#l P. Mbl MoXeM Telepb BBIHECTH 3Ty CYMMy H3-NOJ HHTer-

pana B (11.52) u sanucarp

’ !
e~ BF = const-( m >3N/2 . Z g-mdtn(p)/2h?p,
2nhi2f P

Bbluncsienne cymMMBl B 3TOM BBIPAKEHHHM HPEICTABJSET ONpejeseH-
HYIO TPyAHOCTL. [To3TOMYy OnycTHM /ABa NEPBLIX MHOXKMTENS B Npa-
BOH 4acTH W BBeleM BeJHYMHY y=exp (— m'd?*/2h*p). Torza nam
HYKHO GyJeT BHIYUCJ/HTD

e—ﬂFzzl y’l(ﬂ) .
b4

Takum o06pasoM, Mbl NPHXOAHM K cjedylouielt npobaeme. Fmeercs
pelieTKa, COCTOsILAA M3 TOYEK; HA 3TOH pelleTKe Mbl MOXKEM CTPOHTh
MHOTOYTOJIbHUKH, COeJHHSS JIHHHSAMH GJMKaHIIME COCeJHHEe TOUYKH.
Kaxo#t JMHUN COMOCTABJSIETCST 3HEPTHUs (m’d'z/Qfﬁ[i). Heob6xonumo
BBIYHUCJ/IMTL CBOOOAHYIO 3HEPTHIO TaKoH cucTeMbl. [looxuM uwuc/io
MHOTOYTOJIbHHKOB € § CTOPOHAMH pPaBHBIM fi; H OGO3HAYMM YHCJIO
NepecTaHOBOK M3 N, MHOFOYTOJIBHHKOB C S CTOPOHAMH uepe3
C(ny, Ay ...). Torma

| $.)
e~BF — Z C (n,, n,, ...)y<5=2 .
Ny, Mg, ...

Boiuncnenue sroil CyMMbl NDOBOJHTCA MHpPU JONOJHHUTENbHOM oOrpa-
HHYCHHH, B KOTOPOE€ BXOJHUT II0/IHOE YHCJO aTOMOB:

310 OrpaHHuYeHHe NPH BBHIYUCIECHHH CYMMBI MOJKHO HCKJIOUHTb C I0-
MOLIBIO OOLIYHOIO MeTona, B KOTOPOM KaXKJOMY aTOMY IPHIIUCHLIBAETCA
BECOBOH MHOXHTeJb T, a yuCJo N cuuraercs nepemMeHHbIM (B ra. 1
poab T urpaJq MHOxHTeab ePt). Tlpu 3TOM BLIUHCJASIETCH CTATHCTH-

397



n. 11. CeepxTexydects

yeckas cyMmma

@ \ ®
Q=eP= 3 C(n, n, ...)y<s§2 sns)T<S§2sns>Tm =

Ny Ny e

= % we PFN. (11.53)

Orciofa MOXKHO HaHTH cpeiaHee uucjJo uacTuil N, KoTopoe, Kak
MOXXHO BHJeTh, OlNpelessieTcs Bblpa}KeHHEM

<N>—r‘“”Q [3 (11.54)

Uro6bl BBIYHUC/AHUTE CTATHCTHUECKYIO CYMMY (11.53), HaM HeoOXOAHMO
HaliTH KakoH-To crocob npubankeHHoro onpenenenus C (1, 1, ...).
3anuumem npubinkeHHoe Bhipaxenue s C:
R"s
$
C(ny, ny, ...):H T
o ngl

rae R, ecTb ynciao crnocoGOB NMOCTPOEHHS MHOTOYTOJBHHKA € § Bep-
LIHHAMH Ha pelieTke U3 (N> Touek (Kaxaas CTOPOHA MHOTOYTOJIb-
HHKa coefuHseT Oamkafiliue cocelHHe TOYKH). ITO NpUOAHKEHHe
OCHOBBIBA€TCH Ha CJEAYIOIHUX NONYyUIeHUAX:

a) Yucsao cnoco60B NOCTPOEHUS MHOTOYTOJLHHKA ¢ § CTOPOHAMH
npubaAHKEHHO He 33aBHCHT OT HaJHUHsl yxKe NOCTPOeHHBIX MHOTO-
VFOJIbHHKOB. BO3MOXHAasi KOHKYPEHUHS Mex]1y MHOTOYroJbHHKaMH
Ui JJaHHOTO YHCJA aTOMOB YUUTBLIBAETCS C MOMOINLIO MHOMHUTEJS T.

6) Ec/iu 20nycTHTL BO3MOXKHOCTh 11€PEKPHITHS MHOTOYTOJIbHUKOB,
TO 3T0 He mpHUBepeT K 60JbWOH owHOGKe B BBIYHC/JIEHHSIX.

B) Uucso ng J0CTAaTOYHO MaJjo, TaK 4TO IJs NaHHOTO 4YHCJA f,
c/iyyalHO BBHIGPAHHBIX MHOTOYTOJNBHHKOB C § CTOPOHAMH BepOST-
HOCTb TOT'O, YTO KakKHe-JUGO0 MHOrOYroJbHHKH COBHAAyT, MaJja.

ITpu 3THUX HPEeANOJOKEHHAX YHCJIO CNocofoB, KOTOPHIMH MOMKHO
BHIOpPATh #1; MHOTOYTOJBHHKOB CO CTOPOHOH S, MPUOJMIKEHHO paBHO

R[slng!. YunteiBas jonylieHne «a», NMOJHOE YHCJAO cnocoGoB, Ko-

TOPBIMH  MOXKHO BblﬁpaTh COBOKYITHOCTH MHOTOYTOJIbLHHKOB H3 7
MHOTOYTOJbHHKOB C 8 CTOPOHamH, pPaBHO

I 2

ng!
Torna ypasuenne (11.53) npunumaer BuA

LA LA 0 o SR LA
—”l'nlzt-.-r ml J::IZ st S—‘n‘:. ™! SI=—I2nSZ=0 ng! =
=exp (R r)exp[ ’OR‘(yT)sJ ,
s =
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§ 10. A-nepexosn B MMAKOM renmu
HJIH

= kBT[RlT + io R, (yr)s] . (11.55a)

Ilapamerp T onpenedsiercsi W3 ypPaBHEHHS
N>=R;v+ 22 SR, (yr)s. (11.56a)
s§=

Tenepp Ham Hano onpeneauts R,. Ecin s=1, To Ham Hajo
onpelesuTh R,-—u4HCA0 CnocoGOB BRIGOPA OJHOH TOUKH H3 ITOJHOLO
uncaa <N)>, Koropoe, oueBH]HO, paBHO R,=<N)>. [Tostomy Gyuem
nucatb N BMecTo <N). Urolbl omnpeienuts R, B oflieM cCJayuae,
BBeJeM /i, —9HCJI0 MHOTOYTOILHHKOB C S CTOPOHAMH, KOTOPBIE MOXKHO
NOCTPONTB, HAYHHAsl C QaHHOrO aToMa. Torja 4mc/ao crnocofoB, Ko-
TOPBIMH MOXKHO MOCTPOMTb MHOI'OYTOJBHHK C § BepIUHHAMH, HayuHas
c Jo6oro u3 N aromoB, Gyner paBHO Nh;, HO NDH 3TOM KaxKjbll
MHOTOYTOJIbHHK MBI yuTeM $ pas. CaegoBaTenbHo, HaxoquM R ;= Nh/s.
Urobpt COOATH TPYAHOCTH, BOSHHKAIIME INPH DPaCCMOTPEHHH Tpa-
HHL CHCTeMEI, OyJeM JAJs I[POCTOTH NpejloJararb, 4TO CHCTeMa
NOAYMHAECTCA INEPHOAMUYCCKAM TPaHHUYHBIM ycaoBusM. Hanmpumep,
6yJeM CuHTaTh, YTO JAByMepHas CHCTeMa HMeeT TOMNOJOIMHI0 TOopa.
Ouenum Tenepb hy ANs JOCTATOYHO OOJIBLIHX S; NPH 3TOM OyieM
CYHTATh TeMIepaTypy CHCTEeMBl TaKOH, 4TO MaJjble 3HAYEHHSI S He
JAloT CYUIeCTBEHHOro BKaajaa B cyMmel B (11.55a) u (11.56a). Ilpex-
TOJIOXKUM, 4TO YHCJO OJMMKaHIINX coceled I/l KamaoH TOYKH pe-
uleTkH paBHO [. PaccMoTpuMm 3afady o ciaydafiHHX OGiyxaaHusax
Ha pewerke. MMeerca [° paBHOBepOSTHHIX caydalHBIX GJyXKI1aHuH,
KOTOPEIE HAYHHAIOTCA C JaHHOTO aTOMa H COCTOSIT U3 § IUAaroB.
Ilpu BoIYHC/EHHH A HAC HHTEPECYIOT TOJLKO Te GJ1YKIAHHS, KOTOPbIE
3aKaHUMBAIOTCA B HCXOAHOH TOuke. OTHOCHTENbHOE YHCJIO 6.J1YyXK-
AaHHH, KOTOPHE 3aKaHYMBAlOTCS B HCXOJHOH TOUKe, 0GpaTHO
NPOMOPUUOHANLHO 00beMy NPOCTPAHCTBA, B KOTOPOM 3TH Guy»kja-
HHUS MOTJIH Obl 3aKOHYHThCH. [JOCKOJIBKY paccTOsiHHE OT MCXOJHOH
TOYKM JAO KOHEYHOH [Js THIIUYHOTO cjaAydafiHOro GJyXKIaHHsA 10

NOPSAAKY BeJHuuHBl paBHO d}/s (r@e d—IMHA KaIOro [ara), To
o6beM NPOCTPAHCTBA, B KOTOPOM OKaHYHBAaercsl THIHMYHOe GJyxkjaa-
Hue, mponopuuoHajeH s':. CrepoBaresibHO, BeJHYMHA g 1pPONOp-
LHOHA/bHA [5/s/s 1A GoabwuX S, rAe KO3bGHULHEHT I1PONOPIUO-
HaJbHOCTH He 3aBHCHT oT s. Takum oGpasom, BeipaxeHusi (11.55a)
u (11.56a) npunnmaioT BHI

g=— NkgTr4c S W (11.556)
B sl
s=2
1=T+ci (ryl)* (11.566)
A .
§=2
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In. 11. Ceepxrexyuects

rie ¢—xKo3(phULUHEHT NpONOPUHOHAABHOCTH. /51 oueHb BOAbLIUX S
NpuBejieHHAs Bblllle OLEHKa BeJHYHHB A, HenpaBuJbHA. Ecau ogua
lenoyka OJyKIaHHH MOXKeT OXBaTHUTh OOBeM, CPaBHUMBIH c pas-
Mepamu Bcel cucTeMsl, To A, = [5/N, rae (1/N) —BeposTHOCTb TOTO, 4TO
cjayuafiHoe 6JyxJaHHe OKOHYHTCA B HCXOJAHOH TOUKe (MM KaKoil-
Jaubo Apyro# BhieneHHOH Touke). CaejoBaTtenanHo, GoJjee peasH-
CTHYeCKasl OlleHKa AJs hg JIOJMKHA HMeTb BHUJ
a1 LN
hs~< o+ N)z.
D10 BHIpaxenue oOHApyKyUBaeT NPaBHAbHOE MNOBeleHHE MpPH IPO-
MeXKYTOUHBIX H Ooablux §. B moboM caydae, ofHaKO, CyMMb
B Bolpaxkenuax (11.556) u (11.566) cxoxarca npu tyl <1 u pac-
xouasatca nph 1yl > 1. TIpH nROCTaTOYHO BHICOKHX TeMIeparypax

OUr. 11.37.
0 |
E !
g |
x
5 :‘
}
§ i
R !
1 .
TenmoemMkocTs B6AH3IN
o T T A-TOUKH.

3HaueHHe Yy MaJo W cymma cxopurcs. IIpH 3THX TeMmnepaTypax
YHCJA0 MHOTOYTOJBLHHKOB TaKkKe He CJHIIKOM BEeJHKO, TAK UTO
IPENOJOKEHHA «a», «O» H «B» NPEeACTABJIAIOTCS JA0CTAaTOUHO peavii-
CTHYeCKUMHU. [103TOMY MOXKHO 0XKHJaTh, YTO HaLIH Pe3yJbTaThl Oy YT
KauyecTBeHHO NMDAaBHJLHBIMH BbIlle A-TOUKH. Bouipaxenns (11.556) u
(11.566) nHanoMuHAaT pe3yJbTaThl, NOJyuYeHHBe IJisg Go3e-rasa
(ecm. 1. 1, § 8), u NPHBOAAT K YBEJHYEHHIO TEIJIOEMKOCTH C YMEHb-
wenneM TeMmnepatypel. Popma KpHBOH 3aBHCHMOCTH TENJOEMKOCTH
OT TeMIlepaTypbl B 3TOM cJydae nokazaHa Ha dur. 11.37.

TakuM o6pa3oM, TpUBeJEHHBIA pacueT (KOTOPHIH Npeanoaaraerca
crnpaBelauBeiM Aas T > T,) nos3Bosser oObACHHTDL, MNOYEMY Tenl-
JoemMkocTh C BospactaeT npu npubmumxenun T k T, CO CTOPOHBI
6o/iee BBICOKHX TeMnepaTyp. DTOT pacyer He jder, OjAHAaKO, TOMH
0cOGEHHOCTH Ha KPHBOH TEMJIOEMKOCTH, KOTOpas MOKasaHa Ha
¢ur. 11.34, 4t0, 1M0-BHAHUMOMY, OODLSCHSIETCS HCNOJNB30BAHHEM TPy-
6bix npubamxenud npu nepexojge or dopmydan (11.62) x (11.5ba).
Hpyrumu cjoBamMH, Ml IIpeAnoJ/araeM, 4to 6ojee NPaBHJABHBIA yuer
pacripelieJieHHs. aTOMOB TeJusd HO 06beMy C [OMOWIbIO QYHKLUUH D
B (11.52) npuBezer K 3TOH 0COGEHHOCTH HA KPHBOH TENJOEMKOCTH.
Kukyuu n apyrue asropsl [18,19] B cBoMx paGorax Mmokasa/H, uTo
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Nureparypa

H NpoBecTH (O/lee TOYHbIE BBIYHCJ/EHHS, HAYHHAs C (GOPMY b

.52), TO MOXHO INOJYYHTb OECKOHEYHHIH pPOCT TENJOEMKOCTH.

3adaua. O6GBACHUTL, YeM T[IPHBEJECHHBIE Bhillle BHIYHCJICHHS ¢
IOMOMbI0 MHOTOYTOJMBHHKOB OT/HYAIOTCA OT BBIYUCJECHHH, [Ipo-
BeJleHHBIX B I'a. b aas npobaembl OHcarepa.
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